ISSN: 0974-5823 ol. 7 No. 2 February, 2022

International Journal of Mechanical Engineering

COLINEAR APPROXIMATION IN TERMS OF GENERALIZAL
WEIGHTED MODULUS OF SMOOTHESS IN Lp SPACES

Nada Sadiq Abbassl
Eman Samir Bhaya2
1Ministry of Education, General Directorate of Education in Babylon, IRAQ.
2University of Babylon, College of Education for Pure Sciences, Babylon, IRAQ.

ABSTRACT

Many direct theorems introduced on the unconstrained approximation from 1886 up to now. But very little result introduced
about the linearity preserving approximation here we introduce a Jachson type theorem for linearity preserving approximation for
linear and positive functions in Lp spaces for 0 < p < 1 .our results are in terms of the weighted. Modulus of smoothness of the
second order

1- Introduction
Let Lrpo,11 be the space of all real measurable functions on [0, 1] defined by Lep={f:[0,1] = R: ||f|lp < o}, where ||f ||, =

1
(f: |f|p)p and Q(0, 1) the class of nonnegative functions ¢ € Lp 4] Which are strictly positive on (0, 1), and such that @Zis
concave

If pe Q(0, 1) and s > 0 defined then terval

I(p,s) ={x€(0,1):0<x—sp(x) <x+splx)<1}

I(p) = {s > 0:1(p,s) # p}and h, = (2¢(1/2))™"

For o € Q (0, 1), f€ Lpp,1y and h € (0, he ] the weighted second-order

modulus is defined by (Ditzian and Totik [11] )

_ Sup
0f (0= 2 ¢ < pIf & =50 = 2f(0) + F& +50()) llip(1cpm) (1)
IN Looo,17 We Write w3 (f, h)
The modulus (1) has been used to present estimates in approximation theory. Let us recall some of them. For n > 1 and
f € Lppo, the Bernstein operator B, is defined by

n n
_ N\ grq_ n-kg(k
B(f. 0= ) ()t —om*r(X).xe [01]
k=0
Note that B, (f) is a polynomial of degree at most n,Also it easy to see that

(Ba(N)(0) = £(0)  (B.(N)(D) =f(1)
In [10], Ditzian proved that for a € [0, 1/2] and ¢(x) = (x(1 — x))* there exists a constant C, , such that, for f € Lepp,1; and x € (0,

1)
Jx( - x))
P

If ) = By (f .0, < Cpo (f (2)

"V e(x)

This result unifies the classical estimate for a = 0 (Strukov and Timan [6]) with the norm estimate for o= 1/2 (Ditzian and Totik
[11, p. 117]). In [7] Felten proved (2) holds if ¢ € Q(0, 1). On the other hand, in [4] Gavrea et al. verified that

1
IF =Bl < 307 (£, 72)
p
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for p(X) = /x(1 — x). This last estimate improved some others given in [5,3 ,2]. In fact the main result of [4] provides an
estimate for positive linear operators that preserve linear functions. The result was improved in [8]: if L: Lppo1y — Lepy iS a
positive linear operator, f € Lepo,11, 0 <h < 1/2 and x € (0, 1), then

|L(e1—xx)| 3 L((e1—x)?%x)

e e OGO
In this paper we shall improve and generalize the main resultsin [ 4] Or (3) for ¢ in
20,1) ={¢:9x) =0,x €(0,1),0 € Lpjyq)} we use a proof similar to that in [7] and f € LP[0,1] for0 <P < o
Weuse A(p,h) ={x € (0,1]:hep(x) <x}, a, =inf(A(p,h)
B(p,h) ={x€[0,1):hp(x) <1—x}and b, = sup(B(<p, h)),

Where ¢ € 2(0,1)and h € (0, hy,). For each x € [0,by], the increasing chain ({y,},{Z,}) associated to (x.h) is defined as
follows .

[Ifx) = LE ), < [f()]11 — L(eg, x)| + of (£, h), + (1 +

LetZy =x,y; = x + ho(x),If y;, =1 — he(1) the constructionends in y, . If y; <1 — he(1),
and

A(f,a,%,b) = 1 (@) +5=of (b) — f (x)
2- Auxilary Results
In this section we give the results that we need in our proofs
Lemma 2.1 [1]
Let ¢ : [0,1] — R be a concave positive function
(1) If 0<a<1,Thenthe function M,(a,o)decreases
on (a,1].
(2)1f0 <c <1,Then N,(c,o0) increases on [0,c)Moreover

foro<a<c<1. max{p(a), ()} <2¢((a+c)/2)
(3) The limits m@ and ’133}“1’%)
Exist (finite or infinite)
@ Ifc—a<2hpla+c)/2)anda<u<v<cThen
v—u < 2ho(u+v)/2).
Lemma 2.2[1]
Q) Ifd < by, <y;,Then ¢(x) < 2¢(d)and
) Ify, <by,and y; + he(y;) <t
Then ¢ (x) < ¢ (y,) and % >2

Lemma 2.3[1]
If (t; — t;) > 2he(c) ands <1
Then x — sho(x) < by, — ho(by)

Lemma 2.4[9]
(%572 %)= G+ gy Lles = xea)”,x)

2 2hZp(x)
Lemma 2.5 [9]

e—xeq
h

1— 1
B(ey — xeg), x)= 0 < L

Lemma 2.6

Letp € 2(0,1),0<a <b <1, c=(a:—b)and x € [a, b]

If f € LP[O,l] Then
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b—a
o
lA(f,a,c,b)ll, < w; (g,w(c))p

Proof :-

o

Let g(x) =

— @+ = f(b) — ()

—a

L o

b— -
g@) = o f@+ — ) ~f@) =0 (1)
b—b

b —
gb) =p— @)+ c— ()~ () =0 @

of () = o - h _ s If(x—h0()) — 2660 +f (x +ho (x))IILPWS))

From (1) and (2) we get ®5 (g t)Lp(1(¢,s)) = w?(f't)LP(l((p,s))
From the defution of g, we can write

9(©) = -5 (g (@ —28() + (b))

Let Ny (C, z)— @

Since NQ, increasing for z € [0,1] we get ¢ <u

gl = IIMll, = [I—-gb) + Zg(X) —g(@x—=b)-M+g(2x-b)ll,

—a

w? (9, Q)(Tb)/z)

Lemma 2.7

If ® € 2(0,1), h€(0,h,), x € [an,b,] be increasing chain associated to (x,h) of length 1 and y, <1 —h®(1), f €
Lp[o,17 such That

f(x+ho(x)) =0=f (x +hd(x)) thenfor t € [y, 1]
IfOI, < 22 w(f 1),

Similarly if y, existand ¢ € [y;, y,]
Proof

( j FOF dx),, - = w2 o - o0 ) -
d
<[G=+33
<G ty5) (FG—t0@) = 2 f() + F(x + @)y
<IG ) Fo—t0) =2 £00 + fx + 0o
G @it h,

t—

) fx = t8(x) — 2f () + £ (x + B ()l

Lemma 2.8

letp € 2(0,1), he (0,hy,) and x € [ay, by,] be such that the increasing chain associated to (x,h) has length 1 and
y121-he(1)

IFf€ Lproqand f(x — ho(x)) =0 = f(x + he(x)) then

fort € [x + ho(x),1]

Ifll, < 2 =l (f,h),

L
y1
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Proof

let us denote d = (x + y,)/2

case 1:- Assume b, < d Notice that (y; —x) < 2(y, —by) and b, <y,
by using (3) of Lemma 2.1 t — b, <2 he (t + by)/2 then

IIf(t)IIp = (B2 o) + 252 F© = fOn) ) = 2 Bl

o 26— by =) f (2 = 9 () =20 @) + fGx + e ()|

<

Y1~
=42 25 £ - o) = 2£ (0 + fx + to () |
p
<@+ 25 fx = to(x) = 2f () + (x + tp(x)

< (1+2§1) W (f )y = 01 +25 D of(f,h),

Cas 2: Assume d< b, < y, byusing (1) of Lemma 2.2
—-d (t -V
—d'\t—d

||yl+d(2t —d=y)-fx—tex) = 2f(x) + f(x + t‘l’("))”p

t
IF@ll, < ”

- o)) -

bp)llp

t
< 2y—1 w?(f, h),
Cas 3: Assume that y, < by, and t< y; + ho(y,)as in lemma 2.6 we has
t—x (t—y Y1~ X )
Oll, < . t) — -
ol < |5 (7% L O - fO)

t—x 1t-
[G=5+ 2 5=5) e = w00 = 27+ r o]

< (G 5o ) ra w00 - 2700 + rx+ o)

< (——)a)z(f h),

Cas (4): Assume that y, < b, and y, + he(y,) < t asin Case (3) we have
@(x) < @(y,) by using (3) of Lemma 2.1 and (2) of Lemma 2.2

- + 1)—X 1h 1
L (1 ylyiq’iyx) 3 y‘f(_yx) )f(x—up(x)—Zf(x)+f(x+t<p(x)) Iy

t
IfF@lly < | oD

=[(222 +2 22 ) - tp(x) — 2f () + f(x + () |l

hfp(y1) 2 yi-x
2435 ,°
<(Z+i5) by
Sineswe gety, <h

IF Ol < (242 ) 0f (.1,
W, (fr h),

7t
2y
Lemma 2.9

Let® € 2(0,1),he (0,hp) ,x € [ay by]and t € [0,1] suchthat0 <t <x—hp(x)orx+hp (x) <t < 1.If f€ Lppq
satisfies f(x — hp(x) =0 = f(x + hp(x) Then
t

7 4
”f”p < E 1-h o(1) w, (f; h)p
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Proof
Let x + he (x) < t . We shall prove this Lemma by induction on the length of the chains

If n=1 Let({y, }, {z,,}) increasing chain of (x, h) and of length 1 theny, =1—he(1)or y, <1—h@(1), b, < z, then
using

Lemma 2.7 We get
IO, < 2 @f(f,h)p

—wz S (f,h), where y, < 1— ho(1)

A

E
2y
Z
-2
and by Lemma28 y, =1—h (p(l) We get
Iflly < 3 5708 (F, 0y < 5 oy @5 1)y Tory= 1 hp(1)

Assume the statement is true for chain of length n and have chain of length n + 1

If we eliminate from the chain the point z, and y; we obtain the chain (z, , k) with length n, Let f € Lpjoq) andt > x + heo(x)

If y, <t <z, we get the result directly by Lemma 2.7 them assume t > z, Let P be apolynomial of degree < 1 and interpolate
fat y,and y, let g = f — p using Lemma 2.6 we obtain

A(f,v1,y2,t) = A(g,y1,¥,,t) by our induction hypothesis we get
t

IEOll, < 23 wf(f, 1),

and by Lemma 2.6 we get

b-a

”f”p < (‘)g (g' Q)(a+b)/2)p
t
<cp) 55 02y

Wher c(p) is a constant debends on p

3 The Main Results

In this section we introduce our main results in positive linear weighted approximation for functions in L, quasi normal spaces for
0<px<1

Thearem 3.1
If f€ Lpq let S>0,them for

; (f, ), < 220 ? (£ 0,
Proof
Leto<S< At, A1 >1
Letx, =0< x; <x, <x3<...<x, =1,n€ N bea partition for the interval[0,1] such That |x; — x;,,]| < t

1
Wf(1,0), < (IF G = 5900 =2 () + fx + 500 Px)
1
< ( Lo ol If (= sp(x) = 2f(0) + f(x + 59 (x) )|de) b

<27 S, (7 1f (= 59 () — 20 + fx + s9() IPdx) 7

1,
< 2p Z w;p(f' t)p
i=1
1w
—n2p Zw;”(f,t)p
i=1

n
1
< A2 1Zw;”(f, 0,
i=1
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Theorm 3.2
Letp € 2(0,1)If f € Lppyq

-1 7

Then [|ACf, ty,x, 65, <2  Gos) wf (.,

2 M(r+s)(1-he(1)
Proof
Define s,r and ¢ by

1=
2

x—t; =shp(x) ,t;—x=rhp(x)and c=

t, — U
2¢(c)
Thenr > 1 Infactif r <1 Thens+r <2

If s<1 andh<

and [¢, ,t;] € [x — rho(x),x + rhe(x)]
by using (3) of Lemma 2.1

—t
l<h <t

ty
20(c) — 7
Cas (1): If (t, —t;) < 2h¢e (c) by Lemma 2.6

t, —t; < 2he (¢) implies

IS0 Mgy 1 = | S () - £ |
1 Lp(ty t2]
ty—t1

2¢(0)

= w;p(f )LP[fl t2] = W, (f h)LP[tl Jt2]
Cas(2): If (t,—t; > 2hp(c)andr=s=>1
we can assume f(x-he(x)) = f(x + he(x)) = 0.

By using Lemma 2.9 we have

S w?
1ol <% Tre @ P
and

||f(t)2)||,, = wy (f W)p

7 r
2 1—-he(l)

187 (el = feol

1
i
<27 (ZF @l + I @l + IFCO,)
i,
<.~ (; =

o
s+r 1-he (1)

wy (f )y +

Wl (f,h), + wf (f 1))

1- h<p(1)
1.7 rs rs 1
< ZP +
2 (s +1)(1 - he(1) (s +1)(1 —he(1)  (1-he(1))

2rs+(s+71) (p
((‘r+s)(1 h(p(l))) 2 () h)p

Cas(3) by using Lemma 2.3 then x — sho < by, — ho(by)
since by, —ho(by) <1—he(1)
There existy suchthat t; =y — ho(y) Itisclearthat x <y < b,

) w3 (f, )y

Now we can assume f(y — ho(»)) = f(y + ho(y)) =0
since s<1then r>1

If t,<y+he(y) by using Lemma 2.7

If DN, < w7 (f 1) < o w3 (f, 1)y

— ho(1)
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Ift, >y + he(y) by Lemma2.9 we get
< 7 r f
lf @Dl < (Z_'qu(l)) w, (f, 1)p)

IAF(ty, x, )]l = ||sS?f(tz) —f(x)||p

<27 @, +I7Cl)
1,7 s
<2 .= .

2°s+r (1-he)

W0 (f 1) + ¢ (f,h))

(1= he(1)

< 2%‘17 s ! + (f,h
<2 A hem T A ey @2 e
1.7 2s+r "
<2p ) w, (f, h)p

2 1 —hoD)(s+71)

Remark
Denote eg(t) =1, e (t) =t , ey(t) = t?
Let L be a linear map preseves linearity

l((el - xeo)z'x) = l(ez,x) - le(ellx) + x2 = l(eZJ x) - x2

Theorem 3.3
Letpe 2(0,1) I: Lyjo1; — Lppo,1y be apositive linear operator preserves linear functions. If f € Ly;o4; then
I = 1Pl < >+ 5o U (0 ) = X)L o)y
2 2h%2p%(x)
Proof
Let (D) =2+ 2;5;)

Using Theorem 3.2 we get
IACF b0 0] < GEow D +

Then by Lemma 2.5 we get

tr—x x—tq

ty—x
L) wf (1),

e — xeq
If =Pl < e L (|7

3

| %) wf (F 1),

Theorem 3.4
Letpe 2(0,1)andn = 1 If f € L,[oq) then

Jx(1—x)

Ilf = Bu(Nlp < c(@) w;p(f»m

I

Where B is Bernstein polynomial
Proof
Bn((e; — xep)?,x) =x(1—x)/n

By Theorem 3.3 with h = /x(1 —x) / (p(x)Vn)

If = BaPlly < B (b (|22 %) @f (F, 1,

1—
< c(p) of (f, oo
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Conclusion
we introduce a Jachson type theorem for linearity preserving approximation for linear and positive functions in Lp spaces for

0 < p < 1 .0ur results are in terms of the weighted modulus of smoothness of the second order
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