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magnet in the rotor, whose back electromotive force is a sine
wave and a trapezoid. The latter of these is called a brushless
DC motor[1,2]. DC motors are widely used because they have
relatively high efficiency compared to small size and have
properties suitable for speed and position control[3].
However, the only drawback is that it has mechanical
switches called brushes and commutators. Since the brush is
moving the commutator at high speed, graphite or metal
powder is scattered around the abrasion of the brush and
commutator segments[4]. In addition, it is environmentally
vulnerable due to the problem of sparks occurring between
the brush and the commutator[5].
The BLDC motor is designed to increase durability and
suitable for high-speed rotation by removing the brush part
inside the general DC motor. In addition, it does not increase
noise or degrade performance even when used for a long time
compared to general motors, and it is economical due to its
precise speed control and high energy efficiency[6,7]. AC
motors have long durability and high noise and power
consumption. DC motors have short durability, but low
power consumption and high noise. The BLDC motor, which
complements the characteristics of the two motors, is semipermanent in terms of durability, produces low noise, and
consumes very little power. AC motors can only operate in
one direction, whereas DC motors and BLDC motors have
the characteristic of being able to operate in both directions.
As such, compared to AC motors, Also, BLDC motors have
the advantages of low noise, accurate control, low heat
generation and high durability[8,9]. BLDCM is a type of
synchronous motor that applies AC voltage to the three-phase
stator winding by switching the inverter to the DC voltage by
the position detector. However, unlike general synchronous
motors, BLDCM uses an AC voltage generated by an inverter
as a power source, so the power source contains many
harmonics. On the other hand, it has the advantage of
controlling the phase angle of the applied AC voltage by
adjusting the switching timing of the inverter[10].
In this study, a switching mode instead of a commutator using
six inverters to drive a BLDC motor was presented. A cutset
equation was established for each switching mode and a
system graph was presented. In addition, a state equation
expressed as a differential equation for the switching mode
was established and analyzed by the Runge-Kutta method. As

Abstract
BLDC motors offer several advantages over brushed DC
motors, including phase angle control of an applied AC
source, more torque per weight, more torque per watt,
increased reliability, reduced noise, longer lifetime,
elimination of commutation sparks from the commutator,
and overall reduction of electric and magnetic
interference. A brushless direct current motor(BLDCM)
has rotating permanent magnets and a fixed armature,
eliminating problems associated with supplying current
to the moving armature. An electronic switching
controller replaces the brush and commutator assembly
of the BLDCM, which continually switches the phase to
the armature windings to keep the motor operating. This
work represents a modeling scheme to analyze the
characteristic of the BLDC motor according to variation
of firing angle. A cutset equation was established for each
switching mode and a system graph was presented. In
addition, a state equation expressed as a differential
equation for the switching mode was established and
analyzed by the Runge-Kutta method. In this paper, the
rotation speed of the brushless DC motor is assumed to be
constant, and the counter electromotive force of the stator
winding is assumed to be a sinusoidal wave. Also, a line
current, phase current of the winding and developed
torque are calculated and harmonic analysis for winding
current is performed according to various firing angle of
applied source. In the future, verification through
comparison of numerical analysis results with
experimental results is required.
Keywords: Brushless dc motor, Firing angle, Harmonic
analysis, Phase angle control, Torque.
1. Introduction
AC motors used for control in industrial sites can be classified
into induction type and synchronous type. Among them, the
synchronous type motors used for small and medium capacity
have the control performance of DC motors and the
robustness of AC motors. There are two types of permanent
magnet type synchronous motors that include a permanent
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a result the harmonic current and torque characteristics
according to the phase angle control were analyzed for each
of the stator windings (armature windings) of a BLDC motor
in delta(Δ) connection.

structure as a three-phase synchronous motor in which the
rotor is a permanent magnet and a three-phase winding is
wound around the stator. There are two methods of driving a
synchronous motor of this structure with DC. When operating
with a three-phase synchronous machine, the three-phase
bridge switching is performed by a signal from the outside,
but in a BLDC motor, the switching of the transistor detects
the position of the rotor and operates the same as a DC motor.
In Figure 1, since the stator winding is three-phase, when
operated as a DC motor, it is the same as a DC motor with
three commutator elements[11,12]. Therefore, to erase the
commutator, two switching elements are required for each of
the u, v, and w terminals connected to each commutator
segment.

2. Characteristic Equations according to Operation Mode
In this chapter, the driving of the motor by the inverter is
explained and the state equation for a specific mode is
derived. In addition, the current relational expression
according to the switching mode and simulation flow chart
are presented.
2.1. Analysis modeling
A three-phase bridge type BLDC motor has the same

Figure 1. Two pole three phase brushless DC motor driving circuit
of the harmonic current component and generated torque
The winding of the stator can be either Δ connection or Y
according to the phase angle control. The order of switching
connection, so in this study, a brushless DC motor was
varies depending on the purpose of the motor, but the most
modeled mathematically for each case of Δ connection. In
basic truth table is shown in Table 1.
addition, it is intended to analyze the variation characteristics
Table 1: Truth table for inverter
Mode
Tr.
I
II
III
IV
V
VI
I
Tr1
1
1
0
0
0
1
1
Tr2
0
0
1
1
1
0
0
SW Open/Close
Tr3
0
1
1
1
0
0
0
1 : ON
Tr4
1
0
0
0
1
1
1
0 : OFF
Tr5
0
0
0
1
1
1
0
Tr6
1
1
1
0
0
0
1
U
E
E
0
0
0
E
E
Potential
V
0
E
E
E
0
0
0
at U, V, W
W
0
0
0
E
E
E
0
U-V
E
0
-E
-E
0
E
E
Terminal voltage
V-W
0
E
E
0
-E
E
0
W-U
-E
-E
0
E
E
0
-E
Figure 2 is the circuit shown to explain the overall operation
of the operation characteristics of the 2-pole 3-phase
BLDCM. It shows that a switch and a unidirectional diode are
used to carry out current, just as a brush and a commutator
perform a commutation operation in a DC motor. According
to the truth table in Table 1, even if the switching for each
mode is changed, the mechanism by which the flow of current
in the BLDCM is changed through these repeated operations
can be known.
As shown in Figure 2, in BLDCM, the reference position of
the permanent magnet rotor is the position where the largest
Copyrights @Kalahari Journals

induced voltage is generated in the u-coil, that is, the position
where the permanent magnet rotor is placed in a direction
perpendicular to the u-coil as the reference position. When
the reference position is set in this way, the induced voltage
equation is as shown in (1).
𝑒𝑢 = 𝐾𝜔 𝑠𝑖𝑛(𝜃 + 𝜋/2 − 𝜃0 )
𝑒𝑣 = 𝐾𝜔 𝑠𝑖𝑛(𝜃 + 𝜋/2 − 𝜃0 − 2𝜋/3)
𝑒𝑤 = 𝐾𝜔 𝑠𝑖𝑛(𝜃 + 𝜋/2 − 𝜃0 + 2𝜋/3)
(1)
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Figure 2. Operating characteristics circuit diagram of
BLDCM
2.2 Analysis system for switching mode I
As shown in the truth table, the first interpretation mode is the
moment from mode VI to mode I, and Tr1, Tr4, and Tr5 are
in the ON state. Then, Tr5 is turned off and Tr6 is turned on.
Figure 3 shows the operating circuit and system graph in
mode I.

a) Circuit
b) system graph
Figure 3. Operating circuit and system diagram
flowing in and out through this closed surface is zero. This is
The terminal voltage equation in mode I is expressed as (2).
the same as KCL(Kirchhoff’s Current Law) and is called the
cutset equation.
𝑒𝑢
𝑉𝑢
𝑅 + 𝐿 𝑝 −𝑀 𝑝
−𝑀 𝑝
𝑖𝑢
𝑖𝑢1 + 𝑖𝑢 − 𝑖𝑣 = 0
{ 𝑉𝑣 } = [ −𝑀 𝑝 𝑅 + 𝐿 𝑝 −𝑀 𝑝 ] { 𝑖𝑣 } + { 𝑒𝑣 }
𝑒
𝑖𝑤1 + 𝑖𝑣 − 𝑖𝑤 = 0
𝑉𝑤
−𝑀 𝑝
−𝑀 𝑝 𝑅 + 𝐿 𝑝 𝑖𝑤
𝑤
(5)
(2)
If the above cutset equation is expressed in matrix form, it is
as shown in (6).

Here, p is a differential operator and means d/dt. When
KVL(Kirchhoff’s Voltage Law) is applied to the three closed
loops in the system graph of Figure 3(b), it is as shown in (3).
−𝑉𝑤1 + 𝑉𝑤 = 0
𝑉𝑢1 + 𝑉𝑢 = 0
𝑉𝑢1 − 𝑉𝑤1 + 𝑉𝑣 = 0

1
[
0
(3)

𝑉𝑢1
𝑉𝑤1
0
0 ] 𝑉𝑢 = 0
𝑉𝑣
1
{ 𝑉𝑤 }
(4)
A cutset matrix is a minimum equation set of branches of a
connected graph such that the removal of these branches
causes the graph to be cut into exactly two parts. If a closed
surface is taken for any node, the algebraic sum of currents
−1
[1
1

0 1 0
−1 0 1
0 0 0
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0 1
1 0

−1
1

𝑖𝑢1
𝑖𝑤1
0
] 𝑖𝑢 = 0
−1
𝑖𝑣
{ 𝑖𝑤 }
(6)

Applying KVL and KCL to the cutset circuit to express the
terminal voltage equation is as follows.
𝑉𝑢1
𝑅+𝐿𝑝
{ 0 } = [ −𝑀 𝑝
−𝑉𝑤1
−𝑀 𝑝

−𝑀 𝑝
𝑅+𝐿𝑝
−𝑀 𝑝
(7)

𝑒𝑢
−𝑀 𝑝
𝑖𝑢
−𝑀 𝑝 ] { 𝑖𝑣 } + { 𝑒𝑣 }
𝑒𝑤
𝑅 + 𝐿 𝑝 𝑖𝑤

Since it is in the form of a differential equation of the voltage
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equation, it is necessary to slightly change the form of the
equation to interpret it. If the inductance and the resistance
are separated and the derivative term is transposed to the left
side using its inverse matrix, the terminal voltage equation is
as shown in (8).

according to mode and shows the cutset location and circuit
diagram.

𝑖𝑢
𝐿
−𝑀 −𝑀 −1 𝑅 0 0 𝑖𝑢
𝑝 { 𝑖𝑣 } = − [−𝑀
𝐿
−𝑀] [ 0 𝑅 0 ] { 𝑖𝑣 } +
𝑖𝑤
−𝑀 −𝑀
𝐿
0 0 𝑅 𝑖𝑤
𝑒𝑢
𝑉𝑢1
𝐿
−𝑀 −𝑀 −1
[−𝑀
𝐿
−𝑀] ({ 0 } − { 𝑒𝑣 } ) (8)
𝑒𝑤
−𝑉𝑤1
−𝑀 −𝑀
𝐿
If the stator winding of the motor is Δ connection, the line
current of the combination of phase currents can be
calculated. The following is the relationship between phase
current and line current for mode I.

(a) Mode I (6→1)

(b) Mode II (1→2)

(c) Mode III (2→3)

(d) Mode IV (3→4)

𝑖𝑢𝑙 = −𝑖𝑢1 + 𝑖𝑤1
𝑖𝑣𝑙 = −𝑖𝑢1
𝑖𝑤𝑙 = − 𝑖𝑤1
(9)
By constructing the cut-set equation for each mode using the
above algorithm, the current characteristics for each phase
can be calculated. When BLDCM is driven with square wave
voltage, the characteristics of current and back electromotive
force also change every 60°. Since the torque occurs in U, V
and W phases, the generated torque is as follows.
𝑇𝑒 = 𝑇𝑢 + 𝑇𝑣 + 𝑇𝑤 =

(𝑒𝑢 𝑖𝑢 + 𝑒𝑣 𝑖𝑣 +𝑒𝑤 𝑖𝑤 )
𝜔𝑟

(10)
2.3 System graph and current definition for other switching
sequences(mode II – VI)
Depending on the switching sequence, the ON and OFF of
(e) Mode V (4→5)
(f) Mode VI (5→6)
Transistor can be determined and an equation can be
established at each cutset. Also, by substituting this cut-set
Figure 4. System diagrams according to operation mode
equation into the terminal voltage equation, a differential
equation can be established that can calculate the
characteristics of each mode. Figure 4 is a system graph
Table 2: Line current expression according switching mode
Mode I
Mode II
Mode III
𝑖𝑢𝑙 = −𝑖𝑢1 + 𝑖𝑤1
𝑖𝑣𝑙 = −𝑖𝑢1
𝑖𝑤𝑙 = − 𝑖𝑤1
Mode IV

𝑖𝑢𝑙 = 𝑖𝑤1
𝑖𝑣𝑙 = 𝑖𝑣1
𝑖𝑤𝑙 = −𝑖𝑣1 − 𝑖𝑤1
Mode VI

Mode V
𝑖𝑢𝑙 = −𝑖𝑢 − 𝑖𝑤1
𝑖𝑣𝑙 = 𝑖𝑢1
𝑖𝑤𝑙 = 𝑖𝑤1

𝑖𝑢𝑙 = − 𝑖𝑤1
𝑖𝑣𝑙 = −𝑖𝑣
𝑖𝑤𝑙 = 𝑖𝑣1 + 𝑖𝑤1

Table 2 shows the line current for each switching mode using
the parameters of the cutset equation. The current
characteristics in the time domain can be calculated using the
relationship between the phase current obtained from the state
equation and the cutset equation, and the generated torque of
the motor can be calculated using this current.
Copyrights @Kalahari Journals

𝑖𝑢𝑙 = −𝑖𝑢
𝑖𝑣𝑙 = 𝑖𝑢1 + 𝑖𝑣1
𝑖𝑤𝑙 = − 𝑖𝑣1

𝑖𝑢𝑙 = 𝑖𝑢1
𝑖𝑣𝑙 = −𝑖𝑢1 + 𝑖𝑣1
𝑖𝑤𝑙 = 𝑖𝑣

2.4 Flowchart for numerical analysis
The winding of the stator can be either Δ or Y connection, so
in this study, a brushless DC motor was modeled
mathematically for the case of Δ connection. As the first step
in the analysis, parameters such as voltage, current and
inductance are set and the firing angle to be analyzed is
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determined. Second, a cut set equation is established and a
system matrix for analysis is constructed. Third, the
differential equation is solved using the Runge-Kutta method,
and then the phase current and the line current are obtained.
Also, the torque is calculated using the back electromotive
force and current. The system of differential equations is
repeatedly analyzed until a steady state is reached by
adjusting the time (dt) of the differential equation. Harmonic
analysis is performed on the results obtained through Fourier
series analysis. Finally, if this whole process is repeatedly
performed by changing the firing angle, current and torque
characteristics according to the firing angle change can be
obtained, and the harmonic spectrum of this result can be
analyzed. Figure 5 shows the flowchart of the numerical
analysis for Δ connection BLDCM.

Figure 5. Flowchart for simulation
3. Numerical Results
The steady state characteristics of BLDCM were analyzed
through computer simulation for each operation mode. Here,
the rotor speed is constant and the back electromotive force
is a sine wave. In this study, the firing angle of BLDCM was
set to 0[Deg.] and the firing angle of maximum torque
generation was set to 30[Deg.]. As analysis results, voltage,
current, harmonic spectrum and torque waveforms were
analyzed. Table 3 shows the circuit constants and rated
specifications of the motors used in the analysis.

Spec.

Table 3: Simulation specification
Value
Spec.

Value

No. of phase

3

2

Rated voltage

125 [V]

No. of poles
Rated current

Rated speed

2,500 [rpm]

Rated torque

7.25[kg-cm]

Self-inductance

16 [mH]

Mutual-Inductance

4.8 [mH]

Emf constant

0.021[v/rpm]

Resistance per phase

3.61 [Ω]

line current is slightly larger than the phase current. Figure 7
shows the generated torque waveform, which reached the
steady state through the transient state. The torque is
pulsating with a certain period constant in a steady state.

Figure 6 shows the phase current and line current when the
BLDCM is Δ-connected and the firing angle is 0[Deg.]. As
the current waveform enters the steady state, it can be seen
that the three phases are balanced and the magnitude of the

Copyrights @Kalahari Journals

3.3[A]

Vol. 6 No. 8(October-December, 2021)
International Journal of Mechanical Engineering
778

a) Phase current
b) Line current
Figure 6. Current waveform (Δ connection, firing angle = 0)
angle = 0)
Fig. 8 shows the analysis result of phase current and line
current in case of delta connection and firing angle is 30
[Deg.]. The results of the current analysis show that two types
of current are larger than when the firing angle is 0. Figure 9
shows the torque generated in case of firing angle of 30
[Deg.], which is also much larger than that of firing angle of
0 [Deg.]. The period of the torque waveform appears constant
even when the firing angle is changed.

Figure 7. Torque characteristics (Δ connection, firing

a) Phase current
b) Line current
Figure 8. Current waveform (Δ connection, firing angle = 30)
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Figure 9. Torque characteristics (Δ connection, firing
angle = 30)
Figure 10 shows the results of characteristic analysis while
changing the firing angle from 0 to 40 [Deg.]. The phase
current, line current and torque of the delta connection are
shown, and when the firing angle is 30 [Deg.], the current and
torque are the largest.

Figure 10. Operating characteristics according to firing
angle (Δ connection)
4. Conclusion
When the BLDCM, whose back electromotive force is a
sinusoidal wave, is driven by a square wave voltage by a
voltage source inverter, the change characteristics of the
current component and the generated torque according to the
phase angle control of the motor are analyzed. Also, when the
firing angle, which is the phase angle between the applied
voltage and the counter electromotive force, was adjusted to
0° and 30°, which generates the maximum torque, the
winding current, line current, RMS values of current and
torque characteristics were analyzed. As a result of
simulation, it can be seen that it can be a good reference
material for the application and control of BLDCM by
analyzing and comparing the change characteristics of the
current characteristics and the generated torque according to
the phase angle control.
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