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Abstract:

In this paper we introduce and study the notions of Rz - H -open sets, Ro* - H -open sets, Rax - H -open sets, Rf* - H -
open sets in hereditary generalized topological spaces. Also we obtained decompositions of (Rax - H, 1) -continuity.

1 Introduction

In the year 2002, Csaszar [1] introduced very usefull notions of generalized topology (G.T.) and generalized continuity. A
subset A ofaspace (Z, ) is - a-open[2] (resp. 1 - o -open[2], U - = -open[2], K - 5 -open[2]) , if A C iucuiu(A) (resp. A c
Cuin(A), A Ciucu(A), A ccuiuCu(A)). Asubset A of X issaid to be p -regular open, if A =iucu(A) [4]. A space X is called a
Co -space [17], if Co = Z, where Cy is the set of all representative elements of sets of i . A nonempty family H of subsets of Z is
said to be a hereditary class [3], if A€ Hand M c A, then M € H. A G.T.S. (Z, 1) with a hereditary class H is hereditary
generalized topological space (H.G.T.S.) and denoted by (Z, 4, H). For eachAc X, AH,W={zeX :ANM €/H
forevery M € u suchthat ze M} [3]. For A c Z, define c*u(A) =AU A<(H, ) and p*={AcZ:Z-A=cu(Z—-A)} Let
A be a subset of H.G.T.S. (Z, y, H) is a - H -open [3](resp. o - H -open [3],

7 - H-open [3], §-H -open[3]), if ACicpiu(A) (resp. A S cpiu(A), A S iuCH(A), A S CuiuCU(A). )

2 Rz - H -open sets

Definition 2.1. Finite union of p -regular open sets in (X, W) is

called R, -open in (X, p). The complement of R, -open in (X, W) is R, -closed in
(X, ).

Definition 2.2. Let A be a subset of a hereditary generalized topological space(X, i, H). Then A**(H, W) ={x e X:ANU
define c"(A) = A U A,

€/ H,V U eR{W}. For AcX

Definition 2.3. Let (X, 4, H) be a hereditary generalized topological space. A subset

A of X issaidtobe Rxx - H -open set, if A S i.c™(A).

Theorem 2.4. Let (X, 4, H) be a hereditary generalized topological space. Then

1. Every p-openis Rz* - H -open set

2. Every m-H -openis Rz - H -open set

Proof. (1). Let a subset A of a hereditary generalized topological space (X, i, H) is p-open. Then A =iyu(A). Now A ciy(A) c
iuc*™(A). Hence A is Rax - H -open set.

(2) Let a subset A of a hereditary generalized topological space (X, W, H) isz - H - open. Then A ciucpx (A). Now A C iuc*u(A)
c iyc(A). Hence A is Rz* - H -open set.

Example 2.5. Let X={a, b, c,d}, u={0, {a}, {b}, {a, b}, {a, b, d},

X} and H={0, {a}}. Then A={a, b, c} is Rz* - H -open but not p -open.

Example 2.6. Let X={a, b, c,d}, p={0, {a}, {a b}, {b,c, d},
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X} and H={0, {a}, {b}}. Then A={b} is Rz - H-open but not = - H -open.
Theorem 2.7. If H=0, then every Rz* - H -open set is i -open.

Proof. Letasubset A of X is Rz*-H -opensetand H=@. Now A ci,c*(A) =
iu(A), which implies A c iy(A). Hence A is |1 -open.

Theorem 2.8. If H=P (X), then every Rz* - H -open setis [ -open.

Proof. Let a subset A of X is Rz*-H-open set and H = P (X). Now A c
iuc*™(A) = iu(A), which implies A c iy (A). Hence A is 1 -open.

Theorem 2.9. If R,(W) =, then every Rz - H -open setis x - H -open.

Proof. Let a subset A of X is Rax-H-open set and R, (i) = p. Now A c iyc(A) = iu(A U A) = iy(A U A = icu(A),
which implies A c iyc*u(A). Hence A is - H -open set.

Theorem 2.10. Let (X, 4, H) be a hereditary generalized topological space and X is a Cp-space. If A is Rz -H -open set
and U is a p-open. Then AN U isRxx-H -open set.

Proof. Let A bea Rzx-H-opensetand U isa p-open. Then A c iuc*(A) and
U=iuU).Now,ANnUciwc(A) NiyU) ciglc™(A)NU)cig((AUATNU)
cifANUYUANU)cif((ANU)uANU)M cigf((ANU)UuANU)
cic(ANU).

Hence AN U is Rz - H -open set.

3 Ro* - H -open sets

Definition 3.1. Let (X, 4, H) be a hereditary generalized topological space. A subset
A of X issaid to be Rox - H -open set, if A < c7iy(A).

Theorem 3.2. Let (X, p, H) be a hereditary generalized topological space. Then

1. Every p-openis Ro* - H -open set

2. Every o-H -openis Rox - H -open set

Proof. (1). Let a subset A of a hereditary generalized topological space (X, p, H) is p -open. Then A = iy(A). Now A c iy(A) =
c™(A) c c"iy(A) = A c ¢"(A) c ¢*"iy(A). Hence A is Ro* - H -open set.

(2) Let a subset A of a hereditary generalized topological space (X, W, H) iso - H - open. Then A c cpx iy(A). Now A c c*piu(A)
c c”iy(A). Hence A is Rz* - H -open set.

Example 3.3. Let X={a, b,c,d}, nu={0, {a}, {b}, {a, b}, {a, b, d},
X} and H={0, {a}}. Then A={b, d} is Ro* - H -open but not p -open.
Theorem 3.4. If R (W) =, then every Rox* - H -open setis o - H -open.

Proof. Let a subset A of X is Ro*-H -open set and R, () = p. Now A < ciy(A) = (iu(A)) U ((iu(A))™) = (iu(A)) U
((iu(A))*) = c*u(iu(A)), which implies A c c*piy(A). Hence A is ¢ - H -open set.

Theorem 3.5. A subset A of a hereditary generalized topological space (X, 1, H) is Ro* - H -open set if and only if ¢*7(A) =
ciy(A).

Proof. Let A c X is Rox-H-open set. Then A c c*"iy(A), which implies c**(A) c cc*miy(A) = c*"iy(A). Therefore
c™(A) < c"iy(A). For any A € X, c”iy(A) < ¢*"(A). Hence ¢(A) = c*7iy(A).

Converse part: Assume that c*7iy(A) = ¢**(A). Clearly A c ¢(A) = ¢ iu(A),

which implies A c ¢*"iy(A). Hence A is Rox - H -open set.

Theorem 3.6. subset A of a hereditary generalized topological space (X, Y, H) is
Ro* - H -open set if and only if there exist a | -open set such that U € A < ¢**(U).

Proof. Let subset A of a hereditary generalized topological space

(X, 1, H) is Rox - H -open set. Then A c c*iy(A). Now we consider the p -open set U =iu(A), which impliesU € A € ¢*"(U
).
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Converse part: Let U be p -open set such that U € A € ¢**(U ). Now, U < iy (U ) S iu(A), which implies ¢"(U ) < c*miy(A).
Hence A < c*miy(A). Therefore A is Ro* - H -open set.

Theorem 3.7. A subset A of a hereditary generalized topological

space (X, M, H) Rox-H-opensetandif Ac B, then B is Ro* - H -open set.
Proof. A subset A of a hereditary generalized topological space

(X, 4, H) Ro*-H-opensetand A< B. Then U c AcBc ¢c™(A) ccc™(U) =
c™(U) by Theorem 5.2.4. Hence B is Ro* - H -open set by Theorem 5.2.4.

Theorem 3.8. Let (X, u, H) be a hereditary generalized topological spaces such that if U; € Rox HO(X) for each i € A, then
{Ui :i € A} € Rox HO(X).

Proof. Let U; € Rox HO(X) for each i € A. Then U; c ¢*"iy(U;). Now

i a(Ui) < i a(c(iu(Ui)) c i a((in(Ui))™) v i a((in(U) c
(0 AU U T AWUD) =c(iu( 1 AUY)). .
Hence {Ui:i€ A} € Rox HO(X). < . € : €

Theorem 3.9. Let (X, Y, H) be a hereditary generalized topological space and X is a Cp-space. If A is Ro*-H -open set
and U is a p-open. Then AN U isRxx-H -open set.

Proof. Let A bea Rox-H -opensetand U isa p-open. Then A c ciy(A) and

U=iy(U). Now, AN U cciy(A) Niy(U ) c (i*(A) U iu(A) NiyU) c (i*(A) N

i\(U)) UGu(A) N iu(U)) < (i#7(A) N U) U(il(A N U)) € (A N W)Y N(iA N U)) e !
cmiy(ANU). Hence AN U is Ro* - H -open set”

4 Ra* - H-open sets

Definition 4.1. Let (X, W4, H) be a hereditary generalized topological space. A subset
A of X issaidto be Rax - H -open set, if A C i,c”iy(A).

Theorem 4.2. Let (X, W, H) be a hereditary generalized topological space. Then

1. Every p-openis Rax - H -open set

2. Every o - H -openis Rax - H -open set

3. Every Rax - H -open setis Rz* - H -open set

4. Every Rax - H -open set is Ro* - H -open set

Proof. (1). Let a subset A of a hereditary generalized topological space (X, p, H) is p -open. Then A = iy(A). Now A c iy(A) =
c™(A) c c"iy(A) = A c ¢™(A) c cmiy(A) C iuc*miy(A). Hence A is Rax - H -open set.

(2)Let a subset A of a hereditary generalized topological space (X, 4, H) is « - H -open. Then A c iyc*Hiy(A). Now A c
iuC*Hiy(A) ciucmig(A). Hence A is Rox - H -open set.

(3)Let asubset A of a hereditary generalized topological space (X, W, H) is Rax* -
H -open set. Then A < i,ciy(A) c ic™(A). Hence A is Rxzx - H -open set.
(4)Let asubset A of a hereditary generalized topological space (X, W, H) is Ra* -
H -open set. Then A < ic*"(A)iu(A) < cmiy(A). Hence A is Ro* - H -open set.
Example 4.3. Let X ={a, b, c, d, e}, u = {0, {a}, {a, e}, {a, b, c},

{a, b, c,d}, {a, b,c e}, X} and H={0, {a}}. Then A={a, c} is Rax - H -open set but not u -openand B ={a, c, d, e} is
Rax - H -open set but not « - H -open.

Example 4.4. Let X={a,b,c, d}, p={0, {a}, {b}, {a b} {a b, d},

X} and H={0, {a}}. Then A={b, d} is Ro* - H -open but not Rax - H -open.

Example 45. Let X = {a,b,c,d}, p = {0, {a}, {a, b}, {b,c,d}, X} and H =

{0, {a}, {b}}. Then A={b} is Rz* - H -open but not Rax - H -open.

Theorem 4.6. Let (X, u, H) be a hereditary generalized topological spaces such that if U; € Rax HO(X) for each i € A, then
{Ui: i € A} € Rax HO(X).
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Proof. Let U; € RaxHO(X) for each i € A. Then Ui c iucig(Ui).
Now, i AU) € Al (i(U)) € i(eiu(U)) € i i AIW(U)T) U
P a((uUD) ST AU U T AU = kel T A U).

Hence {Ui:i €A} € Rax HO(X). < < <

Theorem 4.7. Let (X, W, H) be a hereditary genralized topological space. If A € Rax HO(X) and B € Ro* HO(X). Then
A N B € Ro*x HO(X).

Proof. Let A € Rax HO(X) and B € Ro* HO(X). Then A < i, iy(A) and B < ciy(B). Now, A N B < i,ciy(A) N
cig(B) € c™iy(A) N cmiy(B) € c(iu(A) N iw(B)) € c(iu(A N B)). Therefore A N B < ¢*(iy(A N B)). Hence A N B € Rox
HO(X).

Theorem 4.8. Let (X, W, H) be a hereditary genralized topological space. If A € Rax HO(X) and B € Rz HO(X). Then
A N B € Rax HO(X).

Proof. Let A € Rax HO(X) and B € Ro*x HO(X). Then A < i,.c*iy(A) and B < i,c(B). Now, ANB < iy(ciy(A)Nc(B)) <
in(c™(A)Nc(B)) S iu(c*(ANB)). Therefore A N B < iy,c**(A N B)). Hence A N B € Rzx HO(X).

Theorem 4.9. Let (X, p, H) be a hereditary genralized topological space. If A € Rax HO(X) and B € Rzx HO(X). Then
A N B € Rzx HO(X).

Proof. Let A€ Rax HO(X) and B € p Then A < i,ciy(A) and B < iyc*™(B). Now, A N B < iy(c*™iu(A) N ¢*(B)) S iu(c™(A) N
c"(B)) S iu(c*™(A N B)). Therefore A N B < i,c*"(A N B). Hence A N B € Rzx HO(X).

Theorem 4.10. Let A be a hereditary genralized topological space
(X, 1, H). Then the following are equivalent.

1. A is Rax - H -open set

2. A is Rox - H -open set and Rz - H -open set

Proof. (1) = (2). Let a subset A of hereditary genralized topological space (X, 4, H) is Rax - H -open set. Then its both Ro* - H
-open set and Rz* - H -open set by Theorem 5.3.1.

(2) = (1). Let a subset A of hereditary genralized topological space (X, W, H) is both Ro* - H -open set and Rz - H -open set.
Then A c c*miy(A) and A c iyc™(A). Now A c iyc*™(A) C iuc* ¢ iy(A) C iuc*iu(A). Therefore A c iyc*™iy(A). Hence A is Rax - H
-open set.

Remark 4.11. The notions of Ro*-H-open set and Rzx-H -open set are independent.
Example 4.12. Let X={a, b,c,d}, pu={0, {a}, {b}, {a b}, {a b, d},

X} and H={0, {a}}. Then A={b, d} is Ro* - H -open but not Rz* - H -open.

Example 4.13. Let X = {a,b,c,d}, u = {0, {a}, {a, b}, {b,c,d}, X} and H=

{0, {a}, {b}}. Then A={b} is Rz - H -open set but not Ro* - H -open set.

5 Rp+ - H -open sets

Definition 5.1. Let (X, W, H) be a hereditary generalized topological space. A subset
A of X issaidto be Rpx - H -open set, if A S c,iuc*™(A).

Theorem 5.2. Let (X, W, H) be a hereditary generalized topological space. Then
Every u-openis Rpx - H -open set

Every S -H -openis Rp* - H -open set

Every Rox - H -open setis RfS* - H -open set

Every Rz - H -open setis Rf* - H -open set

o~ w ke

Every Rax - H -open setis Rfx - H -open set

Proof. (1). Let a subset A of a hereditary generalized topological space (X, W, H) is p-open. Then A =iu(A). Now A ciy(A) c
CuiuC*™(A). Hence A is Rf* - H - open set.

(2)Let a subset A of a hereditary generalized topological space (X, W, H) is 7 - H -open. Then A c cui,c*u(A). Now A c
CuluC*(A) < cpiuc*™(A). Hence A is Rf* - H -open set.

(3)Let a subset A of a hereditary generalized topological space (X, W, H) is
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Ro* - H -open set. Then A c c¢*iy(A) c c7iyc™(A) < cuiuc™(A). Therefore

A c cuiuc™(A). Hence A is R* - H -open set. K H s s
(4)Let asubset A ofa hergditary generalized topologi?:al space (X, Y, H) is R+ -
H -open set. Then A c i,c*(A) c c,iuc(A). Therefore A c cuiuc™(A). Hence

H M M

A is Rf* - H -open set.

(5)Let a subset A of a hereditary generalized topological space (X, W, H) is

Rax - H -open set. Then A c iy iy(A) < iuc™(A) < cuiuc*™(A). Therefore
H M M
A c cuiuc™(A). Hence A is R* - H -open set.

u B

Example 5.3. Let X={a, b, c,d}, pu={0, {a}, {b}, {a, b}, {a, b, d},

X} and H= {0, {a}}. Then A = {a, d} is RAx-H -open but not p-open (resp.
Rax - H -open, Ro* - H -open, Rz* - H -open).

Example 5.4. Let X ={a, b, ¢, d, e}, p = {0, {a}, {a, e}, {a, b, c},

{a,b,c,d}, {a b,c e}, X}and H={0, {a}}. Then A={e}is Rp* - H -open set but not § - H -open.
Theorem 5.5. If H=0, then every Rpx - H -open setis - o -open.

Proof. Letasubset A of X is Rfx-H -opensetand H=0. Now A c c,i.c”(A) =
Cuiu(A), which implies A c cpiu(A). Hence Ais [ - o -open.

Theorem 5.6. If H =P (X), then every Rz* - H -open setis W - o -open..

Proof. Letasubset A of X is Rfx-H -opensetand H=0. Now A c c,i.c"(A) =
Cuiu(A), which implies A c cpiu(A). Hence Ais U - o -open.

Theorem 5.7. If Rg(p) = W, then every RS+ - H -open set is

S - H open.

Proof. Let a subset A of X is Rfx-H-open set and Rp() = M. NowA c cuixc™(A) = Cuiy(A U A) = cuin(A U
A%) = cuiuc*l(A), which implies A c cuiuc*i(A). Hence A is - H -open set.

Theorem 5.8. Let (X, Y, H) be a hereditary generalized topological space and X is a Cp-space. If A is Rpx - H -open set
and U is a p-open. Then ANU isRAx-H -open set.

Proof. Let A be a Rf*-H -open set and U is a p-open. Then A c cuiuc™(A) and U =i,(U ). Now, A N U c cic(A) N
in(U ) < cuip(c™(A) N cuin(U ) < cu(in(c™(A) N iy(U ))) < cuip(c™(A) NU ) c cuif((AUAT) NU) ceuif((ANU)U (AN U))
ceui((ANU)UANU) ceuigf((ANU)UANU) ccuige™(A N U). Hence AN U is RB+* - H -open set.

6 Decomposition of (Rax - H, 1) -continuity

Definition 6.1. A function f : (X,u, H — (¥, A) is said to be (Rax - H, 1) - continuous (resp. (Rzx - H, A) -
continuous, (Ro* - H, A) -continuous, (RA+* - H, 1) - continuous) if f (V) is Ra* - H -open set ( Rz* - H -open set, Ro* - H -
open set, RBx - H -open set) for each open set V € /.

Propositon 6.2. Every (Rax - H, A) -continuous is (Rz= - H, 1) -continuous but not conversely.
Proof. This is obvious from Theorem 4.2.
Propositon 6.3. Every (Rax - H, A) -continuous is (Ro* - H, A) -continuous but not conversely.
Proof. This is obvious from Theorem 4.2.
Propositon 6.4. Every (Rax - H, 4) -continuous is (Rf* - H, A) -continuous but not conversely.
Proof. This is obvious from Theorem 5.2.
Propositon 6.5. Every (Ro* - H, Z) -continuous is (RS* - H, 1) -continuous but not conversely.

Copyrights @Kalahari Journals Vol. 6 (Special Issue, Nov.-Dec. 2021)
International Journal of Mechanical Engineering
163



Proof. This is obvious from Theorem 5.2.

Propositon 6.6. Every (Rz* - H, 1) -continuous is (Rf* - H, A) -continuous.
Proof. This is obvious from Theorem 5.2.

Theorem 6.7. For a function f: (X, y, H) — (¥, 1), the following are equivalent.

1. (Rax - H, 2) -continuous
2. (Ro* - H, 7) -continuous and (Rz* - H, 1) -continuous
Proof. This is obvious from Theorem 4.10.
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