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Abstract

AUM block sum labelling is a newly introduced labelling technique in recent times. It has been established that path,
triangular snake graph, alternate triangular snake graph, double triangular snake graph, double alternate triangular snake graph,
quadrilateral snake graph, alternate quadrilateral snake graph, double quadrilateral snake graph, double alternate quadrilateral snake
graph, Friendship graph FE,(n = 5), cycle cactus graph C¥(k = 2) and C¥(k > 2), perfect binary tree T,; admit AUM block
labelling. In this paper, we have obtained the AUM block sum labelling for star graph, bistar graph, comb graph and sunlet graph,
Diamond snake graph, Pentagonal snake graph and Alternate pentagonal snake graph. Suitable illustrations are also given.
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1. INTRODUCTION

The concept of graph labelling initiated by Rosa. A in 1967 has developed vastly in recent years mainly due to its
interesting connection and applications to other fields like health science, medical fields, communication network, chemical
structures, material science etclHEI2223124130] and the detailed survey given in J.Gallein!?®l, Various labelling technique can be seen
inCIBIIEIOILOI2NS]14116]120] The study on AUM block sum labelling can be referred to 718 where in it was established that
path, triangular snake graph, alternate triangular snake graph, double triangular snake graph, double alternate triangular snake graph,
quadrilateral snake graph, alternate quadrilateral snake graph, double quadrilateral snake graph, double alternate quadrilateral snake
graph, Friendship graph F,(n = 5), cycle cactus graph Cf(k > 2), C¥(k > 2) and perfect binary tree T,, admit AUM block
labelling. In 81 A.Uma Maheswari and et.al have presented a new algorithm for Encoding and Decoding using AUM block labelling.

In this paper, we have proved that bistar graph, comb graph, diamond snake graph, pentagonal snake, star graph and sunlet
graph admit AUM block sum labelling. We also give explicit examples for AUM block labelled graphs.

Labelling of graphs finds its applications in heterogeneous fields including the field of material science particularly, in
crystallography?2i21_ difference labelling of signed graphs in cryptoanalysisi?¥], secured encryption of text on social medial*®, secure
transmission of messages!?®l, computer network[?61, dental architecturel®”l,

2. PRELIMINARIES
Definition 1.1[15],[17]: AUM Block sum labelling

Let G be a graph with p vertices, g edges and b blocks, p,q,b = 1. Let V(G) = {vy,v,, ..., vp}, E(G) = {e1, €5,..., €4},
B(G) = {B;, B,, ..., By} denote the vertex set, edge set and the block set of G respectively.

We say the graph G has a block sum labeling if there exists a bijection
f:V(G)-{12,...,p}and f*:E(G) —» Z* induced from f by f*(uv) = f(u) = f(v) and
f**:B(G) -» Z*, defined as follows:
Let B; be incident with the vertices v;,v;,, ...,v;,,1 < ji <p and edges e; ,e;,,...,e;, , 1 <j, <q.Then f*(B;) =
K f(v,) + X2 f(ey,) and f*(B;) # f**(By) for 1< i,j < b and i # .
Definition 1.2[25]: star graph

A star S, is the complete bipartite graph K ,,. It is also defined as a tree with one internal node and n leaves
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Definition 1.3[25]: Bi-star graph

The Bi-star B(m,n) is a two-star graph, one with m + 1 and other with n 4+ 1 vertices along with an edge joining the
apex of the two-star graphs. The Bi-star B(m, n) has m + n + 2 vertices and m + n + 1 edges.

Definition 1.4[28] sunlet graph

The n-sunlet graph is a graph on 2n vertices is obtained by attaching n-pendent edges to the cycle C,, and it is denoted by
Sn

Definition 1.5[25]: Comb graph P,,©OK;
Let P, be a path on n vertices. The comb graph is defined as B,®K;. It has 2n vertices and 2n — I edges.
Definition 1.6[5] Diamond snake graph

The graph G consists of collection of n cycles C,, these cycles are connected in such a way that any two adjacent cycles
sharing a common vertex, the resulting graph is called the diamond snake graph and it is denoted by D,,. A snake is a Eulerian path
that has no chords.

Definition 1.7[29] pentagonal snake graph

The pentagonal snake P (S, )is obtained from a path u,, u,, us, ..., u; by joining u; and u;,, for1 < i < k- 1, to three
new vertices v;, w;, x; and then joining v;, w;, and x;.That is the path B, by replacing each edge of the path by a cycle Cs.

Definition 1.8[29] Alternate pentagonal snake graph

An alternate pentagonal snake A(PS,,) is obtained from a path h u,, u,, us,...,uw,by joining u; and u;,, to three new
vertices v;, w;, x; and then joining v;, w;, and x; respectively. That is, every alternate edge of a path is replaced by a cycle Cs.

3. MAIN RESULTS

In this section, we associate AUM block labelling for some standard graphs
Theorem 3.1: Every star graph S,,, n = 4 admits AUM block sum labeling.
Proof: Let G be the star graph, S,,n = 4. LetV(G) = {vy, vy, V3, ....,Vp_1} [V(G)| =nand |[E(G)| =n—1.
Let us associate the AUM block sum labelling to blocks of G as follows.
Define the function f: V(G) - {1,2,...,n} by

f(we) =1

fo)=i+1,1<i<n-1
Obtain the induced function f*: E(G) —» Z* from f as

ffoygv)=i+2,1<i<n-1
Now we label the blocks from the sum labelling of vertices and edges.
Define f**: B(G) - Z* by

f"B)=2((+2),1<i<n-1

Fori #j, f*(B) # f*(B;)
Implying the block labels, f**(B;)s are distinct. Hence G admits AUM block labelling as shown in Fig.1

Note: For star graph S; labelling is trivial. The star graph S, and S; are same as path P, and P; which admit AUM block sum
labelling[15].

Fig.1 S; AUM block sum labelling
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Theorem 3.2: Every bistar graph B,, ,admits AUM block sum labelling.

Proof: Consider the two copies of K; ,,. Let vy, v,,...., v, and uy, u,, ..., u, are vertices of each copy of K, ,, with apex vertex v
and u.

[V(G)| =m+n+2and |E(G)| = m+ n + 1. We consider in three cases:
Case 1: If m = n then B, ,admits AUM block sum labelling
Define the function f: V(G) = {1,2,...,|V(G)] } by
fW=1fw)=n+2
fw)=i+11<i<n
fu)=n+i+2,1<i<n
Obtain the induced function f*: E(G) —» Z* from f as
f*lvu) =2n+6
frfov)=i+2,1<i<n
ffluy) =2n+i+4,1<i<n
Now we label the blocks from the sum labelling of vertices and edges.
Define f**: B(G) —» Z* by
f*(By)=2n+6
f(Biy1) =2i+41<i<n
f*Biy) =4n+2i+81<i<n
Hence G admits AUM block labelling as shown in Fig.2

B (6) B;(30)
v, 2 8”1
B;(8)
U2 B1(32)
15 16 9
vy 4 8 u 17 us
B,(10 B,(16) 7 @, 5.(34)
18
19
s 11
Bs(i2) Y4 BL(36)
50 ug12
Fig.2 Bs 5 AUM block sum labelling
Case 2: If m > n then B, ,admits AUM block sum labelling
Define the function f: V(G) = {1,2,...,|V(G)] } by
fW)=1fw)=m+1
fw)=i+11<i<m
fu)=m+i+1,1<i<n
Obtain the induced function f*: E(G) — Z* from f as
f*(vu) =m+2
ffov)=i+2,1<i<m
ffluy) =2m+i+2,1<i<n
Now we label the blocks from the sum labelling of vertices and edges.
Define f**: B(G) —» Z* by
f7(By) =2(m+2)
f*(Biy1) =2i+41<i<m
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fPBiy) =4m+2i+41<i<n
Hence G admits AUM block labelling as shown in Fig.3

B,(6)
U1 B! (30)
8
15
8 u 16
B,(16) 7 @®/2B;(32)
17
10
Y5 B;(34)
Fig. 3 Bs 3 AUM block sum labelling
Case 3: If m < n then B, ,admits AUM block sum labelling
Define the function f: V(G) - {1,2,...,|V(G)] } by
fW=1Lfw)=m+1
fw)=i+11<i<m
fu)=m+i+1,1<i<n
Obtain the induced function f*: E(G) —» Z* from f as
f*lvu) =m+2
ffov) =i+2,1<i<m
ffluv)=2m+i+2,1<i<n
Now we label the blocks from the sum labelling of vertices and edges.
Define f**: B(G) - Z* by
£ (By) = 2(m + 2)
f"(Biy1) =2i+41<i<m
f*Biy) =4m+2i+41<i<n
Hence G admits AUM block labelling as shown in Fig.4
B, (6) B;(26)
vy 2 7”1
B3(8)
V23 U2 Bl(28)
4 3 B3, 8
v 8 u 15 ,
] B,(16) 5 ®, 5;(30)
16
5 6 17
10
Uz g '
B,(12) Y4 B(32)
v,0 us11
Bs(14) B(34)

Fig.4 B, s Aum block sum labelling
Theorem 3.3: Every Sunlet graph (S,,, n = odd) admits AUM block sum labelling.

Proof: Let G be a sunlet graph with 2n vertices and 2n edges. Let v,,v,,v5,... v, are the vertices of the cycle sunlet graph,
vy, V3, V5,..., Uy, are the pendent vertices of sunlet graph. |V(G)| = 2n, |E(G)| = 2n

Now we shall define AUM block sum labelling for the blocks of G as follows.
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Define the function f: V(G) — {1,2,..., 2n} by
fw)=2i—11<i<n
fw)=2i,1<i<n
Define the induced function f*: E(G) - Z* from f as
f*(viv,) =2n
i) =4i,1<i<n-1
ffwjv)=4i—-11<i<n
Now we label the blocks obtained from the labelling of vertices and edges.
Define f**: B(G) » Z* by
f(B,) = 3n?
f*(Biy1) =8i—2,1<i<n
Fori = j, f~(By) # f**(B;).
Hence G admits AUM block labelling as shown in Fig.5

B,(243)

vl 10
Fig.5 Sg AUM block sum labelling
Theorem 3.4: Every Comb graph P, ©K;, admits AUM block sum labelling

Proof: Let G = P,®K;be the comb graph. Consider {v,, v,, v,...v,} are the vertices of the path P, and {u,, u,, us,...,u,} are the
pendent vertices (adjacent vertices) to each vertex of the path B,. Hence, |V(G)| = 2n and |E(G)| = 2n — 1.

Now we define AUM block sum labelling for the blocks of G as follows.
Define the function f: V(G) - {1,2,...,2n} by
fw)=2i—-11<i<n
fw)=2i,1<i<n
Define the induced function f*: E(G) - Z* from f as
v =4,1<i<n-1
fflviu)=4i—-11<i<n
Now we label the blocks obtained from the labelling of vertices and edges.
Define f**: B(G) —» Z* by
f*(Byi—y) =2(4i—1),1<i<n
f"(By) =8i,1<i<n-1
Fori = j, f~(By) # f**(B;).
Copyrights @Kalahari Journals Vol. 7 (Special Issue 5, April 2022)

International Journal of Mechanical Engineering
106



Hence G admits AUM block sum labelling as shown in Fig.6

Uy Uz Uz Uy Usg
2 4 6 8 10
gz 2 S |1 2| 1
m [y 0 aal m
4 8 12 16

1 3 5 7 9

v B, (8) v, Bs(16) p, Bs(24) 1, Bg(32) vs
Fig.6 Ps®K,; AUM block sum labelling

Theorem 3.5: For any Diamond snake graph D,, admits AUM block sum labelling.

Proof: Let D,, be a graph G. The cycles C, are connected by sharing a common vertex adjacently. Therefore, the diamond snake
graph D, is obtained. Let vy, v, Vs, ... V3,41 b€ the vertices of the graph. Hence, |V(G)| = 3n+ 1and |[E(G)| = 4n.

Now we define AUM block sum labelling for the blocks of G as follows.
Define the function f:V(G) = {1,2,...,3n + 1} by
fw)=i1<i<3n+1
Define the induced function f*: E(G) - Z* from f as
f*(vgi_av3i_1) =6i—3,1<i<n
f*(V3i—1V3i41) = 6L, 1<i<n
fr(vs3i_5v3;) =6i—2,1<i<n
fr(v3iv3i41) =6i+1,1<i<n
we label the blocks obtained from the labelling of vertices and edges.
Define f**: B(G) » Z* by
f*B)=66i-1),1<i<n
Fori # j, f*(B;) # f*(B;).
Hence G admits AUM block sum labelling as shown in Fig.7

3 6 9

Fig.7 D; AUM block sum labelling

Theorem 3.6: Pentagonal snake graph PS,, admits AUM block sum labelling.

Proof: Consider the path B,, v, vy, vs,...., 1. Every edge is replaced by cycle Cs. Therefore, the graph G, PS,, is obtained. The
graph has vy, v,, vs,...., Usn_3, Vertices. Hence, |V(G)| = 4n— 3, |E(G)| = 5n—5.

Now we define AUM block sum labelling for the blocks of G as follows.
Define the function f: V(G) - {1,2,...,4n — 3} by
fv)=i,1<i<4n-3
Define the induced function f*: E(G) - Z* from f as
ffovi)=2i+1,1<i<4(n-1)
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f*(Wai-3Vaiyr) =2(4i—1),1<i<n-1
we label the blocks obtained from the labelling of vertices and edges.
Define f**: B(G) - Z* by
f*(B;)=512i—-3),1<i<n-1
Fori=j, f*(B) # f(B)).
Hence G admits AUM block sum labelling as shown in fig. 8

B,(105) B.(225)

16

Fig.8 PS5 AUM block sum labelling
Theorem 3.7: Alternate Pentagonal snake graph A(PS,,),admits AUM block sum labelling

Proof: Consider the path B,, vy, v,,vs,....,v,. Alternately edges are replaced by cycle Cs. Therefore, the graph G, A(PS,,) is
obtained. The graph has vy, v,, vs,...., V4y_3, Vertices. Hence, if n is even |V (G)| = 5(2) |[E(G)|=3n—-1andif nisodd |V(G)| =

5(”7‘1) +1|EG)|=3(n-1).

Now we define AUM block sum labelling for the blocks of G as follows.

Define the function f: V(G) — {1,2,...,|V(G)|} by

f)=il1<i< s(g); ifniseven, 1 <i < 5("7‘1)+ 1;if nis odd

Define the induced function f*:E(G) - Z* from f as
ffovi)=2i+1,1<i<4(n-1)
f*WaigVaip1) =2(4i—1),1<i<n-1

we label the blocks obtained from the labelling of vertices and edges.

Define f**: B(G) —» Z* by

' Byie) = 15(5i—2), 1 < i < |4

n—1
f*(By) = 2(10i4+1),1 <i < ITJ

Fori=j, f**(B) # f(B)).
Hence G admits AUM block sum labelling as shown in Fig.9

2 7 9
B5(120)
11
11 21 _
1 6 5 B,(22) 6 16 10 B,(42)
Fig.9 A(PSs) AUM block sum labelling
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Conclusion:

In this paper, we have proved that star, Bistar, Comb graph admits AUM block sum labelling. Also, we have proved that

Diamond snake, Pentagonal snake, Alternate Pentagonal Snake, Sunlet graph admits AUM block sum labelling. This work has
further scope for extending to other graphs with applications in many other fields including medical science, health science, chemical
science, physical science, computer science.

Reference:

[1]

A. Elumala, “Graph coloring and labeling applications in computer science”, Malaya Journal of Matematik, Vol. S, No.
2, 4039-4041, 2020 https://doi.org/10.26637/MJM0S20/1048

[2] A. Krishnaa, “On the use of Computers in Graph Labeling”, International Journal of Computer Science and
Communication Vol. 3, No. 1, January-June 2012, pp. 191-197

[3] A. Krishnaa, “Some Applications of Labelled Graphs”, International Journal of Mathematics Trends and Technology
(UMTT) — Volume 37 Number 3 — September 2016 ISSN: 2231-5373 http://www.ijmttjournal.org Page 209-213

[4] A. Rosa, “On certain valuations of the vertices of a graph”, Theory of graphs (Internat. Symposium Rome, July 1966)
Gordon and Breach, N.Y-Dunod Paris (1967), 349-355

[5] A. Sugumaran, E. Jayachandra, “Domination number of some graphs”, International Journal of Scientific Development
and Research (IJSDR), November 2018 IJSDR | Volume 3, Issue 11, Pg.no: 386-391

[6] A. Uma Maheswari and Srividya.V, “Some labelings on cycles with parallel P; chords”, Journal of applied science and
computations, Vol-VI, Issue 1, Jan 2019 Pg.469-475.

[7] A. Uma Maheswari and Srividya.V, “Strongly multiplicative labeling of cycle C, with parallel P, chords”, International
Journal of Research and Analytical Reviews, Vol-6, Issue 2, May 2019, Pg:1-7

[8] A. Uma Maheswari and Srividya.V, “t-Odd sequential harmonious labeling of cycle C; with parallel chords”, International
Journal of Engineering and Advanced Technology, Volume:8(5), Pp: 2184-2188, 2019.

[9] A. Uma Maheswari and Srividya.V, “Vertex Even Mean Labeling of New Families of Graphs”, International Journal of
Scientific Research and Reviews, 2019; 8(2): 902-913

[10] A. Uma Maheswari and Srividya.V, “Vertex Odd Mean Labeling of Some Cycles with Parallel Chords”, American
International Journal of Research, Technology, Engineering & Mathematics, 2019; 73-79

[11] A. Uma Maheswari and V.Srividya, “New Families of square sum graphs”, Journal of Computer and Mathematical
Sciences, Vol.10(4), 907-914 April 2019.

[12]  A.Uma Maheswari and V.Srividya, “New labelings on cycle with parallel P; chords”, Journal of Emerging Technologies
and Innovative Research(JETIR),May 2019, Vol-6, Issue-5, pp:559-564

[13] A.UmaMaheswari, S. Azhagarasi & Bala Samuvel.J, “Some New labelings on Cycle C,, with Zigzag chords”, International
Journal of Mechanical Engineering, Kalahari Journals, (Scopus)Vol:6, No.3 December, 2021, ISSN:0974-5823, Pg: 1616-
1623.

[14]  A.UmaMaheswari, S. Azhagarasi & Bala Samuvel.J, “Vertex Even Mean and Vertex Odd Mean Labeling for Path Union
and Crown on Cycle with Parallel P; Chords”, Design Engineering (Toronto), (2021), Issue:6, Pages: 5775-5792, ISSN:
0011-9342.

[15] A.UmaMaheswari, S. Azhagarasi, “New Labeling for Graphs-AUM Block Sum Labeling”, International Journal of Current
Science (IJCSPUB), volume 12, Issue 1, March 2022, pp. 574-584, ISSN: 2250-1770

[16] A.UmaMaheswari, S.Azhagarasi and Bala Samuvel.J, “Some labelings on cycle with Parallel P, chord”, Turkish Journal
of Computer and Mathematics Education, vol.12, No.10 (2021), Pg-5500-5508

[17]  A. Uma Maheswari, S.Azhagarasi , ” AUM Block Labelling for Cycle Cactus Block Graphs”, Compliance Engineering
Journal, Volume 13, Issue 4, 2022, Pp.84-96

[18] A. Uma Maheswari, S.Azhagarasi, “A New Algorithm for Encoding and Decoding Using AUM Block Labelling”,
Compliance Engineering Journal, Volume 13, Issue 4, 2022, Pg.no: 264-274

[19] A. Uma Maheswari, S.Azhagarasi, “AUM Block Sum Labelling & AUM Block Labelling For Perfect Binary Tree(T,;) ",
Communicated

[20] A. Uma Maheswari, S.Azhagarasi, Bala Samuvel.J, “On Some vertex mean labeling for cycle with parallel Py chords”,
Vidyabharati International Interdisciplinary Research Journal(Special Issue), 2021, PP: 3109-3119

[21]  Ajendra Kumar, Ajay Kumar, Vipin Kumar, Anuj Kumar, “Some new aspects of graph labeling in dental arch structure”,
Materials today: Proceeding, Pg.no:1-5, https://doi.org/10.1016/j.matpr.2020.11.079

[22] Auj kumar, Amit kumar Vats, “Application of graph labeling in crystallography”, Materials today: Proceedings,
https://doi.org/10.1016/j.matpr.2020.09.371

[23] B. Deepa, V. Maheswari, “Ciphering and Deciphering Messages by Graph Labeling Technigues Through Multilevel
Cryptosystem”, International Journal of Recent Technology and Engineering (IIRTE), ISSN: 2277-3878, Volume-8 Issue-
4S5, December 2019, Pg.No: 34-39

Copyrights @Kalahari Journals Vol. 7 (Special Issue 5, April 2022)

International Journal of Mechanical Engineering
109


https://doi.org/10.26637/MJM0S20/1048
https://doi.org/10.1016/j.matpr.2020.09.371

[24]

Jaya Shruthy V. N, V.Maheswari, “Double Encryption, Decryption Process using Graph Labeling through Enhanced
Vigenere Cipher”, Journal of Physics: Conference Series, 1362(2019), Pg.No:1-7

[25] M. Joice Punitha and A. Josephine Lissie, “Even and odd strongly multiplicative graphs”, Malaya Journal of Matematik,
Vol. 9, No. 1, 312-318, 2021, https://doi.org/10.26637/MIM0901/053

[26] Masthan Raju. U, Sharief Basha.S, “Application of Reverse Vertex Magic Labeling of a Graph”, International Journal of
Innovative Technology and Exploring Engineering (IJITEE) ISSN: 2278-3075, Volume-8 Issue-11, September 2019,
Pg.no:12-14

[27]  P. Lalitha, M. Gayathri, L. Tamilselvi, A. V. Arun, “Application of graceful labeling in dental arch , Drug Invention
today, Vol 11, Issue 3, 2019, Pg.no:637-638

[28]  Parul B Pandya, N.P.Shrimali, “Vertex-Edge Neighborhood Prime Labeling of Some Graphs”, Volume 7, Issue 10, 2018,
Page N0:735-743

[29] S Dhanalakshmi, S.Thirunavukkarasu, “Mean Square Cordial Labeling Of Some Pentagonal Snake Graphs”, Proceedings
of the First International Conference on Computing, Communication and Control System, I3CAC 2021, 7-8 June 2021,
Bharath University, Chennai, India, EAl DOI 10.4108/eai.7-6-2021.2308859

[30]  W.Sundarsana, S.A.Suryanto, D.Lusianti and N.P.A.P.S.Putri, “An application of super mean and magic graphs labeling
on cryptography system”, The 2-nd International Seminar on Science and Technology 2020, Journal of Physics: Conference
series, Pg.no: 1-11, DOI: 10.1088/1742-6596/1763/1/012052

Copyrights @Kalahari Journals Vol. 7 (Special Issue 5, April 2022)

International Journal of Mechanical Engineering
110


https://doi.org/10.26637/MJM0901/053
https://eudl.eu/proceedings/I3CAC/2021
https://eudl.eu/proceedings/I3CAC/2021
https://eudl.eu/proceedings/I3CAC/2021

