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Abstract 

Fatigue is the foremost failure cause in structural mechanics, in this paper the dynamic crack growth due to 

multi-axial cyclic loading for thin plates was studied. The material of plates used are aluminum alloys and the 

fracture mechanics of the cracks propagated are considered, the operating life of materials is studied via the a-

N curve. The experimental work was performed using a new suggested test rig, which was designed to apply 

the cyclic shear load (zero-based and repeated) and constant tension. Furthermore, the stress intensity factor, 

Kc, for modes I and II, the Paris Law parameters (i.e. c and m), and the da/dN crack growth per cycle were found 

experimentally. These are used in analyzing the problem using ABAQUS software. The speed of crack 

propagation, at the secondary stage of the crack life, is found analytically, numerically, and experimentally. The 

validity of the results is approved by comparing the numerical with the experimental one.  

 

1. Introduction 

Aluminum alloys are widely used in space structures [1, 2]. To study the crack propagation in the structural 

elements, it is necessary to have good knowledge about the stress distribution near the crack tip and how fast 

the crack propagated under the applied loads under time or cycles. Typically experiments show that the crack 

growth rate is constant during time excluding the last unstable stage [3]. Cracks (or microscopic defects) may 

be due to physical defects during the production process, so it is unavoidable and should be taken into account 

[4]. This may cause structural failure as they grow over time. Detecting these defects in the member doesn't 

mean that no longer use this part safely anymore. Therefore, crack propagation learning enables us to know how 

long the cracks may reach a critical value. In this work, a test rig that can apply multiaxial cyclic load was 

designed and used to satisfy these requirements. The manufacturing of this rig is mainly based on two design 

factors, the first one is functionality, while the latter is the specimen configuration [5, 6]. Pre-existent central 

cracks were studied in a plate that was subjected to different loading, i.e. uniaxial or multiaxial, in the proposed 

specimens the crack grow non-uniformly, at both sides, per cycles (da/dN) and/or direction [7-9]. This is due to 

mixed-mode conditions [8]. In this work, a central crack under multiaxial cyclic loading for aluminum alloys 

was studied theoretically, numerically, and experimentally. 

 

2. Theoretical Analysis 

In this section, the theoretical analysis for studying the dynamic crack growth under multi-axial cyclic loading 

is considered. A crack of length 5 mm and width 1mm was created by a wire-cut machine and located 35 mm 

from the end of the shear load grippers, as shown in Fig. 1. Considering Griffith energy criterion with an 

infinitely large brittle material plate that contains a single sharp through-crack is assumed [10], Fig. (1). 
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Figure (1) the theoretical solution for non-proportional multiaxial loading 

 

 

Figure (2) The multi-axial cycling loading principle stresses are expressed as [11]: 

 

𝐾𝐼 = 𝜎𝑛√𝜋𝑎------------------------------------------------------------   (1) 

𝐾𝐼𝐼=τ√𝜋𝑎---------------------------------------------------------------   (2) 

𝜎𝑛 = 𝜎𝑐𝑜𝑠2 ∝-----------------------------------------------------------  (3) 

𝜏 = 𝜏𝑥 sin∝ cos∝----------------------------------------------------------   (4) 

𝜎1,2 =
𝜎𝑥+𝜎𝑦

2
± √(

𝜎𝑥−𝜎𝑦

2
)2 + 𝜏𝑥𝑦

2 -----------------------------------  (5) 

These stresses correspond to a plane expressed as: 

tan 2𝜃𝑝 =
2𝜏𝑥𝑦

𝜎𝑥−𝜎𝑦
     -----------------------------------------------------  (6) 

The principal stresses for the present study are: 

𝜎1,2 =
𝜎

2
± √(

𝜎

2
)2 + (𝜏𝑥𝑦 sin(

𝜔𝑡

2
))2     -------------------------------  (7) 

These stresses correspond to a plane expressed as: 

tan 2𝜃𝑝 =
2(𝜏𝑥𝑦 sin( 𝜔𝑡/2))

𝜎
   --------------------------------------------  (8) 

According to equation (3) the angle of inclination of the principal plane is varied depending on 𝜔𝑡. As the crack 

orientation in the plate along the y-axis, therefore the crack orientation coincides with the plane of principal 

stresses, i.e. angle 𝜃𝑝, as shown in Figure (4). 
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Figure (3)Plate subjected to biaxial stresses with inclined crack 

 

If  𝜎2 = 𝛼𝜎1 , (𝜎2 is compressive stress), therefore, for modes I and mode II, the stress intensity factor are 

represented by the following: 

𝐾𝐼 =
𝜎1√𝜋𝑎

2
{(1 + 𝛼) + (1 − 𝛼)cos 2𝜃𝑝}  -----------------------------------  (9) 

𝐾𝐼𝐼 =
𝜎1√𝜋𝑎

2
{(1 − 𝛼)sin 2𝜃𝑝}   -----------------------------------------------  (10) 

∆𝐾𝐼 = 𝐾𝐼𝑚𝑎𝑥 − 𝐾𝐼𝑚𝑖𝑛 -----------------------------------------------   (11) 

∆𝐾𝐼𝐼 = 𝐾𝐼𝐼𝑚𝑎𝑥 − 𝐾𝐼𝐼𝑚𝑖𝑛 -----------------------------------------------  (12) 

The maximum values of 𝐾𝐼𝑚𝑎𝑥 and 𝐾𝐼𝐼𝑚𝑎𝑥 are found at sin 𝜔𝑡 = 1, while the minimum values correspond to 

sin 𝜔𝑡 As a result, [11]: 

∆𝐾𝑒𝑞 = √∆𝐾𝐼
2 + ∆𝐾𝐼𝐼

2   --------------------------------------------------  (13) 

Using Paris law; the crack growth can be expressed as: 

𝜕𝑎

𝜕𝑁
= 𝐶 (∆𝐾𝑒𝑞)𝑚  ------------------------------------------------------------ ( 41 ) 

𝜕𝑎

𝜕𝑁
 was measured experimentally, and C and m are obtained for the present loading by plotting log 

𝜕𝑎

𝜕𝑁
  against 

log ∆𝐾𝑒𝑞 ,  the slope of the line represents m, and C  can be found from the intersect of the line with the log 
𝜕𝑎

𝜕𝑁
 

. Using equation (3-10),  by taking in the consideration the value of (N) number of revolutions per minute. 

 

 Table 1: Mechanical properties of Al-7050 

E  

(GPa) 

𝜎𝑦  

(MPa) 

(𝜎𝑢)  

(MPa) 

Poisson’s 

ratio(𝜈) 
Density (𝜌) kg/m3 

73.3 325 360 0.33 2.726 

 

Table 2 : Mechanical properties of Al-7075 

E  

(GPa) 

𝜎𝑦  

(MPa) 

(𝜎𝑢)  

(MPa) 

Poisson’s 

ratio(𝜈) 
Density (𝜌) kg/m3 

81.5 486 560 0.33 2780 
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3.Analytical Solutions  

 

Figure (4) 

 

 

Figure (5) 

 

Figure (6) 
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Figure (7) 

 

4. Experimental Work 

In the present work, a test rig is specially designed and manufactured for applying multi-axial cyclic loads. Two 

aluminum alloys were used, 7050 as well as 7075, as testing plates, their dimensions were 150 mm long, 25 mm 

width, and 2 mm thickness. The chemical composition and tensile tests were performed for these plates. An 

incision of a length of 5 mm was made in the middle of the plates to study the crack propagation experimentally.  

The experimental value of the intensity factor Keff for Modes I and Mode II (crack length 2a =5mm) was 

obtained and used. Paris Law constant (C and m) were evaluated using a digital Camera (Dino) that used for 

finding Log (da/dN), Log (K) for these plates were calculated theoretically as shown in Table 2. Keff for mode 

I was found applying a tensile load at a speed of 0.01mm/sec. Dino Camera was fixed at the test rig to monitor 

the cracks growing. Keff for mode II was also calculated. New grippers were designed to apply the corresponding 

shear load. The test rig was designed and manufactured for applying the multiaxial cyclic load this enables to 

study of the fracture mechanics in the three modes. Mode I (opening the crack) corresponds to in-plane tension 

loads, Mode II is for shear and Mode III for tier loads. In this study, linear elastic fracture mechanics are 

considered for Mode I and II (plane stress). A constant tension load of 30 MPa is applied, while the cyclic 

loading is considered as shear one; the shear load fluctuates from Zero to the maximum value of 80 MPa. These 

forces are applied via a mechanism that is specially designed for this purpose, the speed of the Three-Phase AC 

motor (2HP and 3000 r.p.m) is controlled, the motor is connected to the crankshaft via V-belt, the motion is 

transmitted to slot link to apply the shear force via shear’s gripper, a dial gauge is fixed at its end, as shown in 

Fig. 6. A constant tension load is applied by a manual hydraulic pressing machine via a tension Gripper. Another 

gripper is secured on the sliding base, as shown in Fig. 6. 

 

Figure (8) Multiaxial load cyclic load mechanism 
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Fig (9) Close view of Grippers 

 

Figure (10) Top view of Multi-axial Cyclic load Machine 

 

The procedure of testing are: firstly apply 30 MPa constant tension, then tightened the grippers of the shear 

load, after that the motor speed is adjusted to 1000 r.p.m, the speed was measured via a Tachometer, which was 

used for reading the rotational speed of the crankshaft). A dial gauge was secured at the end of shear grippers, 

the reading of the dial gauge was performed via a slow-motion video camera that records it during working (0.2 

mm repeated). The crack was cutted at one-third of the used samples, the crack dimensions: 0.7 mm width, 5 

mm length, and 2 mm depth, 

 

5. Results:  

In this section of the research ;the results that obtained from capplaing nonproportional cycling loading on the 

7050 and 7075 with different thickness of 1 dnd 2 mm which have been solved theoretically using analytical 

and numerical analysis and then experimentally to verified the results for finding the velocity of crack 

propagation and the equation of dynamic crack growth by using ∆𝐾𝑒𝑞. From fig(11) Which gives the relation 

between theoretical. experimental and the numerical results for (a-n) (a-dk);(a_dk) and (da/dn –dk) ; have been 

shown that have illustrate the behavior of the crack growth to be low number of cycles when compared with the 

figures (12) While the effect of the principle stress and depend on the value of where (𝛼) the theoretical and 

numerical results have very closed results when compared with each other. Also in fig(13)  Shows  the effect of 

different material properties on the same thickness of 2mm and have significant effect and more pronounced 

when the crack is 45 dig for move non operational angle   (14)  

And this is because the brittleness and low toughness for the material on the dynamic crack growth and the 

direction of extended crack when there is move effect the ration of ( 𝜎𝑛  )  to the ( 𝜏𝑛  )  which depend on the 

stress ratio ( 𝜎/ 𝜏 ) siuwt and on the value of the maximum amplitude of the cycling shear stress so that the value 
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of the constant for the elecdi on between the (da/dn) with ( ∆𝐾𝑒𝑞) will vary and depend on the rate of increase 

which have obtained from the slope of a with dk and an/dn with dk for fig(15) shown the dependent of the 

thickness of the specimens on the crack propagation which will increase the ratio of (  𝜎/ 𝜏𝑠𝑖𝑛𝑤𝑡  ) but for the 

same time the behavior of the crack growth will be move near to the elastic – plastic and then the blanded of the 

crack tip will change the direction of the crack growth and have more cycles when compared with the same 

material of thickness 2mm in this study the main object is to find the constants of the relation da/dn with dk and 

the rate of increase in its values when the crack is inclined with angle 45 which is move effect on the results. 

 

6. Conclusion 

Dynamic crack propagation is importance for designing members that subjected to cyclic loading. Application 

of cycling load occurs in automobiles cylinder, aircraft wings, bridges, and machines structures. Prediction of 

such a complex behavior especially when the parts are subjected to multi-axial cyclic loading is a task that 

requires extensive experimental and theoretical work. Experimental investigations of the present work were 

performed on aluminum alloys plate series 7050 and 7075 with a central crack.  The plates are subjected to a 

cycling shear load combined with constant tensile stress, the stress coefficient depends on the crack rate that is 

affected by the stress at the crack tip. The cyclic loading has a great effect on the crack growth, especially when 

the part or members are subjected to multi-axial cyclic loading. To study this problem a test rig was designed 

and manufactured to apply cyclic shear load accompanied with constant tension. This device enables the 

monitoring of the crack growth and calculating the critical stress intensity factor ∆Kc for modes I and II. 

Theoretical works included modifying the dynamic crack growth equation of that modified to account for multi-

axial cyclic loading to predict the a-N curve. Alternatively, numerical analysis, via ABAQUS software, enables 

the simulation of the crack model and finding crack growth using the Paris Law parameters (c, m, ∆K, and 

da/dN).  

 

7. Disclosure 

The ABAQUS Program and MATLAB software were used in this study. 

 

 

 

Figure (11) Crack Length .No. Of Cycles Al 7050  t (2mm) (a-n) 
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Figure (12) Crack Length .No. Of Cycles Al 7050 t (2mm) (45 deg) (a-n) 

 

 

 

 

Figure (13) Crack Length . No. Of Cycles Al 7050 t (1mm) (a-n) 

 

 

 

 

Figure (14) Crack Length . No. Of CyclesAl 7075 t (2mm) (a-n) 
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Figure (15) Crack Length . No. Of CyclesAl 7075 t (2mm) (45 deg) (a-n) 
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