
Copyrights @Kalahari Journals  Vol. 6 No. 2(September, 2021) 

International Journal of Mechanical Engineering 

235 

ISSN: 0974-5823 Vol. 6 No. 2 September, 2021 

International Journal of Mechanical Engineering 

Cylindrically Symmetric Cosmological Model for 

Barotropic Fluid Distribution with Varying Λ 
SWATI AGRAWAL 

Department of Mathematics, University of Rajasthan (Jaipur) 

 

VIRESH SHARMA 

Department of Mathematics, N.A.S (PG) College, Meerut, India  

 

Abstract 

Cylindrically symmetric cosmological model for barotropic fluid distribution with varying Λ is investigated. To 

get the deterministic solution we have assumed barotropic fluid distribution condition p = γρ,  0≤ 𝛾 ≤ 1, p 

being pressure, ρ the matter density and a supplementary condition between metric potential A, B, C, as A = 

BC. The cosmological constant Λ is varying having value, Λ=  𝛼
𝑅2⁄   , where R is scalar factor. The physical 

and geometrical properties of the model are also discussed and the reality condition is satisfied. 

 

1. Introduction:  

The problem of cosmological constant is one of the most salient and unsettled problems in cosmology. The 

smallness of the effective cosmological constant recently observed constitutes the most difficult problems 

involving cosmology and elementary particle physics theory. (Pradhan [14]). 

Abers& Lee [1] predicted that during an early exponential phase, the vaccum energy is treated as large 

cosmological constant which is expected by Grand Unified Theory (GUT) (Sakharov [16]). Several 

cosmological model in which Λ is varying or the behavior of universe is given by Λ and universe filled with 

barotropic fluid distribution have been investigated by numbers of authors, viz. Abdussattar and Vishwakarma 

[2], Bali et al. [3][4][5][6][8][9][10]. Bali & Saraf [7] and Tiwari [19] studies cosmological model by using law 

of variation of scalar factor with a variable constant term. Singh et al [17] and Pradhan et al [15] investigated 

cosmological model with variable G and Λ. 

In this paper, we have investigated cosmological model for barotropic fluid with varying Λ taking Λ=  𝛼
𝑅2⁄   , 

where R is scalar factor. To get the deterministic solution we have assumed barotropic fluid distribution 

condition p = γρ,  0≤ 𝛾 ≤ 1, p being pressure, ρ the matter density and a supplementary condition between 

metric potential A, B, C, as A = BC. The model also has point type singularity at T = 0 (MacCallum[13]). 

 

2. Metric and Field Equation 

We consider the cylindrically symmetric metric given by Marder (1958) in the form as 

ds2 = A2 (dx2 – dt2) + B2 dy2 + C2 dz2                                                         --------(1) 

Where A, B, C are metric potentials and are functions of t-alone. 

The energy momentum tensor 𝑇𝑖
𝑗
 for perfect fluid is given by  

𝑇𝑖
𝑗

= (𝜌 + 𝑝)𝑣𝑖𝑣𝑗 + 𝑝𝑔𝑖
𝑗
 

Where ρ is the matter density, p the isotropic pressure, 𝑣𝑖  the flow vector satisfying                𝑣𝑖𝑣𝑗 = -1 

Einstein field equation is given by  
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𝑅𝑖𝑗 −
1

2
𝑅𝑔𝑖𝑗 − Λ𝑔𝑖𝑗 = −8𝜋𝑇𝑖

𝑗
                                                                    ……..(2) 

Where Λ is cosmological constant and depends on time.  

The Einstein field equation (2) for the metric (1) leads to 

1

𝐴2 [ −
𝐵44

𝐵
−

𝐶44

𝐶
−

𝐵4𝐶4

𝐵𝐶
+

𝐴4𝐵4

𝐴𝐵
+

𝐴4𝐶4

𝐴𝐶
] + 𝛬 = 8𝜋𝑝……..(3) 

1

𝐴2 [−
𝐶44

𝐶
−

𝐴44

𝐴
+

𝐴4
2

𝐴2] + 𝛬 = 8𝜋𝑝                                                        ……….(4) 

1

𝐴2 [−
𝐵44

𝐵
−

𝐴44

𝐴
+

𝐴4
2

𝐴2] + 𝛬 = 8𝜋𝑝                                                        ………(5) 

1

𝐴2 [
𝐵4𝐶4

𝐵𝐶
+

𝐴4𝐵4

𝐴𝐵
+

𝐴4𝐶4

𝐴𝐶
] − 𝛬 = 8𝜋𝑝                                                    ………..(6) 

We assume the coordinates so that  

𝑣1 = 0 = 𝑣2 = 𝑣3 , 𝑣𝑖𝑣𝑗 = −1 

Thus𝑣4 =
1

𝐴
 , 𝑣4 = −𝐴 

From equation (4) and (5), we have  

𝐵44

𝐵
=

𝐶44

𝐶
                                                                                               ………(7) 

which leads to  

(𝐶𝐵4 − 𝐵𝐶4)4 = 0 

(𝐶𝐵4 − 𝐵𝐶4) = k 

which gives  

(
𝐵

𝐶
)4 = 

𝑘

𝑐2                                                                                             ……….(8) 

To get the result in terms of cosmic time t , we assume   

 A = BC                                                                                         ………..(9) 

By equation (3) and (6) after using p = γρ,A = BC and Λ = 𝜶
𝑹𝟐⁄  (where R = BC) leads to  

𝐵44

𝐶
+

𝐶44

𝐶
+ (1 + 𝛾)

𝐵4𝐶4

𝐵𝐶
= (1 − 𝛾) (

𝐵4

𝐵
+

𝐶4

𝐶
)

2
+ (1 + 𝛾)𝛼             ……...(10) 

Which leads to,  

𝜇44

𝜇
+

5

4
(𝛾 − 1)

𝜇4
2

𝜇2 = (
𝛾−1

4
)

𝑘2

𝜇2 + (1 + 𝛾)𝛼                                      ………(11) 

To find solution, we put 

 μ4  = f (μ)  

Thus 𝜇44 = 𝑓𝑓′ 

Now equation (11) leads to  

2𝑓𝑓′ +
5

4
(𝛾 − 1)

𝑓2

𝜇
= (

𝛾 − 1

4
)

𝑘2

𝜇
+ (1 + 𝛾)𝛼𝜇 

𝑓2 =
𝑘2

5
+

4𝛼(1+𝛾)𝜇2

(5𝛾−1)
                                                                         ………(12) 

which leads to,  

𝑑𝜇

√
𝑘2

5
+ 𝛽2𝜇2

= 𝑑𝑡 



Copyrights @Kalahari Journals  Vol. 6 No. 2(September, 2021) 

International Journal of Mechanical Engineering 

237 

𝑑𝜇

√𝑏2+𝜇2
= 𝛽𝑑𝑡                                                                                  ………..(13) 

Where 𝛽2 =
4𝛼(1+𝛾)

5𝛾−1
, 𝑏 =

𝑘2

5𝛽2 

Thus we have  

sinh-1𝜇

𝑏
= 𝛽(𝑡 + 𝑡′) 

Thus  

𝜇 = 𝑏 𝑠𝑖𝑛ℎ𝛽𝑇                                                                                 ………..(14) 

Where T = t + t’, and t’ being constant of integration 

We consider BC = μ and 
𝐵

𝐶
= 𝜈 

Therefore, 

𝜈4

𝜈
=

𝑘

𝜇
 , 

Where k is constant 

From equation (14), we have  

𝜈 = 𝑙 (𝑡𝑎𝑛ℎ
𝛽𝑇

2
)

𝑘
𝑏𝛽⁄

 

𝜈 = 𝑙𝑡𝑎𝑛ℎ𝑁 (
𝛽𝑇

2
)                                                                                  ……….(15) 

Where l being constant of integration and N = 
𝒌

𝒃𝜷
 

Now  

B2 = μν 

Which gives, 

B2 = 2bl 𝑠𝑖𝑛ℎ1+𝑁 (
𝛽𝑇

2
) 𝑐𝑜𝑠ℎ1−𝑁 (

𝛽𝑇

2
)                                                     ………(16) 

And,  

C2 = 
𝜇

𝜈
 

Which gives 

C2 = 
2𝑏

𝑙
𝑠𝑖𝑛ℎ1−𝑁 (

𝛽𝑇

2
) 𝑐𝑜𝑠ℎ1+𝑁 (

𝛽𝑇

2
)                                                     …………(17) 

And  

A = BC 

Which gives  

A = b sinhβT                                                                                       …………..(18) 

Thus the metric (1) leads to the form 

𝑑𝑠2 = 𝑏2𝑠𝑖𝑛ℎ2(𝛽𝑇)(𝑑𝑥2 − 𝑑𝑡2) + 2𝑏𝑙 𝑠𝑖𝑛ℎ1+𝑁 (
𝛽𝑇

2
) 𝑐𝑜𝑠ℎ1−𝑁 (

𝛽𝑇

2
) 𝑑𝑦2 +

2𝑏

𝑙
𝑠𝑖𝑛ℎ1−𝑁 (

𝛽𝑇

2
) 𝑐𝑜𝑠ℎ1+𝑁 (

𝛽𝑇

2
) 𝑑𝑧2                                                             …………..(19) 

 

 

 

4. Some Geometrical and physical properties 
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The matter density (ρ) for the model (19) is given by 

𝜌 =
1

8𝜋𝑏2𝑠𝑖𝑛ℎ4(𝛽𝑇)
[

5

4
𝑐𝑜𝑠ℎ2(𝛽𝑇) − 𝑁2𝛽2]                                           ……….(20) 

The reality condition ρ > 0 Ellis (1971) leads to , 

ρ > 0 ⟹ 5𝑐𝑜𝑠ℎ2(𝛽𝑇) > 4𝑁2𝛽2                                                          ………(21) 

The expansion (θ) is given by 

𝜃 =
1

√−𝑔

𝜕

𝜕𝑥𝑖
(𝑣2√−𝑔) 

    = 
1

𝐴
(

𝐴4

𝐴
+

𝐵4

𝐵

𝐶4

𝐶
) 

=
2𝛽𝑐𝑜𝑠ℎ𝛽𝑇

𝑠𝑖𝑛ℎ2(𝛽𝑇)
                                                                                            ……… (22) 

Shear tensor is given by 

𝜎𝑖𝑗 =
1

2
(𝑣𝑖;𝑗 + 𝑣𝑗;𝑖) +

1

2
(𝑣�̇�𝑣𝑗 + 𝑣�̇�𝑣𝑖) −

1

3
𝜃(𝑔𝑖𝑗 + 𝑣𝑖𝑣𝑗) 

Thus, we have 

𝜎1
1 = 𝑔11𝜎11 =

1

3𝐴
[
2𝐴4

𝐴
−

𝐵4

𝐵
−

𝐶4

𝐶
] 

= 𝛽
𝑐𝑜𝑠ℎ𝛽𝑇

3𝑏𝑠𝑖𝑛ℎ2(𝛽𝑇)  
                                                                                 ………….(23) 

𝜎2
2 = 𝑔22𝜎22 =

1

3𝐴
[
2𝐵4

𝐵
−

𝐴4

𝐴
−

𝐶4

𝐶
] 

      =  
𝛽

3𝑏𝑠𝑖𝑛ℎ2𝛽𝑇
[

3𝑁

2
−

𝑐𝑜𝑠ℎ𝛽𝑇

2
]                                                              …………(24) 

𝜎3
3 = 𝑔33𝜎33 =

1

3𝐴
[
2𝐶4

𝐶
−

𝐴4

𝐴
−

𝐵4

𝐵
] 

      =  
𝛽

3𝑏𝑠𝑖𝑛ℎ2𝛽𝑇
[−

3𝑁

2
−

𝑐𝑜𝑠ℎ𝛽𝑇

2
]                                                          ………….(25) 

𝜎4
4 = 𝑔44𝜎44 = 0                                                                                 …………(26) 

 

Now shear 𝝈 is given by 

𝜎2 =
1

2
𝜎𝑖𝑗𝜎𝑗𝑖 =

1

2
[(𝜎1

1)2 + (𝜎2
2)2 + (𝜎3

3)2 + (𝜎4
4)2] 

=
𝛽

6𝑏𝑠𝑖𝑛ℎ2𝛽𝑇
(3𝑐𝑜𝑠ℎ2𝛽𝑇 + 9𝑁2)1 2⁄ …..……(27) 

Now,  

𝜎

𝜃
=

1

12𝑐𝑜𝑠ℎ𝛽𝑇
(3𝑐𝑜𝑠ℎ2𝛽𝑇 + 9𝑁2)1 2⁄ ………..(28) 

≠ 0 

We define average scale factor R as, 

R3 = A2BC 

The deceleration parameter q for this model is,  

𝑞 =
−𝑅�̈�

𝑅2̇
                                                                                         ……………..(29) 
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4. Conclusion: 

The spatial volume increase with time. Since 
𝜎

𝜃
≠ 0, hence the model represents anisotropic space time. The 

deceleration parameter q<0 indicates that the model represent accelerating universe. The model starts expanding 

with big bang at T = 0 and the expansion in the model decreases with time. The reality condition           𝜌 + 𝑝 >
0, 𝜌 + 3𝑝 > 0 is given by Ellis (1971) are satisfied. 
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