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ABSTRACT

In this paper, a practical variant of unbalanced assignment problem called Constrained Load
Balancing Solid Unbalanced Assignment Problem [CLBSUAP]. The problem can be stated as
follows: Let there be n persons, m jobs, p facilities(which is a third independent factor) such that
the number of persons should be less than the number of jobs and the cost of performing jobs to
persons at different facilities. It is a usual three-dimensional unbalanced assignment problem
with the restrictions m* (< m) jobs out of m jobs are assigned to n* (< n) persons out of n
persons and a job cannot be assigned to more than one person, and each of the n* persons can do

at least 1 and at most [T:] jobs under the given facilities with or without repetition with the

objective that the overall cost on performing the jobs by the persons with the above restrictions is
minimum. This problem is formulated using 0-1 integer Linear Programming (0-1 ILP). To deal
with the CLBSUAP optimally, a pattern recognition strategy based Lexi-search approach (LSA)
is developed. The effectiveness of the proposed LS approach to the CLBSUAP as against
different approaches has been examined for a variety of randomly generated test problems.

KEYWORDS
Constrained Load Balancing Solid Unbalanced Assignment Problem, Lexi-search algorithm,
Pattern recognition technique, 0-1 Integer linear programming.

1. INTRODUCTION

Assignment-related issues often occur in several engineering, medical and management areas. In
reality, this is a well-studied topic in combinatorial optimization problems under the optimization
or operations research branches. Furthermore, the problem of assignment is an essential subject
that has been used to tackle numerous difficulties all around the world [1]. This issue has arisen
frequently in numerous educational initiatives around the world. This study divided the
assignment problem into two categories in the education domain: timetabling and allocation.

The investigation of how to allocate things to objects in the best feasible way (optimal way) is
known as the assignment issue [2, 3]. The two components of the assignment problem are the
matchings and the objective function. The matching denotes the essential combinatorial
arrangement, whereas the goal function denotes the desire to be as efficient as feasible.
Nonetheless, the challenge is “how to complete an assignment with the best purpose while also
meeting all of the constraints?” Several approaches [1, 2] have been presented to answer the
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question, including the exact method [4, 10, 11, 13 & 14], the heuristics and metaheuristic
methods [5,6,7,8, & 12].

The goal of investigating the assignment problem is to find a match between two or more sets of
items that will reduce the overall cost of all matched pairs. Based on the specific structure of the
matched sets and the cost function, the assignment models can be divided into quadratic,
bottleneck, linear, and multidimensional groups [9]. As a result, there is a table or matrix in
every assignment problem. The rows are usually made up of objects or persons to assign,
whereas the columns are made up of things or jobs to allocate. Meanwhile, the figures in the
table represent the costs associated with each individual assignment. The following is the
problem that motivated the research described in this paper: student instructors at educational
institutions are required to engage in instructional activities on a regular basis. Each group of
children will be assigned to one of many schools, with a college tutor overseeing their practices.
The fact that determining which school a student will be assigned to and which tutor will be in
charge of a student's monitoring is difficult.

You should try to satisfy the requirements and preferences of both students and tutors as much as
feasible. Formally Let there are m students, n tutors and p schools. Let I={1,2,3,....,n},
J={1,2,3,....m}, K={1,2,3,....p}. For student i€ I, j€ ] and school ke K let Sji be a satisfaction
value associated with an assignment of student i to school k under super vision by tutor j. Tutor j
is willing to supervise no more than tj students for je / and school k€ Kcan have atmost sy
students assigned to it.

The following is an overview of how this paper is organized: The CLBSUAP's problem
statement and mathematical model are detailed in Section 2. The proposed algorithm for
resolving the CLBSUAP is described in Section 3. In Section 4, there is an example. Comparable
data can be found in Section 5 followed by conclusions in Section 6.

2. PROBLEM STATEMENT AND FORMULATION

The CLBSUAP can be described accordingly:

Let 1={1,2,3,....,n}, J={1,2,3,....m}& K={1,2,3,....p} be the set of n persons, m jobs & p
facilities respectively and a non-negative integer Cij« indicates the cost to complete j"job by i*
person at k™ facility. Letn"(<n)out of npersons are to be assigned among m" (<m) jobs such that

each person must perform at least 1 and atmostr:—:]number of jobs. A person is allowed to do
more than one job using same facility, but one after another. The problem CLBSUAP seeks
assignment of m* jobs to n" persons such that atleast one and atmost [7:—] jobs are to be done by

n'persons under the given facilities with the objective that the overall cost on performing the
given jobs by the persons is minimum.

The CLBSUAP model is formulated using the following assumptions:
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nf<m-<m

All the persons has to start working at the same time

The same job cannot be done by multiple persons

A person can do multiple jobs with same or distinct facilities
The elements in the cost matrix take arbitrary values

Using the above assumptions, the CLBSUAP model is developed as 0-1 ILP:

1
Min Z z Z Cijk Xijk
i€l jeJ keK
Subject to
ZZXUR =1j€]J @
i€l keK ( )
m*] . 3
1 SZZXUk < [F];l €l
j€J kek
ZZZXW =m’ @
i€l je] keK
Xij = (01} IXJXK = (), k) ©)

In this model, (1) is an objective function which minimizes the cost of performing m“jobs by n*
machines under p facilities. Constraint (2) represents each job can be assigned to one person

under a facility. Constraint (3) represents atleast 1 and atmost [T:] jobs must be done by m*

persons. Constraint (4) denotes m* jobs are to be done by n*persons under p facilities. Finally, In
Constraint (5),X; , takes 1 if j" job is assigned to i" person under K™ facility and X;jiassumes 0,
otherwise.

3. PRELIMINARIES OF LSA
3.1  Feasible Solution
If CLBSUAP meets all of the constraints of (2-6), the solution is said to be feasible.

3.2 Pattern

A pattern associated with an assignment is referred to as a three-dimensional array. If a pattern is
a feasible solution, its value can be determined using (7), which gives the total assignment cost,
which is the same as the value of the objective function.

V(X) = Yier Xjej Zker CijeXij (7)
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3.3 Alphabet Table

The elements of cost matrix C = [Cijk] in an alphabet table are arranged in increasing order and

named from 1 to nxmxp. Let SR= {1, 2, 3,..., nxmxp} be the collection of nxmxp well-
organized indices, arrays.t and Ct respectively, express the cost and its cumulative sums of C.

Let the arrangements row (R), column (Cl) and Time(T) are the indices of SR .This table

includes the ordered index set as the table of alphabets, such as SR, t, Ct, R, C & T. Let
L={S,,S,,-.S,}, S, € SR be a pattern whose elements are free from the order in the sequence. To be

unique, the elements of SR are arranged in such a way thats; <S,,,,i=12,3,..r-1.
3.4  Word, partial word and value of a word (Vv (L))

A systematic sequence L={S,,S,,...S,} is said to be a word of length r. Ifr<n", then the word L
is called a partial feasible word and it is the full-length word whenr =n". Any index in SRcan be
the prime position in L. A partial word L describes a set of words as the leader, with L. If the
word block described by it contains at least one possible word, the leader is feasible; otherwise, it
is infeasible.

The value of the word L is denoted by v(L) and is calculated using V(Ls_1) + C(S;)
withV (L,) =0and obviously, C(S,) be the cost array whose elements are arranged in a way such

that C(S,) < C(S,-1),r = 1,2,3, ..., mxnxp.V (L) is similar to v (X) value (Sundara Murthy).
3.5 Calculation of bounds

Setting appropriate upper and lower bounds is critical for dealing with the NP-hard problem
effectively. Initially, the UB of is claimed to be a very large value as an experimental solution
(UB =TS =999999) . For block values of words represented by, the lower bound LB(Ls) can be
defined as follows::

LB(L,) =V (Ly)+Ct(S, +n" —k) —Ct(S,)

3.6 Lexi Search Method:

In dealing with combinatorial optimization models, optimal solutions obtained through exact
search methods have become more attractive. It can be shown that the full and implicit search
methods use the same approaches. The Branch and Bound(B & B) strategy is one of the most
frequent implicate searching approaches.

The LSA is one such implicated method of enumeration, in which only a fragment of the
solution space is explored and optimal solutions are provided consistently (Pandit, 1962).
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In truth, B & B can be considered a unique LSA situation. The LSA protects all B & B elements,
including the design of feasible solutions, viability testing, and determining the limitations of a
partially viable solution.

The entire search procedure is carried out in a precise fashion that resembles a dictionary search
for the definition of a term, hence the name "Lexi-search.” This systemic hunt also protects
against stack overflow and search time.

The fundamental problem with complete search methods is determining | whether the answer is
viable and (ii) establishing appropriate bounds. Checking the feasibility is quite important for a
few difficulties. A Lexi-search strategy was devised and defined based on the pattern-recognition
technique (Murthy, 1976) to efficiently cope with this problem:

"Each problem solution is based on a distinct pattern. A partial solution is the same as a partial
pattern. The words that represent the pattern in lexicographic or dictionary order are used to
describe an alphabet table. When a partial word is employed, the first boundaries are specified,
and then the areas for which the value is lower than the trail's meaning are tested for viability
when choosing the ideal term *.

3.7  Proposed LSA
The following are the steps involved in LSA:

Step 1: Input
Cost matrixC = [C;jx], n,m,p,n*,m*,UB = TS = 999999 & SJ* and then Step 2.

Step 2: Create an alphabet table for the Cost matrix C, and then go to Step 3.

Step 3: Setting the Bounds
The procedure begins with a partial word L =(S,)=1S, e SRwhich is a single word
length, i.e.k=1.
Compute LB(L). If the LB(L) < TS, then move to step 5, else go to Step 4.

Step 4: If the LB(L) > TS, then delete the partial word L and suspend the group of words with L
as a leader and go to Step 7.

Step 5: Feasibility verification
It is said to be feasible if the partial word follows the constraints; otherwise, it is said to
be infeasible. If Lis feasible, then accept it and continue for next partial word of order
k+1and go to Step 6, else proceed with the next partial word of order k by considering
another letter that succeeds S, in itsk" position and go to Step 3.

Step 6: Concatenation
If Lis a full-length feasible word (i.e.k =n"), then store LB(L)value inTS and go to Phase
8. If L is a partial term, it can be concatenated by using L(S,,,) =L(S)*(S,.,), Where *
indicates the operation of concatenation and goes to step 3.
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Step 7:1f the word length is 1 and all of the order terms have been met, the search procedure is
complete, and you can go to Step 9.

Step 8: Backtracking
Backtracking is used to explore the search space; the current is assumed to be an upper
bound, and the search proceeds with the next letter of the partial word of order (see Step
3). Steps 3-8 should be repeated until there is no more change, and any
feasible/infeasible options that are not in the optimal solution should be ignored.
Continue to step 9.

Step 9: Move to Step 10 after saving the current word.

Step 10: Stop

4. Numerical illustration

To validate the algorithm, we consideredn =4, m = 6,p = 2,n* = 2, m"* = 4. The cost matrix
C = Cyj, of CLBSUAP is shown below.

Table-1
4 7 4 32 10 21 35 4 12 3 4 6
. 5 13 32 6 1 16 . 5 16 72 9 19 9
C(i,jl) = , C(i,),2) =
8 42 11 1 23 3 1 21 4 2 5 31
15 7 3 60 4 12 16 5 3 13 8 10

C = Cyj is taken in the numerical illustration in Table-1 as non-negative. In matrix =
[Xijx/ Xijx € {0,1}], Xijx =1 means the i" person is assigned to j" job at k™ facility and
Xiji = 0, otherwise. Here X is called a solution.

4.1  Alphabet - Table

Table 2 shows how to make an alphabet table for a cost matrix. The notations in Table 2 are as
follows: SR, C,Cc, R, Cl & Ti respectively denotes the serial number, cost, cumulative cost, row,
column and time of the indices.

Table - 2: ALPHABET TABLE

SR C Cc R Cl Ti
1 1 1 2 5 1
2 1 2 3 4 1
3 1 3 3 1 2
4 2 5 3 4 2
5 3 8 3 6 1
6 3 11 4 3 1
7 3 14 1 4 2
8 3 17 4 3 2
9 4 21 1 1 1
10 4 25 1 3 1
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11 4 29 4 5 1
12 4 33 1 2 2
13 4 37 1 5 2
14 4 41 3 3 2
15 5 46 2 1 1
16 5 51 2 1 2
17 5 56 3 5 2
18 5 61 4 2 2
19 6 67 2 4 1
20 6 73 1 6 2
21 7 80 1 2 1
22 7 87 4 2 1
23 8 95 3 1 1
24 8 103 4 5 2
25 9 112 2 4 2
26 9 121 2 6 2
27 10 131 1 5 1
28 10 141 4 6 2
29 11 152 3 3 1
30 12 164 4 6 1
31 12 176 1 3 2
32 13 189 2 2 1
33 13 202 4 4 2
34 15 217 4 1 1
35 16 233 2 6 1
36 16 249 2 2 2
37 16 265 4 1 2
38 19 284 2 5 2
39 21 305 1 6 1
40 21 326 3 2 2
41 23 249 e 5 1
42 31 380 3 6 2
43 32 412 1 4 1
44 32 444 2 3 1
45 35 479 1 1 2
46 42 521 3 2 1
47 60 581 4 4 1
48 72 653 2 3 2
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4.2  Search Table

The logical flow of the created LSA is depicted numerically in Table 3.

Table -3: SEARCH TABLE (ST)

SN 11213 4 |V LB R | CI | Ti REM
1. 1 1 3 2 5 1 A
2. 2 2 4 3 4 1 A
3. 3 3 5 3 1 2 A
4. 4 5 o) 3 4 2 R
5. 5 6 6 3 6 1 R
6. 6 6 6 4 3 1 R
1. 7 6 6 1 4 2 R
8. 8 6 6 4 3 2 R
9. 9 7 7 1 1 1 R
10. 10 | 7 7 1 3 1 R
11. 11 7 7 4 5 1 R
12. 12 | 7 7 1 2 2 R
13. 13 7 7 1 5 2 R
14. 14 | 7 7 3 3 2 R
15. 15 | 8 8 2 1 1 R
16. 16 | 8 8 2 1 2 R
17. 17 | 8 8 3 9) 2 R
18. 18 | 8 8 4 2 2 R
19. 19 | 9 9 2 4 1 R
20. 20 1 9 9 1 6 1 R
21. 21 110 10 1 2 1 R
22. 22 110 10 4 2 1 R
23. 23 |11 11 3 1 1 R
24. 24 |11 11 4 5 2 R
25. 25 112 12 2 4 2 R
26. 26 |12 12 2 6 2 A, VT=12
27. 21 |11 18 1 2 1 R
28. 4 4 7 3 4 2 R
29. 5 5 8 3 6 1 A
30. 6 8 8 4 3 1 R
31. 7 8 8 1 4 2 R
32. 8 8 8 4 3 2 R
33. 9 9 9 1 1 1 R
34. 10 | 9 9 1 3 1 R
35. 11 9 9 4 5 1 R
36. 12 1 9 9 1 2 2 R
37. 13 | 9 9 115 2 R
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85. 11 | 7 7 4 5 1 R
86. 12 7 7 1 2 2 R
87. 13 | 7 7 1 5 2 R
88. 14 7 7 3 3 2 R
89. 15 | 8 8 2 1 1 R
90. 16 | 8 8 2 1 2 R
91. 17 | 8 8 3 5 2 R
92. 18 | 8 8 4 2 2 R
93. 19 1 9 9 2 4 1 R
94. 20 | 9 9 1 6 2 R
95. 21 110 10 1 2 1 R=VT
96. 4 4 7 3 4 2 R
97. 5 5 8 3 6 1 A
98. 6 8 8 4 3 1 R
99. 7 8 8 1 4 2 R
100. 8 8 8 4 3 2 R
101. 9 9 9 1 1 1 R
102. 10 | 9 9 1 3 1 R
108. 11 | 9 9 4 5 1 R
104. 12 1 9 9 1 2 2 R
105. 13 1 9 9 1 5 2 R
106. 14 | 9 9 3 3 2 R
107. 15 |10 10 2 1 1 R=VT
108. 6 5 8 4 3 1 R
109. 7 5 8 1 4 2 R
110. 8 9) 9 4 3 2 R
111. 9 6 10 1 1 1 R=VT
112. 3 2 6 3 1 2 A
113. 4 4 7 3 4 2 A
114. 5 7 7 3 6 1 R
115. 6 7 7 4 3 1 R
116. 7 7 7 1 4 2 R
117. 8 7 7 4 3 2 R
118. 9 8 8 1 1 1 R
119. 10 | 8 8 1 3 1 R
120. 11 8 8 4 5 1 R
121. 12 | 8 8 1 2 2 R
122. 13 | 8 8 1 9) 2 R
123. 14 | 8 8 3 3 2 R
124. 15 9 9 2 1 1 R
125. 16 | 9 9 2 1 2 R
126. 17 | 9 9 3 9) 2 R
127. 18 | 9 9 4 2 2 R
128. 19 110 10 2 4 1 R.=VT
129. 5 5 8 3 6 1 A
130. 6 8 8 4 3 1 R
131. 7 8 8 1 4 2 R
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132. 8 8 8 4 3 2 R
133. 9 9 9 1 1 1 R
134. 10 | 9 9 1 3 1 R
135. 11 9 9 4 5 1 R
136. 12 1 9 9 1 2 2 R
137. 13 9 9 1 5 2 R
138. 14 | 9 9 3 3 2 R
139. 15 110 10 2 1 1 R.=VT
140. 6 5 8 4 3 1 R
141. 7 5 8 1 4 2 R
142. 8 5 9 4 3 2 R
143. 9 6 10 1 1 1 R.=VT
144. 4 3 6 3 4 2 A
145. 5 6 9 3 6 1 A
146. 6 9 9 4 3 1 R
147. 7 9 9 1 4 2 R
148. 8 9 9 4 3 2 R
149. 9 10 10 1 1 1 R.=VT
150. 6 6 9 4 3 1 R
151. 7 6 9 1 4 2 R
152. 8 6 10 4 3 2 R=VT
153. 9) 4 8 3 6 1 A
154. 6 7 10 4 3 1 R=VT
155. 6 4 7 4 3 1 A
156. 7 7 10 1 4 2 R=VT
157. 7 4 8 1 4 2 A
158. 8 7 11 4 3 2 R>VT
159. 8 4 8 4 3 2 A
160. 9 8 12 1 1 1 R>VT
161. 9 5 9 1 1 1 A
162. 10 9 13 1 3 1 R>VT
163. 10 9) 9 1 3 1 A
164. 11 9 13 4 5 1 R>VT
165. 11 5 9 4 5 1 R
166. 12 5 9 1 2 2 A
167. 13 9 13 1 5 2 R>VT
168. 13 5 10 1 5 2 R>VT
169.| 2 1 4 3 4 1 A
170. 3 2 5 3 1 2 A
171. 4 4 7 3 4 2 R
172. 5 5 8 3 6 1 R
173. 6 5 8 4 3 1 A
174. 7 8 8 1 4 2 R
175. 8 8 8 4 3 2 R
176. 9 9 9 1 1 1 R
177. 10 9 9 1 3 1 R
178. 11 |1 9 9 4 5 1 ANVT=9
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179. 7 5 8 1 4 2 A
180. 8 8 8 4 3 2 R
181. 9 9 9 1 1 1 R=VT
182. 8 9) 9 4 3 2 R=VT
183. 4 3 7 3 4 2 R
184. 5 4 7 3 6 1 A
185. 6 7 10 4 3 1 R>VT
186. 6 4 8 4 13 1 A
187. 7 7 10 1 4 2 R>VT
188. 7 4 8 1 4 2 R
189. 8 4 8 4 3 2 A
190. 9 8 12 1 1 1 R>VT
191. 9 5 9 1 1 1 R=VT
192.| 3 1 6 3 1 2 A
193. 4 3 6 3 4 2 A
194. 9) 6 9 3 6 1 R=VT
195. 5 4 7 3 6 1 A
196. 6 7 10 4 3 1 R>VT
197. 6 4 7 4 3 1 A
198. 7 7 10 1 4 2 R>VT
199. 7 4 8 1 4 2 A
200. 8 7 11 4 3 2 R>VT
201. 8 4 8 4 3 2 A
202. 9 8 12 1 1 1 R>VT
203. 9 5 9 1 1 1 R=VT
204.| 4 2 7 3 4 2 A
205. 5 5 8 3 6 1 A
206. 6 8 11 4 3 1 R>VT
207. 6 5 8 4 3 1 A
208. 7 8 11 1 4 2 R>VT
209. 7 5 9 1 4 2 R=VT
210.| 5 3 6 3 6 1 A
211. 6 6 9 4 3 1 R=VT
212.| 6 3 7 4 3 1 A
213. 7 6 10 1 4 2 R>VT
214.1 7 3 7 1 4 2 A
215. 8 6 10 4 3 2 R>VT
216.| 8 3 7 4 3 2 A
217. 9 7 11 1 1 1 R>VT
218.1 9 4 8 1 1 1 A
219. 10 8 12 1 3 1 R>VT
220.| 10 4 8 1 3 1 A
221. 11 8 12 4 5 1 R>VT
222.1 11 4 8 4 5 1 A
223. 12 8 12 1 2 2 R>VT
224.1| 12 4 9 1 2 2 R.=VT
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In the end, the value of TS is 21 lies in 178" row of the table and its corresponding word is
given by L, = (2,3,6,11), which is also shown as apattern in Table 4.

TABLE-4
0000O0O00O 000000 O
. 0000O0DO . 0000O0O0D
X (@, j) = X(i, j,2) =
000100 100000
001010 000000

The assignment represented by the above pattern is [(3,4,1), (3,1,2), (4,3,1), (4,5,1)], where, the
3" person completed 1% job at first facility 4™ job at second facility; 4™ person completed 3" job
at first facility and 5™ job at first facility. It can also be graphically represented as follows:

PERSONS JOBS

©

O
O

5. EXPERIMENTAL RESULTS

QO&OQ ()

In MATLAB, a computer program is created and tested for the intended LSA. The experiments
are performed by uniformly generating the cost values (Cijk) between [1, 1000]. We
experimented with a variety of challenges in various sizes. Cost random integers are used to
build the matrix. The results are summarized in Table-5. It has been demonstrated that finding
the best answer takes significantly less time. With the suggested LSA, the CPU takes time to
identify the optimal solutions for various hard situations, as seen in the table below.

Table- 5: Computational Results

CPU Run Time
SN'| Number | Number Number (in seconds) by LSA Total time
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of of jobs Number Number | of jobsto | Average Average Avg.
persons (n) of of persons | be done time for time for (AT+0S)
(m) facilities | tobe done |  from alphabet getting Seconds
(p) from () tablg optimal
(m*) generation | solution
(AT) (0S)
1 4 10 2 2 8 0.0000 0.0000 0.0000
2 5 12 3 3 9 0.0000 0.0000 0.0000
3 7 21 4 4 15 0.0547 0.0000 0.0547
4 10 32 5 6 24 0.1088 0.0000 0.1088
5 15 45 7 9 40 0.2193 0.2751 0.4944
6 22 100 8 10 79 0.2752 0.2192 0.4944

6. CONCLUSION

The assignment issue is a versatile combinatorial optimization problem that can be used to mimic
virtually any real-world scenario. Several aspects of the assignment problem, such as the
limitations and solution approach employed in the education area, have been investigated. As a
result, this study provides a review of assignment issues that have been covered in the prior
literature in the context of educational activities. Not only that, but this paper offers a step-by-
step way to tackling an assignment problem.

Furthermore, depending on the problem's complexity, it's critical to take the proper
strategy to solve the problem in order to arrive at an optimal or sub optimal solution. According
to the existing literature, the heuristic and metaheuristic were proved the best for solving the
assignment problem since they generated good, but not necessarily optimal, results. Numerous
recommended ways that have been considered have also been discovered to be important to
employ and improved in various practical circumstances. Because of its versatility, in numerous
applications that can be utilized in real-world circumstances, the assignment problem will
continue to be an endless riddle in the future.
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