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Abstract - Synovial fluid functions as a biological lubricant and provides lubrication to articular cartilages to
reduce the friction and wear. The principle constituent present in the synovial fluid, which are responsible for
its lubricant behavior, are lubricin, hyaluronic acid (HA). Lubricin is a type of proteoglycan more commonly
known as PRG-4 and it is encoded by PRG4 gene and synthesized by the chondrocyte cells. In the present study
lubrication and other related properties of synovial fluid are studied theoretically. In this article, we have studied
the flow of synovial fluid in diseased synovial joint. Further, we have studied the effect of viscosity of synovial
fluid, permeability of articular cartilage, thickness of articular cartilage and fluid film thickness on the
characteristic of the squeeze film formed between the articular cartilages of the diseased human knee joint. The
flow of synovial fluid modeled by considering it as a viscous, incompressible and Newtonian fluid. We have
derived the modified Reynolds equation using the principle of hydrodynamic lubrication and continuum
mechanics theory and solved it by applying the suitable boundary conditions according to the physical
considerations. Subsequently we obtained the expression for pressure distribution in fluid film, load-bearing
capacity, squeeze time, and have done the theoretical analysis on these properties for different parameters.
Pressure increases with squeeze velocity and viscosity of synovial fluid and decreases with permeability and
fluid film thickness. Human knee joint becomes diseased due to excessive pressure and the mobility of the knee
joint decreases. The load capacity increases with viscosity and squeeze velocity and decreases with permeability
resulting in the reduction of the load carrying capacity of knee joint in diseased condition. Moreover, in the
diseased condition of joint the squeeze time also increased.

Index Terms - Synovial Fluid, Reynolds Equation, Hyaluronic Acid, Squeeze Films, Brinkman Equation,
Arthritis.

1. Introduction

Synovial joints are the most significant characteristic of the human body since they are the epicenter of the most
basic and vital function in humans, which is mobility. A synovial joint is a load-bearing system composed of
two mating bones that move in tangential and/or normal directions. A soft sponge-like material known as
articular cartilage covers the end of the two mating bones. The joint space filled with a shear-dependent fluid
known as synovial fluid, which fills the space between these cartilaginous ends of the bones. The synovial fluid
is a transparent yellowish dialysate of blood plasma with hyaluronic acid content. Hyaluronic acid (HA) is a
straight, long chain polymer [1]. Synovial fluid provides lubrication to the synovial joint in order to reduce the
wear and friction between the mating bones and articular cartilages during the motion and enhances the
mechanical functioning of the synovial joint. The thin coating of synovial fluid that covers the surfaces of the
joint capsule's inner layer and articular cartilage serves to maintain the joint surfaces lubricated and minimizes
friction. Pores of the articular cartilages are very small, hyaluronic acid molecules do not typically pass through
the pores of the articular cartilage [2]. Synovial fluid is a viscoelastic polymeric solution, Ogston et al
demonstrated this fact and Gibbs et al later confirmed it, they studied the effect of external stimulation on the
viscoelastic properties of synovial fluid [3,4]. Despite strong evidences of synovial fluid being viscoelastic there
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are number of publications, which tells about the viscous nature of synovial fluid. Synovial fluid behaves as
viscous fluid as long as it is not under external stimulation.
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Figure 1: Synovial Joint

It is shown that the viscoelastic behavior of the synovial fluid depends on the concentration of the hyaluronic
acid [5,6], The synovial fluid behaves as a non-Newtonian pseudo plastic fluid and its viscosity affected by the
concentration of hyaluronic acid molecules present in it [7]. It is experimentally established that under certain
physical considerations, synovial fluid is viscous like and incompressible and its viscosity depends on shear rate
and concentration of hyaluronan [5]. The surface of the cartilage of a sick joint can become rough and fractured
and the permeability of articular cartilage increases due to increased permeability these hyaluronic acid
molecules enters into cartilage, and the synovial fluid can lose its non-Newtonian behavior. In diseased
conditions synovial fluid lose its non-Newtonian behavior and it becomes Newtonian [7]. In the present problem
we have consider the synovial fluid as a viscous, Newtonian and incompressible fluid. There are number of
inflammatory and degenerative conditions that affects synovial joints. Bursitis and tendonitis, as well as other
kinds of arthritis and Lyme disease, are examples of inflammatory joint disorders. There are more than hundred
different type of degenerative and inflammatory joint disorders referred as arthritis. Chronic forms of arthritis
include osteoarthritis, rheumatoid arthritis, and gouty arthritis. The most prevalent kind of arthritis is
osteoarthritis, which develops when the cartilage of the human synovial joint wears away. Osteoarthritis is the
most common chronic form of arthritis it is a chronic degenerative condition, often called wear-and-tear arthritis.
The bone ends are exposed due to this and allowing them to grind together, because of this issue, synovial joint
may have stiffness, discomfort, loss of mobility. Osteoarthritis is a widespread illness that affects the load-
bearing joints of the body and it can be caused by a variety of factors, including trauma, heredity, obesity, and
others.

Copyrights @Kalahari Journals Vol.7 No.6 (June, 2022)
International Journal of Mechanical Engineering
833



Figure 2: Simple Geometry (Symmetric Case)

On the other hand, RA (Rheumatoid Arthritis) is a chronic autoimmune disease and it starts with the swelling
of synovial membrane [8]. Synovial fluid supposed to behave as a lubricant along with its two other essential
functions, providing the nutrition to the cartilage and removing metabolite from it. Thus, synovial fluid behaves
as a lubricant in synovial joints [9]. Further Radin discussed in detail about the lubricating properties of synovial
fluid [10] and Dintenfass discussed the lubrication mechanism in synovial joints in different conditions and he
arrived on a conclusion about the presence of hydrodynamic and squeeze film lubrication in synovial joints
[11]. Scientists and mathematicians have conducted mathematical analyses of squeeze films on occasions. This
squeeze film examination covers a study of the pressure distribution and load bearing capability of squeeze
films, as well as the approaching times of the lubricating surfaces. Hays investigated the properties of squeeze
films between parallel rectangular plates of finite and infinite length and compared the results for both the cases.
He also further studied the squeeze films between parallel plates in which one is flat and other having curvature
and the effect of curvature of the surface of plates on the formation of squeeze films [12]. Wu investigated the
squeeze films formed between parallel rectangular plates, one of which had a porous face. He investigated the
effect of porous facing of the plates on squeeze films and discovered that the porosity of the plate has a
substantial effect on the squeeze film characteristics [13]. Shukla developed a new theory for lubrication of
rough surfaces, derived a generalized form of Reynolds equation, and studied the effect of surface roughness
on squeeze films. He shown that the load capacity increases when the roughness of the mating surfaces increases
[14]. Naduvinamani et al presented a theoretical investigation of combined impact of lubricant ingredients and
the roughness of surface on the characteristics of squeeze film between two rectangular plates of fixed
dimensions by driving stochastic Reynolds equation and assuming the lubricant as a couple stress Stokes fluid
[15].
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Figure 3: Parallel Plate Geometry of Synovial Joint
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Deheri et al did the theoretical analysis of squeeze films between rough porous rectangular plates and computed
the pressure variation and load capacity of these squeeze films [16]. Naduvinamani et al studied surface
roughness and poroelasticity effect on squeeze films of micro polar fluid between rectangular plates and further
referred this study to the synovial joint lubrication. The analysis of effect of surface roughness on squeeze film
was done in this study and it was shown that the surface roughness has a considerable effect on the lubrication
mechanism of synovial joints [17]. Kudennati et al numerically solved the MHD Remolds equation for squeeze
film of couple stress fluid and studied the characteristics and effect of surface roughness on this squeeze film
[18]. Recently Kumar et al theoretically analyzed the surface roughness effect on the squeeze film formed in
spherical bearings based on the deterministic approach of hydrodynamic lubrication and further derived a
generalized form of Reynolds equation, studied the significance of squeeze film between parallel plates, and
examined the surface roughness effect on this film [19]. In the present problem we have studied, the squeeze
film formed in synovial joint and examined the significance of the properties of this squeeze film on the
diagnosis of the disease related to synovial joints.

2.  Mathematical Model

In the present problem we have consider the flow of synovial fluid in diseased human knee joint under loading
conditions. This study is based on the principles of lubrication theory and bio-fluid dynamics. Articular cartilage
is considered as a porous material and length of the cartilage is much larger than the width to make the human
knee joint geometry similar to the parallel plate model. The human knee joint is divided into two regions, first
one is the fluid film and second is cartilage region and to compute the velocity in both the regions the symmetric
case of human knee joint has been considered. The governing equations for the flow of synovial fluid in fluid
film region are derived from the well-known Navier-Stokes equations for the flows of Newtonian fluids by
imposing the restriction according to physical conditions. Darcy’s law for flow in porous medium governs the
flow of fluid in porous medium. Synovial fluid flow in cartilage region and the equations governing the flow of
synovial fluid in cartilage region are derived from the Brinkman’s equation, which is an extension of Darcy’s
law [20]. Further, the modified Reynolds equation is derived for the pressure variation in fluid film and cartilage
regions and load capacity and squeeze time is calculated for both the regions. We have considered the synovial
fluid as incompressible, non-conducting and non-magnetic, and the flow of synovial fluid is laminar and steady
and hence the variation of any property of synovial fluid with time is zero and this flow is due to pressure
gradient. In addition, we have considered the variation of pressure along fluid film thickness as zero. Further,
we have assumed that there are no external forces are present, while gravitational forces are always present but
these forces are small enough so that their effect can be considered as negligible and no slip boundary conditions
are assumed at the cartilage surfaces. By applying all these assumptions, the Brinkman’s equation and Navier-
Stokes equation reduces to the following equations of synovial fluid, which governs the flow of synovial fluid.

2.1 Governing Equations
Region I: Fluid Film Region0 < y < h

0%u; dp
Hoeg—5-=0
dy d0x
0%v, 0dp _ 0 (1
# dy2 0z )
dp B
dy
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Region I1: Articular Cartilage Regionh <y <h+H

,azuz U op
# y? qoluz ox

J0%v, op (2
— v, —— =0

ay? ¢, 0z )
d
w_,
dy

Where u, , v; are the velocity of synovial fluid in fluid film region in x and z direction and u, , v, are the
velocities of the synovial fluid in articular cartilage in x and z direction respectively.

2.2. Boundary and Matching Conditions
The boundary condition for synovial fluid flowing in fluid film region are given by

0w _, t —0
dy @ y=

3
6171_0 . —0 )
ay_ @ Y=

Boundary conditions for synovial fluid flowing in cartilage are given as follows

u, =0 at y=h+H

v, =0 at y=h+H

By considering our assumption of no slip boundary condition the velocity of the synovial fluid in fluid film
region and articular cartilage region at interface, where cartilage region and fluid film region meets with each
other must be the same. Therefore, the matching condition for the velocities at interface can be written as
follows,

Where U, and V, are the interface velocity in x and z direction respectively.

Shear stresses at the interface is also same, therefore we have the following matching condition for shear
stresses,
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2.3 Solution of the Problem

Now solving the equations governing the flow of synovial fluid in fluid film and articular cartilage given in
equation (1) and (2) with the help of boundary conditions and matching conditions given in equation (3)-(5).
By solving these equations, we find the velocity of synovial fluid in fluid film region and articular cartilage.

The velocity of synovial fluid in fluid film region in both the directions are given by,

1dp ) )
ul_uax(y - h*) +V,

1dp ) )
V1—#az(y —h?)+V,

The velocity of synovial fluid in articular cartilage in both the directions are given by,
@1 0p 1

u, = " ox sinh sinh OLLH) [sinhM,(h + H — y) — sinhM,.(h — y) — sinh(M,H)]
[szinth(h +H-y)
sinh(M,H)
@y 0p 1 V,sinhM,(h+ H — y)

2 [sinhM,(h + H — y) — sinhM,(h — y) — sinh(M,H)] +

" u 8z sinh(M,H) sinh(M,H)
The velocity at the interface which is the region at which fluid film and articular cartilage meets with each other
can be find by using the matching condition for shear stress given in equation (6).

The velocity of the synovial fluid at interface are given by,

@, 0P M.H
V. = Iatanh(MxH) (tanhT — Mxh)

@, 0P M,H
V, = 75 tanh(M,H) (tanhT — Mzh)

Volumetric flow rate of a fluid is the amount of volume of the fluid passing through a surface per unit time and
this volumetric flow rate is calculated by integrating the velocity. Therefore, synovial fluid flux in both the
directions are calculated by integration of velocity with respect to y starting from initial value as zero to a final
value (h + H). Synovial fluid flux Q, and Q, are calculated as follows

Synovial fluid flux in x direction is given by
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h h+H
szf uldy+f u, dy
0 h

h 1ap
_ 9P 2 g2
Qx j(; <ﬂax (y h )+Vx) dy

N f"*” <szinth(h +H- y))
sinh(M, H)

h

h+H §01ap 1
L [sinhMy(h+ H — y) — sinhM, (h — y) — sinh(MyH
] (e i st + H = y) = sinkM, (1.~ y) — sink(M, )] ) dy

__opl 1 t hMH(Mh t hM"H)2+MH+2t hM"H +h3

Q, = ox |25,7 anhM, ¢ an > ¢ an > 3
dp (7
Qx__a Fx) )

The synovial fluid flux in z direction is given by,

h h+H
szf vldy+f Uzdy
0 h

h r1ap
— P2 g2
Q, fo (#az(y h )+Vz)dy

N fh+H (VZsinhMZ(h +H-— y))
sinh(M,H)

h

h+H ©, ap 1 . . '
+ _L (Ig—sinthH [sinhM,(h + H —y) — sinhM,(h — y) — smh(MZH)]) dy

ap[ 1 M,H\? M,H\ h3
Q, = ~ 9 YN tanhM,H (Mzh — tanhT) + M,H + 2tanh > + 5
dp (8
Qz - _E(Fz) )
Where E, and F, are given by,
1 M, H\* M,H\ h3
F, = |—==—| tanhM,H (Mxh — tanh—) + M, H + 2tanh—— | + —
M, u' 2 2 3u
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F, = [F <tanhMZH <Mzh — tanh

z

M,H\? M,H\ h3
) + M,H + 2tanh +—
2 2 3u

The continuity equation for hydrodynamic zone or fluid film region is

du; 0dvy O

gth N1 IW1

dx 0z 0y
Where, w; is the velocity of synovial fluid in fluid film along y direction.

0 9

The above continuity equation in integrated form can be written as follows,

an + an + an (10

dx = dz = dy )
Integrating the above equation across the fluid film and using the boundary condition w; = 0 at y = 0 and
w; =V, aty=h.
From equation (7) and equation (8) we have

Qx = _a_p(Fx) and Q, (SEC
0x

op * ME
= _E(Fz)

Now putting the values of @, and @Q, in equation (10) which are given in equation (11) we obtained the
following expression

9 apy 0 op\ _ (12
a(‘an)E("’z&)—‘@ )

This equation is the Reynolds equation for squeeze film between parallel plates to obtain the pressure and other
important characteristics of the fluid film. We have considered the flow of synovial fluid in such a way that
there is no change in pressure in z direction and hence the rate of change of pressure in this direction will be

zero. Therefore, we have Z—’Z’ = 0 and the equation (12) reduces to the following equation

0 ( 6p> _ v (13

ax\ gy )

The boundary condition for the pressure in x direction are given by

p=o at X=0
(14
dp )
™ =0 at x =1L,
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Now we solve equation (13) using simple integration approach and by applying the boundary conditions given
in equation (14) we get the expression for the pressure in fluid film and articular cartilage, and the expression
for pressure is as follows

Vs
p(x) = T (2Lyx — x?) §15

Load capacity of the squeeze film is obtained by integrating pressure along the length of the porous medium.
Therefore, we integrate the expression of pressure with respect to x from across the length of the articular
cartilage to obtain the expression for load capacity in squeeze film formed in between the articular cartilages,
Therefore we have

Ly
W, = L p(x) dx §16

By substituting the value of p(x) from equation (15) into equation (16), we get the expression for load capacity
in squeeze film in between the both articular cartilages, the expression for load capacity given by

Ly V
W, = f — (2Lyx — x%) dx
0

2F,
Ko (17
We = 3F, L )
Squeeze velocity is the rate of change of fluid film thickness with respect to time and given by 1, = — (%).

By using the expression for squeeze velocity in (17) and integrating from initial film thickness h, to the final
film thickness h, we get the expression for squeeze time

3

Ty = f S (18
h, 3FxVVx )

To obtain the dimensionless expression for pressure, load capacity and squeeze time we shall use the following
dimensionless variables,

=X e H
_H
=1
(19
Px , W )
= — e V
Px =12 K= %
W
ULy
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Wy
We have used the above dimensionless scheme given in equation (19) to non-dimensionalize the expression of

pressure, load capacity and squeeze time given in equation (16)-(18) and obtained the expression for
dimensionless pressure, dimensionless load capacity and dimensionless squeeze time, which are as follows

2

=

P(x) = =—(2x — x?
€9 ZFX(E x?)
Vs u?
W,==—1L
- 3F, x

Where E, and M, are given by
= M, H M, H| g3
B = ——S——|tanhx H | My h — tanh=; +
“)

(M) w 2

“i:(ra)
—= Ly \W' o1

X

3. Results and Discussion

In the present problem, we have studied the characteristics of squeeze film formed in between of the articular
cartilages of the diseased human knee joints. In order to study the characteristics of the squeeze film, we have
derived the well-known Reynolds equation for squeeze films and subsequently obtained the expression for
pressure, load carrying capacity and squeeze time. Further, we used the dimensionless variables to get the
dimensionless expressions for pressure, load capacity and squeeze time where the squeeze time is the time taken
in reducing the film thickness from an initial value to a particular value. In our case we have consider the squeeze
time as the time to reduce the film thickness to zero so that the articular cartilages rub each other. We have
studied the effect of various parameters on pressure distribution in squeeze film, load capacity and squeeze time
for axial directions. The effect of permeability, viscosity, squeeze velocity and fluid film thickness on pressure
variation are considered, meanwhile the effect of permeability, squeeze velocity and viscosity on the load
capacity of squeeze film is studied. On the other hand, the only parameter, which affects the squeeze time, is
viscosity and we have studied this effect in our problem. We have plotted the variation of dimensionless pressure
with dimensionless axial distance for different values of fluid film thickness, viscosity of synovial fluid,
permeability of articular cartilage and squeeze velocity. Further, we have plotted the variation of dimensionless
load capacity with dimensionless fluid film thickness for different values of permeability of articular cartilage
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and viscosity of synovial fluid. Lastly, we plotted the variation of dimensionless squeeze time with
dimensionless articular cartilage length and thickness for different values of viscosity of synovial fluid. Figure
4-7 shows the variation of dimensionless pressure P(x) with dimensionless axial distance x for these
parameters, whereas Figure 8-10 shows the variation of dimensionless load capacity W, with dimensionless

fluid film thickness h  and figure 11-12 shows the variation of dimensionless squeeze time T, with

dimensionless cartilage thickness H. The value of dimensionless pressure P(x) increases with axial distance
x for all the parameters. The pressure P (x) in fluid film decreases when the value of dimensionless permeability
¢4 and dimensionless fluid film thickness h increases and it increases when the value of dimensionless squeeze

velocity V; and the viscosity p of synovial fluid increases. These results are similar with the results given in
[12,21]. The value of dimensionless load capacity W, decreases with an increase in dimensionless fluid film
thickness h generally, whereas the value of dimensionless load capacity W, increases as the value of viscosity
u and dimensionless squeeze velocity V; increases and this dimensionless load capacity W, increases when the
permeability ¢, of articular cartilage decreases. Our results for load capacity are similar with [12,21-23]. Figure
11 and 12 shows the variation of dimensionless squeeze time T, with dimensionless cartilage length L, and
cartilage thickness H for different values of viscosity of synoviaﬁluid. Squeeze time T, decreases with ca_rtilage
length L, as well as cartilage thickness H. The value of squeeze time T, decreases as the value of viscosity of

synovial fluid increases. The results which we obtained for squeeze time are similar with the results obtained in
[18,22,24].

4. Conclusion

In this paper, we have derived the modified Reynolds equation for the flow of synovial fluid in diseased human
knee joint. A squeeze film formed between the articular cartilages of the diseased human knee joint and we have
considered the flow of synovial fluid in this squeeze film and articular cartilage. We have modelled the articular
cartilages as parallel plates to derive this equation. Then further, we have studied the important characteristics
of the formed squeeze film the effect of different parameters on the properties of this squeeze film. The effect
of viscosity of synovial fluid, permeability of articular cartilage and the thickness of fluid film on the
characteristics of squeeze film are studied. These parameters affects the properties of fluid film significantly.
We studied the effect of squeeze velocity, fluid film thickness, permeability of articular cartilage and the
viscosity of synovial fluid on pressure. We also studied the effect of squeeze velocity, permeability of articular
cartilage and viscosity of synovial fluid on the load capacity. It is been observed that the pressure in the squeeze
film increases with an increase in the viscosity of the synovial fluid and squeeze velocity of the articular
cartilages. On the other hand the pressure decreases when the permeability of the articular cartilages and the
thickness of the fluid film in between of the articular cartilages increase. The load carrying capacity (the ability
to sustain/bear load) increases with viscosity of synovial fluid and decreases with the increases of permeability
of articular cartilages. The variation of dimensionless load carrying capacity with dimensionless fluid film
thickness for different values of viscosity, dimensionless permeability and dimensionless squeeze velocity are
depicted in the figures. It has been observed by the profile shown in the figures that the load capacity decreases
as the dimensionless fluid film thickness increases. Also by observing the same figures it can be seen that the
load capacity increases with an increase in viscosity and dimensionless squeeze velocity, however the load
capacity decreases when the value of dimensionless permeability increases. It is also observed that the squeeze
time does depend on the viscosity of synovial fluid and the thickness of articular cartilages of the knee joint.
Squeeze time decreases when the value of the thickness of the articular cartilage increases, while it decreases
as the length of the articular cartilage increases. On the bases of the results obtained in this paper, we might get
a good insight into the condition of the diseased human knee joint. The diseased human knee joint goes under
various types of biochemical and biomechanical changes and due to these conditions the permeability of
articular cartilages increases, while the viscosity of synovial fluid decreases. The pressure in knee join is more
during exercise and diseased conditions in comparison to the resting and normal conditions. Due to this
increased pressure, hypoxic reperfusion free radicals generate in knee joint resulting in the damage of articular
cartilage tissue and therefore the increased pressure is a marker of chronic joint disease. We already observed
that pressure increases when squeeze velocity and viscosity increases, which clearly shows that during
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movement and disease pressure increases, on the other hand pressure decreases when film thickness and
permeability increases which also, verify the diseased and mobility condition. Therefore we can conclude that
the mobility of the human knee joint decrease in the diseased condition due to an increase in pressure. It can
also be conclude that the ability of the human knee joint to bear loads decreases in diseased condition and
increases during movement, as the permeability is more and viscosity is less in disease conditions while the
squeeze velocity is more during movement. Squeeze time increases in diseased joints as it decreases with the
thickness of articular cartilage and the viscosity of synovial fluid, and these values decrease in the diseased
condition of the human knee joint.
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Nomenclature

u;, v;  — Velocity of Synovial Fluid in Fluid Film

u, v, — Velocity of Synovial Fluid in Articular Cartilage
V. V; — Velocity of Synovial Fluid at Interface

@1, @, — Permeability of Articular Cartilage

Qx, Q, — Synovial Fluid Flux

x, y, z — Cartesian Co-Ordinate

M, = /(#,L(pl), and M, = /(N'L%)

B(x) — Normal and Dimensionless Pressure

W, - Normal and Dimensionless Load Capacity

T, - Dimensionless Squeeze Time

h - Fluid Film Thickness

H — Articular Cartilage Thickness

w — Velocity of Synovial Fluid along Fluid Film Thickness
Vs — Squeeze Velocity

L, — Length of Articular Cartilage
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