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ABSTRACT

The purpose of the present study is to determine reliability measures of a single-unit system considering arbitrary distributions for the random
variables associated with failure time, preventive maintenance and repair times, maximum operation time, maximum repair time and replace-
ment time. The system fails completely either directly from normal mode or via partial failure. There is a single server who visits the system
immediately to do repair activities. The partially failed operating unit is shutdown after pre-specific time (called maximum operation time) for
preventive maintenance. However, repair of the unit is done after its complete failure. The completely failed unit is replaced by new one if
server is unable to do its repair within a maximum repair time. The unit works as new after preventive maintenance and repair. The expressions
for some important measures of system effectiveness are derived using semi-Markov process and regenerative point technique. The numerical
results for a particular case are obtained to depict the behavior of MTSF, availability and profit function with respect to maximum operation
time for fixed values of other parameters and costs.

Keywords: Single-unit System; Preventive Maintenance; Repair; Maximum Operation Time; Maximum Repair Time; Re-
placement Time and Reliability Measures

1. Introduction

In the past few years several research papers including Chander and Bansal [1] have been appeared on the reliabil-
ity modeling of single-unit systems because of their practical importance and frequent use in day to day activities.
And, in most of these papers, it is assumed that system has a constant failure rate and it can work for a long time
without any maintenance. But hazard rates of many systems like rotating shaft and valves are of linearly increased
nature due to wear out under mechanical stress and so their failure time may follow arbitrary distributions.

On the other hand, continuous operation and ageing of systems gradually reduce their performance and thus
reliability. It is proved that preventive maintenance can show the deterioration process of a repairable system and
restore the system in a younger age or state. Therefore, method of preventive maintenance can be used at any
stage of operation of the system for improving its reliability. Malik et al. [3] obtained reliability measures of a
single-unit system conducting preventive maintenance after a maximum operation time. Further, down time of a
system can be reduced by making replacement of a failed unit if its repair is not possible by the server in a pre-
specific time (called maximum repair time). Kumar and Malik [2] analyzed a computer system with the concept
of maximum operation and repair times.

While considering above facts and practical situations in mind, here a single-unit system is investigated by tak-
ing arbitrary distributions for the random variables associated with failure time, preventive maintenance and repair
times, maximum operation time, maximum repair time and replacement time. The system fails completely either
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directly from normal mode or via partial failure. There is a single server who visits the system immediately to do
repair activities. The partially failed operating unit is shutdown after pre-specific time (called maximum operation
time) for preventive maintenance. However, repair of the unit is done after its complete failure. The completely
failed unit is replaced by new one if server is unable to do its repair within a maximum repair time. The unit works
as new after preventive maintenance and repair. All random variables are statistically independent. The expres-
sions for some important measures of system effectiveness such as transition probabilities, mean sojourn times,
mean time to system failure (MTSF), reliability, availability, busy period of the server due to preventive mainte-
nance, repair and replacement, expected number of repairs, replacements and preventive maintenances, expected
number of visits and profit function are derived using semi-Markov process and regenerative point technique. The
numerical results for a particular case are obtained to depict the behavior of MTSF, availability and profit function
with respect to maximum operation time for fixed values of other parameters and costs. The applications of the
present work can be visualized in the system of electric transformers.

2. Notation

E Set of regenerative states

0] The unit is operative and in normal mode

PFO The unit is partially failed and operative

PFPm The unit is partially failed and under preventive

FUr The unit is failed and under repair

FUrp The unit is failed and under replacement

f(t), F(t)  Probability density function (p.d.f.), cumulative distribution function (c.d.f.)
of the failure time from normal mode to partial failure

fi(t), Fi(t) p.d.f., c.d.f. of the failure time from normal mode to complete failure

f3(t), F3(t) p.d.f., c.d.f. of the failure time from partial failure to complete failure

fa(t), F»(t) p.d.f., c.d.f. of the preventive maintenance time of the unit

g(t), G(t) p.d.f., c.d.f. of the repair time of a failed unit

z(t), Z(t) p.d.f., c.d.f. of maximum operation time after partial failure

m(t), M(t) p.df., c.d.f. of maximum repair time after complete failure

h(t), H(t)  p.d.f., c.d.f. of the replacement time of the unit

* Laplace transforms

© Convolution
Eo(t) = F(O)F1(t)  Er(t)=Z()F3(1)  Eo(t) = F5()Z()
Es(t) = Z(t)Fs(t)  Eu(t) = Z(0)G(t)  E5(t) = G(H)M(?)

The system may be in one of the following states:

Up states Sy(0), S1(PFO), Ss(PFPm)

Down states So(FUT), Sy (FUrp).

Possible transitions between states along with cumulative distribution functions time are shown in Table 1.

Table 1

From So Sl SQ 53 54
So - F(t)  Fi(t) - -
Sy - - B0 2 -
Sy G) - - - M@®)
Sy By(t) - _ ; -
S HE) - - - -
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3. Reliability Analysis

Let R;(t) be the probability that the system survives during (0, ) | Eo(t) = S;. To determine reliability we regard
the failed states as absorbing state. The equations determining the reliability of the system are as follows:

Ro(t) = Eo(t) + Fy()©R. (1)
Ru(t) = Er(t) (3.1)

By using Laplace transform technique, we can solve for R{(s) and is given by:
Ro(s) = Eg(s) + f1(s)ET(s) (3.2)
The steady-state reliability of the system given by

Ry = 11_% sRj(s) = tlggo Ry (%) (3.3)

4. Availability Analysis

Let A;(t) be the probability that the system is in upstate at instant ¢ given that the system entered regenerative
state ¢ at t = 0. The recursive relations for A;(¢) are given by:

Ao(t) = Eo(t) + F1(t)©A1(t)
Ai(t) = Er(t) + Ex(t)©A2(t) + Es(t)©As(t)
Ax(t) = E5()©Ao(t) + E4(t)©A4(t)
As(t) = F2(t)©Ao(t)
Ay(t) = h(t)©Ao(t) .1
By taking Laplace transforms of the above equations and solving for Aj(s), we get
)

where
Ni(s) = Eq(s)+ f1(s)E1(s), Di(s) =1—f1(s)fs(s)E5(s)+ E3(s)E5(s) + E(s)h™(s) Ef(s)]
The steady-state availability of the system given by:

Aj(s) = li_r}ra sAp(s) = lim Ay(t) (4.3)

t—o0

5. Busy Period of the Server due to Repair

Let BI*(t) is defined as the probability that the system is busy due to repair at epoch ¢ starting from state S; € E.
We have the following recursive relation:

Bi'(t) = Fi()©B{'(t)

Bi(t) = E2()©B3'(t) + Es()©B5 (1)

Bi(t) = G(t) + Es()©@B{ (1) + Ea(t)© B (¢)
Bi(t) = F2(t)©Bg (t)
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Bit(t) = h(t)©B (1) (5.1)

By taking Laplace transforms of the above equations and solving for B (s), we get

B{f*(s) = (5.2)
where

N3'(t) = f1G*(s)E5(s), Dy =1~ fi(s)[f (s)E5(s) + B3 (s)E3(s) + B3 (s)h* (s) B (s)]
The steady-state busy period of the server due to repair is given by:

Bl (s) = lim sBL* (s) = Jim. Bl (1) (5.3)

6. Busy Period of the Server due to Preventive Maintenance

Let BY (t) is defined as the probability that the system is busy due to preventive maintenance at epoch ¢ starting
from state S; € E. We have the following recursive relation:

By (t) = Fi(t)©BY (t)

B (t) = Ex(t)©B3 (t) + Es(t)©B3 (t)

By (t) = BEs(t)©Bg (t) + Es(t)©B1 (t)

B3 (t) = F(t) + Fa(t)©By (t)

By (t) = h(t)©Bg () (6.1)

By taking Laplace transforms of the above equations and solving for B, we get

P S
0= By

(6.2)

where
Ny (s) = f[iF5 (s)B5(s), Dy (s) =1 — fi(s)[f3 (s)B5(s) + E5(s)E3(s) + B3 (s)h" (s) B} (s)]
The steady-state busy period of the server due to preventive maintenance is given by:

Px __ 1: Px __ 71: P
By* = 21_% sBy* = tll)rgo By (t) (6.3)

7. Busy Period of the Server Due to Replacement

Let Bf*f'(t) is defined as the probability that the system is busy due to replacement at epoch ¢ starting from state
S; € E. We have the following recursive relation:



B (t) = H(t) + hM(t)©Bg™" (¢)
By taking Laplace transforms of the above equations and solving for BEF*(s), we get

NEP(s)

W= D)

where

N3 (s) = fi (s)H" (s)E3(s) B3 (),

D3 (s) = 1= f{(s)[f3 (s)E3(s) + E3(s)E5(s) + E3(s)h* (s) Ei (s)]
The steady-state busy period of the server due to replacement is given by:

BP* = lim sBE™* = lim B (1)
s—0

=1l
t—o00

8. Expected Number of Repair by the Server
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(7.1)

(7.2)

(7.3)

Let EX(t) be the expected number of repairs by the server in (0, ¢] given that the system entered in the regenerative

state i at t = 0. The recursive relations for EZ(¢) are given as

Eg(t) = () ©ET(t)

E{(t) = E2()©FE5'(t) + E3() ©E5'(t)
Efi(t) = Es()O[L + Eg'(t)] + E4()©E{ (1)
E§(t) = f2()©FE (t)

Ei(t) = h()©E§ ()

By taking Laplace transforms of the above equations and solving for Ef**(t), we get

_ Nsi(s)

0= Bty

where

N3i(s) = fi (B3 (1) E; (1),
Dg'(s) = 1= f(s)[f3 (s)E5(s) + B3 (s) B3 (s) + B3 (s)h* (5) Ej (5)]

The steady-state expected number of repairs by the server is given by:

Rx __ 7: Rx 1 R
Ey” = 11_{1(1) sEy™(s) = tliglo Eqy'(s)

9. Expected Number of Preventive Maintenances by the Server

(8.1)

(8.2)

(8.3)

Let EF(¢) be the expected number of preventive maintenances by the server in (0, ¢] given that the system entered

in the regenerative state i at ¢ = 0. The recursive relations for E (¢) are given as

Ef () = H(HOE (t)
By (t) = E2(H)©F; (t) + Es()©FE3 (t)
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E3 (t) = E5(t)©E{ (t) + Es(t)©F} (t)
E(t) = f2()©[1 + Ef (t)]
Ej (t) = h(t)©E] () ©.1)

By taking Laplace transforms of the above equations and solving for EF*(t), we get

~ Df(s) (9.2)

where
N3'(s) = f{()E5(s)Ef(s), D5 (s) =1~ fi(s)[fs (s)E5(s) + B3 (s)E3(s) + E3(s)h"(s) Ej(s)]
The steady-state expected number of preventive maintenances by the server is given by:

Px _ q: Px T P
Ey* = gli% sEy*(s) = tlirrolo Ey (s) 9.3)

10. Expected Number of Replacements by the Server

Let ERF(t) be the expected number of replacements by the server in (0, ¢] given that the system entered in the
regenerative state 4 at t = 0. The recursive relations for 7 (¢) are given as

= B()©EEY (1) + Es()©ELFT (1)
— Bs()©EEY (t) + Es()©EFF (1)

ERfP(t) = h(t)©[1 + EFP (1)) (10.1)

By taking Laplace transforms of the above equations and solving for EF¥*(s), we get

_ N5(s)
~ DI (s)

EgP(s) (10.2)

where

N3 = fi(s)E5(s)£5 (s),
D" =1 f{(s)[f3(s)E5(s) + B3 (s) B3 (s) + B3 (s)h" (s) Ej (s)]

The steady-state expected number of replacements by the server is given by:

ElP*(s) = lim sENP = Jim ERF (10.3)

11. Expected Number of Visits by the Server

Let N;(t) be the expected number of visits by the server in (0, ¢] given that the system entered the regenerative
state ¢ at t = 0. We have the following recursive relations for N;(t):

No(t) = f1(t)©N1(t)
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Ni(t) = E2(H)©[1 + Nao(t)] + E3(t)©[1 + N3(t)]

No(t) = E5(t)©No(t) + Ea(t)©N4(t)

N3(t) = Fo(t)©No(t)

Ny(t) = h(t)©No(?) (11.1)

By taking Laplace transforms of the above equations and solving for N (s), we get:

N4(S)
Nj(s) = 11.2
0 ( ) D4(S) ( )

where

Na(s) = fi(s)[E5(s) + E5(s)],

Da(s) = 1= f1(s)[f2(s)E5(s) + E3(s)E5(s) + E3(s)h"(s) Eq(s)]
The steady-state expected number of visits by the server is given by:

Ny = ilg%) sN§(s) = tlggo No(s) (11.3)

12. Profit Analysis

Any manufacturing industry is basically a profit making organization and no organization can survive for long
without minimum financial returns for its investment. There must be an optimal balance between the reliability
aspect of a product and its cost. The major factors contributing to the total cost are availability, busy period of
server and expected number of visits by the server. The cost of these individual items varies with reliability or
mean time to system failure. In order to increase the reliability of the products, we would require a correspondingly
high investment in the research and development activities. The production cost also would increase with the
requirement of greater reliability. The revenue and cost function lead to the profit function of a firm, as the profit
is excess of revenue over the cost of production. The profit function in time t is given by:

P(t) = Expected revenue in (0, ¢] — Expected total cost in (0, t]

In general, the optimal policies can more easily be derived for an infinite time span or compared to a finite time
span. The profit per unit time, in infinite time span is expressed as

i (70)
t—o0 t

ie.

profit per unit time = total revenue per unit time — total cost per unit time.
Considering the various costs, the profit equation is given as:

P = K14, — K2B' — K3Bl’ — K4Bl*Y — K5El — K6El' — KTE[Y — K8N,
where

K1 = Revenue per unit up-time of the system,

K2 = Cost per unit time for which server is busy in repair,
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K3 = Cost per unit time for which server is busy in preventive maintenance
K4 = Cost per unit time for which server is busy in replacement,

K5 = Cost per unit time repair of the unit,

K6 = Cost per unit time preventive maintenance of the unit,

K'7 = Cost per unit time replacement of the unit,

K8 = Cost per unit visit by the server.

Numerical Results

In this section, some of the results obtained for the above system are illustrated with a numerical example, we
assume that

ft) =re filty = e M fo(t) = ye fa(t) = e
z(t) — qe—ot g(t) — Qe 0t h(t) _ Blef[ﬁt m(t) — 9167915

From equation (3.2), the time-dependent reliability is given by:

3 A
. Si(Si + a4+ B) + (28 + a+ B+ A + A)]edit
Ri) = 3 15 )+ u( L+ )]
= 1 (si-5)
J=1,i%j
where S; (i = 1 to 3) are the roots of the given equation.
S3 482 (a+ B4+ A4+201) + S (A4 BAFINL +2a01 +28M +22) +adl\ + AN B+aX2 + 672 =0

Hence mean time to system failure is calculated using the relation

a8+ M+ N)]
a>\+>\5+)\1a+/\15

MTSF = R;(0)

Now from equation (4.2) the time-dependent availability of the system is given by:

[(S3 + S2(0+ B+ + 61) + Si(70 + BO + BO1 + 01 + By) + B0 + Br61)
* (512 + Sz(ﬁ + o+ 2)\1) + ﬂ)\l +al; + A\ + )\%)]esit
Ay =" ‘

[ (5i-5)

J=1ii#]

where s; (¢ = 1 to 6) are the roots of the equation

(SHAFA)[S +A)(S+Y)(S+a+B)(S+04601)(S+B1) — May(S+0+61)(S + B1) — A\ o
(S+A)(S+7) = (S+7)Mb:1518] =0

In case steady-state availability of the system given by

[+ B+ A1+ A0+ 61)Bv\
/307&1)\1 — B/\le’h)\l =+ 6)\’}/ﬁ1/\1 + )\9’}/61/\1 + 049/\’}/51 + 059/\)\1ﬁ1 + /\(9’Yﬁlﬁ
FANOB1B 4 A1 81y + A1 Broy + A0 Brak + ABY01 81 + AByO1 A — ABO LA A
FYBB1AAL + V0B A AL + @B\ fry + A Bi A + ByOSiL A + 0881 A A + 0181010
+y01 81 10+ aby B A A + ByO1 81 AL + v018A A — BOA A

Ao =
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From equation (5.2) the time-dependent busy period analysis due to repair is given by:

[BAM(S2 4+ 52(0 + B+ + 01) + S;(v0 + 16 + B161 + 701 + B17) + 178 + B1761) >

* <(512 +Sz(ﬂ1 +Oé+2)\1) “1‘,81)\1 + al + A\ +/\2)}€Sit
B0 =Y M
=1 [I (Si—5;)

j=1,i#]
where s; (i = 1 to 6) are the roots of the equation
(S+O[(S+A)S+7)(S+a+B)(S+0+061)(S+ 1) —May(S+0+61)(S+ 1) — Ao
(S+A)S+7) = (S+7)Mb1515] =0
In case steady-state busy period of the server due to repair is given by

(04 61)ByB1 M
(59751)\1 — BAMOyi A + BOyBLAL 4 00781 A1 + a5y )

Bt =

afOX B + 007818 + OX0B18 + 0161517 + 061 B1ary
+FA1018100 + ABv01 81 + 08701 M — 0801 M

From equation (6.2) the time-dependent busy period analysis due to preventive maintenance is given by:

By = 32 ST+ S0+ 5+ 61) 510+ i)
= (55,

j=1i#j
where s; (¢ = 1 to 5) are the roots of the equation
[(S+A)S+)(S +a+B)(S+0+01)(S+ B1) — May(S+6+01)(S + B1) — A B¢
(S+A)(S+7) = (S+7)Ab:1818] =0
In case steady-state busy period of the server due to preventive maintenance is given by

(0 +601)B81 M

ByBi A + 0vB1 A1 + aby B + a1 + 0vB158 + MBS + b Sy
+01 810y + A0 Bra + AB01 By + ByOi A — BO1 A M

Bl =

From equation (7.2) the time-dependent busy period analysis due to replacement is given by:

BIP* (1) = Z [Mﬁ;el(si +7)Jest
=t I (5= 9))

=1

where s; (i = 1 to 5) are the roots of the equation

[(S+A)(S+7)(S+a+B)(S+0+601)(S+ B1) — May(S+0+6,)(S+ B1) — M0
(S+AM)(S+7) = (S+7)Mb:1518] =0

In case steady-state busy period of the server due to replacement is given by

Y0851 M1

(ﬁ“fﬁl)q + 081 A + abvyB1 + a1 4 0vB1B8 + M0515 + )\191517>
+01 510y + A0 Bra 4+ ABO1 By + By — BO 1A

RP _
By =
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From equation (8.2) the time-dependent expected number of repairs is given by:

B (t) = 3° MO+ S8 ) + Br)le
= [T (Si-$))

J=1,i#]

where s; (¢ = 1 to 5) are the roots of the equation

[(S+A)(S+Y)(S+a+B)(S+0+61)(S+B1)—May(S+0+61)(S+ ) —

(S+A)(S+7) = (S+7)Ab:1518] =0
In case steady-state expected number of repairs is given by

Y0881 A1
(5751)\1 + 081 A + abvyB1 + a1 4 0vB18 + M0515 + >\191ﬁ17>
+01 510y + A0 Bra 4+ AB01 B + Bybi i — BO 1AM

Ef =

From equation (9.2) the time-dependent expected number of preventive maintenance is given by:

5

= [T (S:-5)
J=1,i#j

where s; (i = 1 to 5) are the roots of the equation

[(SHA)S +7)(S+a+B)(S+0+01)(S+B1) = Aay(S+0+0601)(S+B1) —

(S+A)(S+7) = (S +7)Ab:188] =0
In case steady-state expected number of preventive maintenance is given by

(04 01)ayBi

ByB1A1L + 0vB1 A + abyB1 4+ A 1 + 07618 4+ A0B18 + Ai01 81y
+01Brary + A0 Bra 4+ ABO1B1 + B0 A — BO1 A A

Eb =

From equation (10.2) the time-dependent expected number of replacements is given by:

E(%%P*(t) _ i: [ﬂleli)‘l(sl + Py)]es ¢

ST (si-s))

=1y

where s; (¢ = 1 to 5) are the roots of the equation

[(SH+A)S+7)(S+a+B)(S+0+01)(S+B1) — Aay(S+0+01)(S+B1) —

(S+M)(S+7) = (S+7A0:1818] =0

In case steady-state expected number of replacements is given by

ERP _ Bv0151 1

B <5751)\1 + 0vB1A + abyB1 + ab 1By + 0vB1B + M0B16 + )\191517)
+01B1ay + A01Bra 4+ ABO1B1 + By A — BO1 A

A1 50

A1B0

A B0



From equation (11.2) the time-dependent expected number of visits by the server is given by:

] ([(a—l—ﬁ)/\l(Sf’+Si2(9+61+7+91) . >
“ \ +Si(v0 + 10 + B161 + 01 + + 6170 + B1yb1)]e”
NE() :Z (Y0 + 810 + B101 + 701 + B1y) + B1v0 + Bivb)]e

5
I (Si = S;)

i=1 H

i=1ii#i

where s; (¢ = 1 to 5) are the roots of the equation

[(S+A)(S+7)(S+a+B)(S+0+01)(S+B1) — May(S+0+01)(S+ B1) — M\ po

(S+A)S+7) = (S+7)Mb1515] =0
In case steady-state expected number of visits by the server is given by

Ny = Y81 A (a+ B) (0 + 61)

ByB1A1 + 0vB1 A + aby By + abX B + 07818 + A0B18 + Mb1B81y
+01 8100y + A101 Brac + ABOL Br + B0 A — BOIA A

13. Conclusion
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The expressions for various reliability measures are derived taking arbitrary distributions for the random variables.
Later on, a particular case is considered to obtain numerical results for these measures assuming negative expo-
nential distributions for the random variables. The graphical behavior of mean time to system failure (MTSF)
with respect to maximum rate of operation time («) is shown in Fig. 1. It is observed that MTSF decreases with
the increase of .. And, there is a further decline in its values when direct failure rate (1) increases. Figs. 2 and 3
respectively revealed that availability and profit of the system model decrease with the increase of maximum rate
of operation («), direct failure rate (A;) and replacement rate () for fixed values of other parameters. However,
values of these measures increase when repair rate (6) increases. Thus it is concluded that a single-system can
be made more reliable and economical to use either by conducting preventive maintenance of the system after
a maximum operation time at its partial failure stage or by making replacement of the unit if server is not in a

position to complete its repair in a given maximum repair time.

MTSF Vs, Maximum Operation Time(ct)

—+ B=45,0=01p1=12,01

08
25 = 13,y=132\=23 \1=.
31 e 25 B
. b
e .\ B=45,6-0181=12,01 EUS
B . L - =13,y-132X=231=. e ¥ :
15 = =
o = 04 t5 i R
293
d B=.45,0-6.1,31-12,01 :
C13y=1.32 =23 M= 02
e A3y=132A=23 M=,
25 0.1
0 -~ B=45,0-4.1,1=22,01 0

g VLRSS TN T T b =13,y=1.32,A=23 M=, : g S S B T R P R )

Maximum Operation Time(a) 25 Maximum Operation Time(a)

Figure 1: MTSF vs. Maximum Operation Time ().

—a

Availability Vs. Maximum Operation Time(a)

B=.45,6-4.1,81-.12,61
=13y=132\=23\1=.
25

- B=458-4.11=1261

=13y=1.32A=23,A1=.
45

B=.45,8-6.1,81=12,61
=13,y=1.320=23 \1=.
25
B=.45,8-4.1,81=22 61
=13y=1.32\=23 M=,
25

Figure 2: Availability vs. Maximum Operation Time (cv).
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Profit Vis. Maximum Operation Time (a)

|
|
i 9000 -
1

|

i —pAspeA1pI=1261
® =13y=132 =23 M=
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60004 W Ty |
2 | x R e » B=456=01,41=1201 |
P72 e 1S S =13y-1320=23M1=.
& 4000 e AL T 15 |
| |
CEEFa B=45,0-6.1p1=12,01

‘ 2000 | =13y=1.32 =23 \1=.
i 1000 i 25 |
; O s g 1= 22017
5‘ ST e I S Sy R T =13 y=1.32 =23 A=, ;
| Maximum Operation Time{a) 25 |

Figure 3: Profit vs. Maximum Operation Time (cv).
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