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ABSTRACT

If G, and G, are two graphs with their vertex set V; = {uq, u,, us, ... ... uptand V, = {vy,v,, V3, ... ... Vn}
Respectively then the Kronecker product of these two graphs is defined to be a graph K (V; X V,) with its vertex
set as Vi(v,xv,) such that Vi, xy,) is the Cartesian product of the sets V; and V, [1]. Where two vertices
(up, vq), (u,, vs) in Kronecker product graph have an edge if and only if u,u, and v, v, are edges in graph V;
and V, respectively. The paper is related on the analytical study of global domination number of Kronecker
product of Wheel Graph and Petersen Graph. Sampathkumar introduced the global domination in graphs. In
this paper, first we have defined the Kronecker product of wheel graph W, for n > 4 and Petersen graph. Then,
we will find the exact value of global domination number of Kronecker product of Wheel Graph and Petersen

Graph in generalize form.
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1. INTRODUCTION:

Graph theory helps us to obtain the solution of
many real life problems in engineering and
technology, physical science, social science and
biological science. In last century, theory of graphs
has an unexpected growth in research field due to
its extensive applications to inter-disciplinary
domains. The notation of global dominating sets in
graph theory is one of the important concepts which
are very simple but it has lots of important
applications. Global dominating sets also play a
significant role in the improvement of exact
algorithms and parameterized complexity. In 1989,
the mathematical study of theory of global
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domination  number  was  proposed by
Sampathkumar [2] then, in 1990 the same concept
was revised by Brigham and Dutton [3] in
generalized form as factor domination. The
mathematical way of global domination in graph
theory is a minimization process of operators in any
network which has more than one distinct spanning
branch. The concept of Kronecker product of two
graphs was introduced by Paul Weichsel [1]. S.
Maheswari and S. Meenakshi [4] defined the
domination and split domination process for
Kronecker product of some graphs. In this paper,
we generalized the concept of Kronecker product
of wheel graph W, for n = 4 and Petersen graph
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and then derived the exact value of global
domination number of Kronecker product of Wheel
Graph and Petersen Graph in generalize form.
There are lots of applications of global domination
number of Kronecker product of two graphs. One
of the important applications is that, if we want to
find the minimum number of operators to run two
systems or two networks at a time with more than
one branch. For this the application of global
domination number of Kronecker product of two
graphs can be applied in such a way that first finds
the Kronecker product of both networks then global
domination number of that Kronecker product
gives the minimum number of operators to run two
systems or two networks at a time with more than
one branch.

2. RELATED DEFINITIONS AND RESULTS
2.1. Dominating Set and Domination Number:
A set of verticesD € V is called a dominating set of
graphG if each vertex in the complement of D in V
is in the neighborhood of some vertex in set D and
the dominating number y(G)of any G is the least
number of members in a dominating set of graph G

[5].

2.2. Global Dominating Set and Global
Dominating Number: The global dominating set
Dy (G) of a graph G with some distinct spanning
factors Fy, F, F5, ... Fy, is a set of vertices of graph
G such that the members of the set D, are related
with all vertices of all factors F;, F,, F3, ... F;, and
the minimum cardinality of such set is called global
domination number [5].

2.3.  Kronecker product of two graphs: If G;
and G, are two graphs with their vertex set V; =
{uq, uy, ug, ... ... uptand vV, =

{vi, V2, V3, e ... vy, } respectively then the
Kronecker product of these two graphs is defined
to be a graph K(V; x V,) with its vertex set as
Vv, xv, such that Vy, v, is the Cartesian product of
the sets V; and V,. Where two vertices
(up, vq), (ur, vs) in Kronecker product graph have
an edge if and only if u,u, and v,vs are edges in
graph V; and V, respectively [1].

2.3.1. lustration: Let the two graphs be G; =

C; and G, = Czwith their vertex set V; =
{uq, uy, uz} andV, = {v,, v,, v3} respectively.
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Figure 1: Cycle Graph (G; = C3 and G, = C3)

The Kronecker product of these two cycle graphs is
defined to be a graph K(C5 X C3) such that the set
of vertices of Kronecker product graph is

Vc3><c3 =

{U1v1, U V3, Uy V3, Up Dy, U Vg, Up V3, U3V, UsVp, Us Vs )

and the members (up,vq), (u,,vg) of the set
Ve,xc;have an edge if and only if w,u, and vgv
are edges in graph G; and G, respectively. Hence,
the graph of the Kronecker product of these two
cycle graphs is as follows-

(:ﬂ'lJbl)
i . q, ba
(as,bs) _—]\ (':” 2)
(as.bs) * ., (@1b3)
(@z.by) /
% (a. b))

(a2/b3) (az, b2)

Figure 2: Kronecker Product of two Cycle graphs

2.4. Theorem[6]

Let G be a graph with n number of vertices and
having k spanning factors such that highest degree
of any vertex is A(G) then global domination

number of graph G is always greater than equal to
nk

AG)+K

3. WHEEL GRAPH W,:

The graph W, contains 4 vertices with one central
vertex as shown in figure 3. First we will find the
Kronecker product of graph W, corresponding to
its two factors F; and F,-
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Figure 3: Wheel Graph W, and two factors F; and
Fy

Here factor F;contains three vertices and factor F,
contains four vertices. Hence, the Kronecker
product K(W,)of graph W,contains total 12
vertices such that the vertex set of Kronecker
product is Vkw,) = {(a1,b1), (aq, by),
(ay, b3), (a1, bs), (az, by), (az, by), (az, bs),

(az, bs), (as, by), (as, by), (as, bs), (as, bs)} and
the two vertices in Kronecker product K (W,) have
an edge if 1%t tuple in both vertices have an edge in
factor F; and 2" tuple in both vertices have an edge
in factor F, Therefore, the graph of Kronecker
product K (IW,) is as follows-

(a1, b4)

(aa.bs) -

(ma, bs) (ay. ba)
{az.bz) = e, (21.Bb3)
(b ® ()
(az.bq) ) (az,ba)

(aaz.b3)

Figure 4: Kronecker Product of Wheel Graph W,

Now, for finding the global domination number and
global dominating set of Kronecker product K (W,)
of wheel graph W, corresponding to its two dijoint
spanning factors F;' and F;.

(Cay, 513

L b
(aa,bs) o~

(az.b3)

(az.bz) =

;:':(ja:.,, bﬁ:; E
(s, 234)\

(a@z.b3)

Figure 5: Factors F;' of Kronecker Product of
Wheel Graph W,
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/:(f-h by j\

) - (ay,bz)
{az
(az.b3) (ay, b3)
(as,b2) - e, (@1.B4)
(aa b)) > (Gaatn))
{az,bs) = ({az,b3)

(@2,b3)

Figure 6: Factors F, of Kronecker Product of
Wheel Graph W,

Here, Kronecker product K (W,) of wheel graph W,
has order 12 (i.e.n = 12) corresponding to its two
dijoint factors F;" and F, (i.e.k =2). the
maximum degree of any vertex in kronecker
product K(W,) of wheel graph W, is
6 (i.e.A(K(W,)) = 6). Therefore, by theorem 2.4,
we get

yo KWy = W) Xk
’ .

AK(WY) + k
12 X 2
Vg(K(W4)) 61+ 2

Vg(K(Wy)) =3

\Y

The members of the set S=
{ (a4, by1),(ay by),(as, by) }are related with all
the vertices of both factors of kronecker product
K(W,) of wheel graph W,. Hence, set S dominated
both factors F| and F;, of kronecker product K (W,).
Therefore, set S is a global dominating set of
Kronecker product K (WW,) of wheel graph W,. So,
yg(K(W4)) < 3. Hence, from both the results we
conclude that global domination number of
Kronecker product K(W,) of wheel graph W, is
equal to 3 and its global dominating set is

Dg(K(W4)) = {(ay, by),(az, by),(as, by) }.

4. WHEEL GRAPH W3:

The graph W5 contains 5 vertices with one central
vertex as shown in figure 7. First we will find the
Kronecker product of graph Ws corresponding to
its two factors F; and F,-

s az [ ay bg by
.\—_/. .\ .
/.\ . by
VAN / \
I/ i \. - - i
Qs as a3 az by bs
Wg Fy Fy

Figure 7: Wheel Graph W5 and two factors F; and
F,
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Here factor F; contains 4 vertices and factor F,
contains 5 vertices. Hence, the Kronecker product
K (Ws) of graph W contains total 20 vertices such
that the vertex set of Kronecker product is

Viws) =
{(ay,by), (ay, b2), (a1, b3), (ay, bs), (ay, bs) (az, by),
(azr bZ)J ((12, b3)' (aZJ b4)' (az, bS) (a3' bl)r (a3' bz);
(a3' b3): (a3' b4-)' (a3, b5), (a4-' bl)) (a4, bZ)l (a4-r b3):
(a4, by), (a4, bs)}
and the two vertices in Kronecker product K(W5s)
of graph Ws have an edge if 1%t tuple in both
vertices have an edge in factor F; and 2" tuple in
both vertices have an edge in factor F, Therefore,
the graph of Kronecker product K(Wg) is as
follows-

3 ( 1. By
(@sbs) (ay,by)

(ay, bs)

Figure 8: Kronecker Product of Wheel Graph Ws

Now, for finding the global domination number and
global dominating set of Kronecker product K (Ws)
of wheel graph W5 corresponding to its two dijoint
spanning factors F;’ and F;.
((ewb))
" (aub)

= (a1, ba)
-

(agbs)

(as.bs)

(as,b3) . . (ay, by)

(asb) » *, (ai,bs)

(‘.‘:ﬂdﬂbLS:‘: . . (\i'a:,bl)t‘:

(as.bs) = = (anb)
(@a,ba) < (az,b3)
(az.bs)
(@s.5) e (az.by)

~ {.ﬂij )
((aa,by) :

Figure 9: Factors F;' of Kronecker Product of
Wheel Graph Wg
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((asb0)
(asbg) ot _f;)/ (ay, bs)
(as,b5) =" . (a1, b3)
(as,b3) o e, (ai,bs)
(@abz) o
5\'/:_.(.‘14; bl‘_\):‘-: -

(asbs) 2

(aa,bs) E
(as,b3)

(asz,b2)

Figure 10: Factors F," of Kronecker Product of
Wheel Graph Wg

Here, Kronecker product K(Ws) of wheel graph
W5 has order 20 (i.e.n = 20) corresponding to its
two dijoint factors F;" and F, (i.e.k = 2). the
maximum degree of any vertex in kronecker
product K(Ws) of wheel graph Ws is
8 (i.e.A(K(W,)) = 8). Therefore, by theorem 2.4,
we get

yo(K(Wa)) = 2K W) x k
g

AK(Ws)) + k

KWL) > 20 x 2

Vg ( 4) = 84+ 2

Vg(K(W4)) =4

The members of the set S =
{ (a1, by), (ay, by), (as, by), (as, by) Yare related

with all the vertices of both factors of kronecker
product K(Ws) of wheel graph Ws. Hence, set S
dominated both factors F; and F, of Kronecker
product K(Ws). Therefore, set S is a global
dominating set of Kronecker product K(Ws) of
wheel graph Ws. So,
¥s(K(W5)) < 4. Hence, from both the results we
conclude that global domination number of
Kronecker product K(Ws) of wheel graph W; is
equal to 4 and its global dominating set is

Dg(K(WS)) =
{ (ali bl)l (aZ' bl)r ((13, bl)l (a4»' bl) }

5. WHEEL GRAPH Wg:

The graph W contains 6 vertices with one central
vertex as shown in figure 11. First we will find the
Kronecker product of graph Wy corresponding to
its two factors F; and F,-
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Figure 11: Wheel Graph W, and two factors F; and
F

Here factor F; contains 5 vertices and factor F,
contains 6 vertices. Hence, the Kronecker product
K (W) of graph W contains total 30 vertices such
that the vertex set of Kronecker product is

Vkwe) =
{(a1' bl)! (alf bZ)' (alr b3)! (a1' b4—)! (all bS)l (Cll, b6)
) (aZ: bl)r (aZI bZ):

(aZr bS): (az' b4-)' (aZI b5), (aZJ b6)' ((13, bl)l (a3r bZ):

(as, b3), (as, by), (as, bs), (as, be), (as, b1), (ay, by),

(a4, b3), (as, by), (as, bs), (a4, be), (as, by), (as, by),
(aS' b3): (a5: b4-); (a5, b5), (a5; bé)}

and the two vertices in Kronecker product K (Wg)

of graph W, have an edge if 1% tuple in both

vertices have an edge in factor F; and 2" tuple in

both vertices have an edge in factor F, Therefore,

the graph of Kronecker product K(Wg) is as

follows-

(as,bs) (ay. bg)

(as,be) (anbi) (ay,by)
[y—

Figure 12: Kronecker Product of Wheel Graph W

Now, for finding the global domination number and
global dominating set of Kronecker product K (W)
of wheel graph W corresponding to its two dijoint
spanning factors F;' and F;.
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(as,bs)

(as.bs) L
.

(as.86)((ar. b)) (ay, b2)
5_ ° "'—: - * {ay,b3)

(as,b3) &
(asba)
G
(a4,be) _/
(ag.bs)
(as,bs) @
(as,b3) =
(asbz) o
) \.
(az,bg) < . .
(@2.05) (ag,bs) (_ﬂajba)(.ﬂajb:)\k'f"“

Figure 13: Factors F," of Kronecker Product of
Wheel Graph W

b Cay, b)) B
(asbo) ‘:_Qs. E.)Lj_.?_: b)) (ay, bz)

(asbs) o
(asbs) | >
(as,ba)

T
f\‘:_.a_rv ) -

(as.b0) /]

(@1, b3)

., (a1, by)

(asbs) [
(as,bs) =
(as,bz) 2
(as,bz) =

=
<(\ﬂq;b12>- \.
(asbg) %

< .
(a2.55) (az,bs) (ag.by) (agbs) ——

Figure 14: Factors F," of Kronecker Product of
Wheel Graph W

Here, Kronecker product K(W;) of wheel graph
Wi has order 30 (i.e.n = 30) corresponding to its
two disjoint factors F;' and F, (i.e.k = 2). the
maximum degree of any vertex in kronecker
product K(Wg) of wheel graph Wy is
10 (i.e.A(K(Wg)) = 10). Therefore, by theorem
2.4, we get
o(K(Wg)) X k

KW, > —
Vg( ( 6)) A(K(WG))-i- k
KW.)) > 30 x 2
Vg (KWe)) = 5=
Vg(K(W6)) =5
The members of the set S =

{ (ali bl)l (aZ' bl)r (a3, bl)l (a4-' bl)' (a5' bl) } are
related with all the vertices of both factors of
kronecker product K(Wg) of wheel graph Wsg.
Hence, set S dominated both factors F; and F, of
kronecker product K(Wg). Therefore, set S is a
global dominating set of Kronecker product K (W)
of wheel graph W. So,yg(K(Ws)) < 5. Hence,
from both the results we conclude that global
domination number of Kronecker product K (W)
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of wheel graph Wy is equal to 5 and its global
dominating set is Dy(K(Wg)) =
{(ay, b1), (az, by), (az, by), (a4, by), (as, b1)}.

6. WHEEL GRAPH W,;:

Let W, be awheel graph having n vertices with two
factors F; and F, such that factor F; contains outer
cycle of W, graph with (n — 1) vertices and factor
F, contains inner part of W, graph with n vertices-

b,
fp-1 ay bu b.':l
ﬂ'n—f./.._.\‘\ g . - ™
.
\ bn—l \ /
Ap-3 |‘l /: g o——* o b,
Qp-s * - /bx
\n n/ Q4 .0 < bg
‘ LI b:lz—f . [ ] L] ‘
p-3 s
Fy F,

Figure 15: Factors F; and F, of Wheel Graph W,

The Kronecker product of graph W}, with factor F;
and F, is a graph K(W;,) of order n(n — 1) and its
vertex set is Vkwy,) =

https://doi.org/10.56452/2022-07-051

vertices is Ve, =

{ (ay,by),(ay, by), ... ... ,(ay, bp—1), (a1, by), (az, by)
,(as,by), ...

(al,bn_l), (az,bn), ......... (an, bl)! (an, bz), ...... )

(ap—1,bp-1), (@y—1,b,) }. The maximum degree
of any vertex in Kronecker product is 2n — 2. that
is, A(K(W,) = 2n — 2. Now, we will find global
domination number and global dominating set of
Kronecker  product of graph W, n=>4
corresponding to its two factors. That is, k = 2.
Therefore, by theorem 2.4, we get

K) > o(K(W,)) x k
Vg T AKW)) + k
vg(K(W)) = nn-1x2

2(n—1) + 2

Yg(K(Wp)) = (n—1)
The members of the set S=
{(aq,by),(ay, by), ... ... ,(an—1,by) }are related
with all the vertices of Kronecker product K(I4,)
of wheel graph W, and the complement of
Kronecker product K(W;,) of wheel graph W;,.
hence, set S dominate both Kronecker product
K(W,,) and its complement graph. Therefore, set S
is a global dominating set of Kronecker product
K(W,) of wheel graph W,. So,y,(K(W,)) <
(n — 1). Hence, from both the results we conclude

{(a1,b1), (a1, bs), ... (a1, by—1), (a1, by), (az, b1), ... (az, bythat global domination number of Kronecker

""" ) (an—ll bl)l (an—ll bZ)' (an—ll bn—l)r (an—ll bn)}

and two vertices in Kronecker product K (I#;,) have
an edge if 1%t tuple in both vertices have an edge in
factor F, and 2" tuple in both vertices have an edge
in factor F, Therefore, the graph of Kronecker
product K (W) is as follows-

[ R WS

-

[C N ] (a1, B3)
(@180 20
-

. . G b
-

(@n—a.b2)

[

=
(Qp—z2.b,) & L Cazn
(@n—2:B0m1) = (az.ba)

(an—z.b2) = (az.ba_1)

CIEL e
(an—z.Dn—1)
Figure 16: Kronecker Product K (W,,) of Wheel
Graph W,

[CENCD]

"t e e nee==" Cas.b2)

6.1 Theorem: The Global Domination Number of
Kronecker product of wheel graph W,,n =4 is
always (n—1) and its minimum global
dominating set is Dy(K(Wp)) =
{(all bl): (aZr bl)l """ ’ (an—l' bl)}

Proof: The Kronecker product of graph W,,,n = 4
is a graph K(W,,) of order n(n — 1) and its set of

Copyrights @Kalahari Journals

product K (W,,) of wheel graph W;, is equal to (n-1)
and its global dominating set is D,(K(W,)) =
{(a1; bl)' (az, bl)r """ ’ (an—ll bl)}

7. PETERSEN GRAPH:

Petersen graph is an undirected graph with 10
vertices and 15 edges and it is denoted by KG (5,2).
First we will find Kronecker product of Petersen
graph corresponding to its two factors F; and F,.

/ 65 % \ by b
e S

0y 3

K6(5,2) Fy F,

Figure 17: Petersen Graph and its Two Factors F;
and F,
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Here both factors of Petersen graph contain 5
vertices. Hence, the Kronecker product of Petersen
graph contain total 25 vertices such that the vertex
set of Kronecker product is Vi xg(s2)) =

{(ay, b1), (a1, by), (ay, b3), (ay, by), (aq, bs), (az, by)
,(az, by), (az, b3), (az, by), (az, bs), ... ... , (as, by),
(as, by)

,(as, b3), (as, by), (as,bs)} and two vertices in
Kronecker product have an edge if 1% tuple in both
vertices have an edge in factor F; and 2" tuple in
both vertices have an edge in factor F, Therefore,
the graph of Kronecker product K(KG(5,2)) is as
follows-

(as:b2) ]

((as:b)

(as.b3)
(asb2)
({as b))

(aabs)

@5 gy @)

Figure 18: Kronecker Product of Petersen Graph

7.1 Theorem: The Global Domination Number of
Kronecker product of Petersen graph is 9.

Proof: let the Kronecker product of Petersen graph
KG(5,2) with factor F;, and F, is a graph
K(KG(5,2)) of order 25 and its vertex set is

VK(KG(S,Z))
= {(all bl): (all bZ)l (alr b3): (alv b4): (all bS);
(az, b1), (az, by), (az, bs),
(aZ' b4)' (aZ' bS)J """ ’ (aSl bl)l (aSJ bZ)! (a5, b3)'
(as, by), (as, bs)}. The maximum degree of any
vertex in Kronecker product of Petersen graph is 4.
Thatis, A(K(KG(5,2)))=4. Now, we will find
global domination number and global dominating
set of Kronecker product of Petersen graph
KG(5,2) corresponding to its two factors. That is,
k = 2.
Therefore, by theorem 2.4, we get
o(K(K 2))) X
P (KKGE2)) 2 2EEEGD) <k
A (K(KG(S,Z))) + k
25 %2
vo(K(KG(5,2)) = =
Yg(K(KG(5,2))) =83
The members of the set S=
{(all bl)l (al' bS)) (aZ' bl)l (a3) bl)l (a3' bZ)' (a3; bS))
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(a4,by), (as, by), (as, bs)} are related with all the
vertices of Kronecker product K(KG(5,2)) of
Petersen graph KG(5,2) and the complement of
Kronecker product K(KG(5,2)) of Petersen graph
KG(5,2). hence, set S dominated both Kronecker
product K(KG(5,2)) and its complement graph.
Therefore, set S is a global dominating set of
Kronecker product K(KG(5,2)) of Petersen graph
KG(5,2). So,
Yg(K(KG(5,2))) <9 and we know that global
domination number of any graph is always an
positive integer. Hence, from both these results we
conclude that global domination number of
Kronecker product K(KG(5,2)) of Petersen graph
KG(5,2) is equal to 9 and its global dominating set

is Dy (K(KG(5,2))) = {(as,b1), (ay, bs), (az, by),
(a3, bl)' (a3, bz); (a3, bS%J (a4, bl)' (aSJ bl)! (aSI bS)

8. CONCLUSION:

In this paper we have found the global domination
number with some interesting results of Kronecker
product of wheel graphs and Petersen graph in
generalized form. There are lots of applications of
global domination number of Kronecker product of
two graphs. One of the important application is
that, if we want to find the minimum number of
operators to run two system or two network at a
time with more than one branch’s then we will
apply the application of global domination number
of Kronecker product of two graphs as, first we find
the Kronecker product of both networks then global
domination number of that Kronecker product
gives the minimum number of operators to run two
system or two network at a time with more than one
branch’s.
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