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ABSTRACT  

Many direct theorems introduced on the unconstrained approximation from 1886 up to now. But very little result  introduced  

about the linearity preserving approximation here we introduce a Jachson type theorem for linearity preserving approximation for 

linear and positive functions in  LP spaces for  0 < p < 1 .our results are in terms of the weighted. Modulus of smoothness of the 

second order 

 

  1- Introduction 

Let LP[0,1] be the space of all real measurable  functions on [0, 1] defined by LP[0,1]={𝑓: [0,1] → 𝑅: ‖𝑓‖𝑝 <  ∞} , where ||𝑓 ||𝑝 =

 (∫ |𝑓|𝑝𝑏

𝑎
)

1
𝑝
 and Ω(0, 1) the class of nonnegative functions  ϕ ∈ LP[ 0,1] which are strictly positive on (0, 1), and such that 𝜑2is 

concave  

If 𝜑∈ Ω(0, 1) and s > 0 defined then terval 

𝐼(𝜑, 𝑠) = {𝑥 ∈ (0, 1): 0 ≤ 𝑥 − 𝑠𝜑(𝑥) < 𝑥 + 𝑠𝜑(𝑥) ≤ 1  } 

𝐼(𝜑) = {𝑠 > 0: 𝐼(𝜑, 𝑠) ≠ 𝜑} 𝑎𝑛𝑑 ℎ𝜑 = (2𝜑(1/2))−1 

For 𝜑 ∈ Ω (0, 1), f ∈ LP[0,1] and h ∈ (0, h𝜑 ] the weighted second-order  

 

modulus is defined by (Ditzian and Totik [11] ) 

𝜔2
𝜑

 (f , h)𝑝 =
𝒔𝒖𝒑

𝟎 ≤ 𝒔 ≤ 𝒉
‖𝒇 (𝒙 − 𝒔𝝋(𝒙) − 𝟐𝒇(𝒙) + 𝒇(𝒙 + 𝒔𝝋(𝒙) )  ‖𝑳𝑷(𝑰(𝝋,𝒔))  (1) 

In 𝐿∞[0,1] we write  𝜔2
𝜑

 ( f , h) 

The modulus (1) has been used to present estimates in approximation theory. Let us recall some of them. For n ≥ 1 and 

f ∈ LP[0,1]  the Bernstein operator Bn is defined by 

𝐵𝑛( 𝑓 , 𝑥) =  ∑ (
𝑛
𝑘

)

𝑛

𝑘=0

𝑥𝑘(1 − 𝑥)𝑛−𝑘 𝑓 (
𝑘
𝑛

) . 𝑥 ∈  [0,1] 

Note that 𝐵𝑛(𝑓) is a polynomial of degree at most  n,Also it easy to see that 

(𝐵𝑛(𝑓))(0) = 𝑓(0)     (𝐵𝑛(𝑓))(1) = 𝑓(1) 

In [10], Ditzian proved that for α ∈ [0, 1/2] and 𝜑(x) = (x(1 − x))𝛼 there exists a constant Cψ , such that, for  f ∈ LP[0,1]   and x ∈ (0, 

1) 

‖𝑓(𝑥) − 𝐵𝑛 (𝑓 , 𝑥)‖𝑝 ≤  𝐶𝜑𝜔2
𝜑

(𝑓.
√𝑥(1 − 𝑥)

√𝑛  𝜑(𝑥)
)

𝑝

                                            (2) 

This result unifies the classical estimate for α = 0 (Strukov and Timan [6])  with the norm estimate for  α = 1/2  (Ditzian  and Totik 

[11, p. 117]). In [7] Felten proved (2) holds if 𝜑 ∈ Ω(0, 1). On the other hand, in [4] Gavrea et al. verified that 

‖𝑓 − 𝐵𝑛(𝑓)‖𝑝 ≤ 3𝜔2
𝜑

(𝑓 ,
1

√𝑛
)

𝑝
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for 𝜑(x) = √𝑥(1 −  𝑥). This last estimate improved some others given in [5,3 ,2]. In fact the main result of [4] provides an 

estimate for positive linear operators that preserve linear functions. The result was improved in [8]: if  L: LP[0,1] → LP[0,1]  is a 

positive linear operator, f ∈ LP[0,1] , 0 < h ≤ 1/2 and x ∈ (0, 1), then 

 ‖f(x) − L(f, x)‖𝑝 ≤ |f(x)||1 − L(e0, x)| +
|L(e1−x,x)|

hφ(x)
ω1

φ
(f, h)𝑝 + (1 +

3

2
 
L((e1−x)2,x)

(hφ(x)2 ) ω2
φ

(f, h)𝑝 

In this paper we shall improve and generalize the main results in [ 4 ] 0r (3) for 𝜑 𝑖𝑛 

𝛺 (0 ,1) = { 𝜑: 𝜑(𝑥) ≥ 0 , 𝑥 ∈ (0,1), ∅ ∈  𝐿𝑃[0,1]} 𝑤𝑒 𝑢𝑠𝑒 a proof similar to that in [7] and 𝑓 ∈ 𝐿𝑃[0,1] for 0 < 𝑃 <  ∞ 

We use  𝐴(𝜑 , ℎ) = { 𝑥 ∈ (0,1]: ℎ𝜑(𝑥) < 𝑥},       𝑎ℎ = inf (𝐴(𝜑 , ℎ) 

𝐵(𝜑 , ℎ) = { 𝑥 ∈ [0,1): ℎ𝜑(𝑥) < 1 − 𝑥} 𝑎𝑛𝑑 𝑏ℎ = sup(𝐵(𝜑, ℎ)), 

Where 𝜑 ∈  𝛺 (0,1)𝑎𝑛𝑑 ℎ ∈ (0, ℎ𝜑). For each 𝑥 ∈  [0, 𝑏ℎ], the increasing chain ({𝑦𝑛}, {𝑍𝑛}) associated to (x,h) is defined as 

follows . 

 Let 𝑍0 = 𝑥 , 𝑦1 = 𝑥 + ℎ𝜑(𝑥), 𝐼𝑓 𝑦1 ≥ 1 − ℎ𝜑(1) the construction ends in 𝑦1 . If 𝑦1 < 1 − ℎ𝜑(1), 

and 

 

∆(𝑓, 𝑎, 𝑥, 𝑏) =
𝑏−𝑥

𝑏−𝑎
𝑓(𝑎) +

𝑥−𝑎

𝑏−𝑎
𝑓(𝑏) − 𝑓(𝑥)

2- Auxilary  Results 

 In this section we give the results that we need in our proofs 

Lemma 2.1 [1] 

 Let 𝜑 ∶ [0,1]  → 𝑅 be a concave positive function  

(1) If   0 ≤ 𝑎 < 1 , 𝑇ℎ𝑒𝑛 𝑡ℎ𝑒  𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑀𝜑(𝑎 , 𝑜)𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑒𝑠  

 𝑜𝑛 (𝑎 , 1]. 

(2) If 0 ≤ 𝑐 < 1 , 𝑇ℎ𝑒𝑛  𝑁𝜑(𝑐 , 𝑜) 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑒𝑠 𝑜𝑛 [0, 𝑐)𝑀𝑜𝑟𝑒𝑜𝑣𝑒𝑟 

    𝑓𝑜𝑟 0 ≤ 𝑎 ≤ 𝑐 ≤ 1 .     max {𝜑(𝑎), 𝜑(𝑐)} ≤ 2𝜑((𝑎 + 𝑐)/2) 

(3) The limits    lim
𝑥→1

𝜑(𝑥)

𝑥
 𝑎𝑛𝑑  lim

𝑥→1

𝜑(𝑥)

1−𝑥
       

Exist (finite or infinite) 

(4) 𝐼𝑓 𝑐 − 𝑎 ≤ 2ℎ𝜑(𝑎 + 𝑐)/2) 𝑎𝑛𝑑 𝑎 ≤ 𝑢 < 𝑣 ≤ 𝑐, 𝑇ℎ𝑒𝑛  

      𝑣 − 𝑢 ≤ 2ℎ𝜑(𝑢 + 𝑣)/2).  

Lemma 2.2[1] 

 (1) If 𝑑 <  𝑏ℎ ≤ 𝑦1 , 𝑇ℎ𝑒𝑛  𝜑(𝑥) ≤ 2𝜑(𝑑)𝑎𝑛𝑑  

(2) If 𝑦1 < 𝑏ℎ 𝑎𝑛𝑑  𝑦1 +  ℎ𝜑( 𝑦1 ) < 𝑡   

  Then 𝜑(𝑥) ≤ 𝜑 (𝑦1) and  
𝑡−𝑥

 𝑦1−𝑥
 ≥ 2 

Lemma 2.3[1]  

If ( 𝑡2 −  𝑡1)  > 2ℎ𝜑(𝑐)  and 𝑠 < 1  

Then 𝑥 − 𝑠ℎ𝜑(𝑥) < 𝑏ℎ − ℎ𝜑(𝑏ℎ) 

 

Lemma 2.4[9] 

  ѱ (|
𝑒1−𝑥𝑒0

ℎ
| , 𝑥)= (

3

2
+

3

2ℎ2𝜑(𝑥)
 𝐿(𝑒1 − 𝑥𝑒0)2, 𝑥 ) 

  Lemma 2.5 [9] 

 𝐵𝑛(𝑒1 − 𝑥𝑒0)2, 𝑥 )= 
𝑥(1−𝑥)

𝑛
≤  

1

4𝑛
 

Lemma 2.6 

Let ∅ ∈  𝛺 (0,1)  , 0 ≤ 𝑎 ≤ 𝑏 ≤ 1 , 𝑐 =
(𝑎+𝑏)

2
 𝑎𝑛𝑑   𝑥 ∈ [𝑎, 𝑏] 

𝐼𝑓  𝑓 ∈   𝐿𝑃[0,1]  Then 
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‖∆(f , a , c , b )‖𝑝 ≤   ω2
∅   (g ,

b − a

∅ (c)
)

𝑝

 

Proof :- 

Let  g(x) =
b−x

b−a
    f(a) +  

x−a

b−a
 f(b) − f(x) 

g(a) =
b − a

b − a
    f(a) +  

a − a

b − a
 f(b) − f(a)  = 0                                  (1) 

g(b) =
b − b

b − a
    f(a) + 

b − a

b − a
 f(b) − f(b)   = 0                                (2) 

ω2
∅ (f , 𝛿)p =

sup
0 ≤ h ≤ δ

 ‖f(x − h∅(x)) − 2 f(x) + f  (x + h ∅ (x))‖
𝐿𝑃(𝐼(𝜑,𝑠))

 

From (1) and (2)  we get ω2
∅ (g, t)𝐿𝑃(𝐼(𝜑,𝑠))

=  ω2
∅(f, t )𝐿𝑃(𝐼(𝜑,𝑠))

 

From the defution of g , we can write 

g(c) = - 
1

2
 ( g (a) − 2g(c) + g(b)) 

Let  N∅ (c , z)= 
∅(Z)

C−Z
 

Since N∅ increasing for z ∈ [0,1] we get  c  < u 

∅(c)

b − c
=  N∅(b , c) ≤  N∅ (b, u) =  

∅(u)

b − u
 

‖g(x)‖p =  ‖M‖p =  ‖−g(b) + 2g(x) − g(2x − b) − M + g (2x − b)‖p  

≤  ω2
∅ (g, 

b−a

∅(a+b)/2
)p 

 

Lemma 2.7 

If ∅ ∈  𝛺 (0,1)  , ℎ ∈ (0, ℎ𝜑) , 𝑥 ∈ [𝑎ℎ , 𝑏ℎ]    be increasing chain associated to (x,h) of length 1 and 𝑦1 < 1 − ℎ∅(1) , 𝑓 ∈
 𝐿𝑃[0,1] such That 

𝑓(𝑥 + ℎ∅(𝑥)) = 0 = 𝑓 (𝑥 + ℎ∅(𝑥))  then for  𝑡 ∈ [𝑦1, 1] 

‖f(t)‖p ≤  
3

2
 
𝑡1

𝑦1
  𝜔2

∅(𝑓, ℎ)𝑝  

Similarly if 𝑦2 exist and 𝑡 ∈ [𝑦1 , 𝑦2] 

Proof  

(∫|𝑓(𝑡)|𝑝 𝑑𝑥

1

0

)

1
𝑝

=  ‖
𝑡 − 𝑥

𝑦1 − 𝑥
(

𝑡 − 𝑦1 

𝑡 − 𝑥
𝑓(𝑥) + 

𝑦1 − 𝑥

𝑡 − 𝑥
 𝑓(𝑡) −  𝑓(𝑦1) ) −

𝑡 − 𝑦1

𝑦1 − 𝑥
 𝑓(𝑥)‖𝑝

 

                  ≤ ‖(
𝑡−𝑥

𝑦1−𝑥
+  

1

2
  

𝑡−𝑦1 

𝑦1−𝑥
)  𝑓(𝑥 − 𝑡∅(𝑥) − 2𝑓(𝑥) + 𝑓(𝑥 + 𝑡∅(𝑥)‖p 

                                   ≤ (
𝑡

𝑦1
+

1

2
 

𝑡

𝑦1
 )  (𝑓(𝑥 − 𝑡∅(𝑥) − 2 𝑓(𝑥) + 𝑓(𝑥 + 𝑡∅(𝑥)‖p 

                          ≤ ‖ (
3

2
 

𝑡

𝑦1
 ) (𝑓(𝑥 − 𝑡∅(𝑥) − 2 𝑓(𝑥) + 𝑓(𝑥 + 𝑡∅(𝑥)‖p 

                                                                = (
3

2
 

𝑡

𝑦1
 ) (𝜔2

∅(𝑓, ℎ)𝑝 

Lemma 2.8 

 let 𝜑 ∈ 𝛺 (0,1),  h∈ (0, ℎ𝜑) and 𝑥 ∈ [𝑎ℎ , 𝑏ℎ] be such that the increasing chain associated to (x,h) has length 1 and 

  𝑦1 ≥ 1 − ℎ 𝜑(1) 

IF f ∈  LP[ 0,1] and 𝑓(𝑥 − ℎ𝜑(𝑥)) = 0 =  𝑓(𝑥 + ℎ𝜑(𝑥)) then  

 for 𝑡 ∈ [𝑥 + ℎ𝜑(𝑥), 1]  

‖𝑓‖𝑝 ≤  
7

2
 

𝑡

𝑦1 
𝜔2

𝜑
(𝑓, ℎ)𝑝 
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Proof 

 let us denote 𝑑 = (𝑥 + 𝑦1)/2   

case 1:- Assume 𝑏ℎ ≤ 𝑑 Notice that (𝑦1 − 𝑥) ≤  2( 𝑦1 − 𝑏ℎ) and 𝑏ℎ < 𝑦1 

by using (3) of  Lemma 2.1  𝑡 − 𝑏ℎ ≤ 2 ℎ𝜑 (𝑡 + 𝑏ℎ)/2  then  

‖𝑓(𝑡)‖𝑝=‖
𝑡−𝑏ℎ

𝑦1−𝑏ℎ
. (

𝑡−𝑦1 

𝑡−𝑏ℎ
𝑓(𝑏ℎ) +  

𝑦1−𝑏ℎ

𝑡−𝑏ℎ
 𝑓(𝑡) −  𝑓(𝑦1) ) −

𝑡−𝑦1

𝑦1−𝑏ℎ
 𝑓(𝑏ℎ)‖𝑝 

≤   ‖
1

𝑦1−𝑏ℎ
(2𝑡 − 𝑏ℎ − 𝑦1). 𝑓(𝑥 − 𝑡𝜑(𝑥) − 2𝑓(𝑥) + 𝑓(𝑥 + 𝑡𝜑(𝑥))‖

𝑝
       

   =‖(1 + 2 
𝑡−𝑦1

𝑦1−𝑏ℎ
 ). 𝑓(𝑥 − 𝑡𝜑(𝑥) − 2𝑓(𝑥) + 𝑓(𝑥 + 𝑡𝜑(𝑥))‖

𝑝
 

≤ (1 + 2
𝑡

𝑦1

 𝑓(𝑥 − 𝑡𝜑(𝑥) − 2𝑓(𝑥) + 𝑓(𝑥 + 𝑡𝜑(𝑥)) 

≤ (1 + 2
𝑡

𝑦1
) 𝜔2

𝜑
(𝑓, ℎ)𝑝 =  (𝑦1 + 2

𝑡

𝑦1
) 𝜔2

𝜑
(𝑓, ℎ)𝑝 

 Cas 2: Assume d<  𝑏ℎ  ≤  𝑦1 by using (1) of  Lemma 2.2   

‖𝑓(𝑡)‖𝑝 ≤ ‖
𝑡 − 𝑑

𝑦1 − 𝑑
. (

𝑡 − 𝑦1 

𝑡 − 𝑑
𝑓(𝑑) +  

𝑦1 − 𝑑

𝑡 − 𝑑
 𝑓(𝑡) −  𝑓(𝑦1) ) −

𝑡 − 𝑦1

𝑦1 −  𝑑
 𝑓(𝑏ℎ)‖𝑝 

  ≤   ‖
1

𝑦1−𝑑
(2𝑡 − 𝑑 − 𝑦1). 𝑓(𝑥 − 𝑡𝜑(𝑥) − 2𝑓(𝑥) + 𝑓(𝑥 + 𝑡𝜑(𝑥))‖

𝑝
              

   ≤ 2
𝑡

𝑦1
 𝜔2

𝜑
(𝑓, ℎ)𝑝 

 

Cas 3: Assume that 𝑦1 < 𝑏ℎ and  t≤ 𝑦1 + ℎ𝜑(𝑦1)as in lemma 2.6 we has  

‖𝑓(𝑡)‖𝑝 ≤ ‖
𝑡 − 𝑥

𝑦1 − 𝑥
. (

𝑡 − 𝑦1 

𝑡 − 𝑥
𝑓(𝑥) + 

𝑦1 − 𝑥

𝑡 − 𝑥
 𝑓(𝑡) −  𝑓(𝑦1) ) −

𝑡 − 𝑦1

𝑦1 − 𝑥
 𝑓(𝑥)‖𝑝 

≤  ‖(
𝑡 − 𝑥

𝑦1 − 𝑥
+  

1

2
 
𝑡 − 𝑦1

𝑦1 − 𝑥
) 𝑓(𝑥 − 𝑡𝜑(𝑥) − 2𝑓(𝑥) + 𝑓(𝑥 + 𝑡𝜑(𝑥))‖

𝑝

 

≤  ‖(
𝑡

𝑦1

+ 
1

2
 

𝑡

𝑦1

) 𝑓(𝑥 − 𝑡𝜑(𝑥) − 2𝑓(𝑥) + 𝑓(𝑥 + 𝑡𝜑(𝑥))‖
𝑝

 

                    ≤ (
3

2 

𝑡

𝑦1 
) 𝜔2

𝜑
(𝑓, ℎ)𝑝                   

 

Cas (4): Assume that  𝑦1  < 𝑏ℎ   and  𝑦1 + ℎ𝜑(𝑦1) < 𝑡 as in Case (3) we have  

𝜑(𝑥) ≤ 𝜑(𝑦1) by using (3) of Lemma 2.1 and  (2) of  Lemma 2.2  

‖𝑓(𝑡)‖𝑝 ≤ ‖
𝑡 − 𝑦1

ℎ𝜑(𝑦1)
. ( 1 +

𝑦1+ℎ𝜑(𝑦1)−𝑥 

𝑦1 − 𝑥 
+

1

2
 
ℎ𝜑(𝑦1)

𝑦1 − 𝑥
  ) 𝑓(𝑥 − 𝑡𝜑(𝑥) − 2𝑓(𝑥) + 𝑓(𝑥 + 𝑡𝜑(𝑥)) ‖𝑝 

=‖( 2
𝑡−𝑦1  

ℎ𝜑(𝑦1)
+

3

2
 
𝑡−𝑦1 

𝑦1−𝑥
  ) 𝑓(𝑥 − 𝑡𝜑(𝑥) − 2𝑓(𝑥) + 𝑓(𝑥 + 𝑡𝜑(𝑥)) ‖𝑝 

≤ ( 
2𝑡  

ℎ
+

3

2
 

𝑡 

𝑦1
  ) 𝜔2

𝜑
(𝑓, ℎ)𝑝 

Sines we get 𝑦1  < ℎ 

        ‖𝑓(𝑡)‖𝑝 ≤ ( 
2𝑡

𝑦1
+

3

2
 

𝑡

𝑦1
) 𝜔2

𝜑
(𝑓, ℎ)𝑝 

                         ≤  
7

2
 

𝑡

𝑦1
 𝜔2

𝜑
(𝑓, ℎ)𝑝 

 

Lemma 2.9 

Let ∅ ∈  𝛺 (0,1) , h∈ (0, ℎ𝜑)  , 𝑥 ∈ [𝑎ℎ , 𝑏ℎ] and  𝑡 ∈ [0,1]  such that 0 ≤ 𝑡 ≤ 𝑥 − ℎ𝜑(𝑥) or 𝑥 + ℎ𝜑 (𝑥) ≤ 𝑡 ≤ 1. If   𝑓 ∈  𝐿𝑃[0,1] 

satisfies  𝑓(𝑥 − ℎ𝜑(𝑥) = 0 = 𝑓(𝑥 + ℎ𝜑(𝑥)   Then 

‖𝑓‖𝑝 ≤  
7

2
 

𝑡

1−ℎ 𝜑(1)  
𝜔2

𝜑
(𝑓, ℎ)𝑝 
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Proof   

Let 𝑥 + ℎ𝜑 (𝑥) ≤ 𝑡 . We shall prove this Lemma by induction on the length of the chains  

If  n=1 Let({𝑦𝑛}, {𝑧𝑛}) increasing chain of (𝑥, ℎ) and of  length  1  then 𝑦1 ≥ 1 − ℎ 𝜑(1) or   𝑦1 < 1 − ℎ∅(1) , 𝑏ℎ <  𝑧1 then 

using  

Lemma 2.7  We get 

‖f(t)‖p ≤  
3

2
 

𝑡

𝑦1
  𝜔2

∅(𝑓, ℎ)𝑝 

              ≤  
7

2
 

𝑡

𝑦1 
𝜔2

𝜑
(𝑓, ℎ)𝑝  where  𝑦1 < 1 − ℎ∅(1)  

and by Lemma 2.8   𝑦1 ≥ 1 − ℎ 𝜑(1) We get  

‖𝑓‖𝑝 ≤  
7

2
 

𝑡

𝑦1 
𝜔2

𝜑
(𝑓, ℎ)𝑝 ≤  

7

2
 

𝑡

1−ℎ 𝜑(1)  
𝜔2

𝜑
(𝑓, ℎ)𝑝 for y≥ 1 − ℎ 𝜑(1) 

Assume the statement is true for chain of length n and have chain of length 𝑛 + 1 

If we eliminate from the chain the point 𝑧0 and 𝑦1 we obtain the chain (𝑧1 , ℎ) with length  n , Let  𝑓 ∈  𝐿𝑃[0,1]  and 𝑡 > 𝑥 + ℎ𝜑(𝑥)      

If 𝑦1 < 𝑡 ≤ 𝑧1  we get the result directly by Lemma 2.7 them  assume 𝑡 > 𝑧1  Let P be apolynomial of degree ≤ 1 and interpolate 

𝑓at 𝑦1and 𝑦2 let 𝑔 = 𝑓 − 𝑝 using Lemma 2.6 we obtain  

∆(𝑓, 𝑦1 , 𝑦2 , 𝑡) =  ∆(𝑔, 𝑦1 , 𝑦2 , 𝑡) by our induction hypothesis we get  

‖f(t)‖p ≤  
3

2
 
𝑡1

𝑦1
  𝜔2

∅(𝑓, ℎ)𝑝 

and by  Lemma 2.6  we get  

‖ 𝑓 ‖𝑝 ≤  ω2
∅ (g, 

b−a

∅(a+b)/2
)p 

                ≤ 𝑐(𝑝) 
3

2
 

𝑡1

𝑦1
  𝜔2

∅(𝑓, ℎ)𝑝 

Wher 𝑐(𝑝) is a constant debends on 𝑝 

 

3 The Main Results 

In this section we introduce our main results in positive linear weighted approximation for functions in Lp quasi normal spaces for 

0 < p < 1  

Thearem 3.1 

If   𝑓 ∈  𝐿𝑃[0,1]  let     𝑆 > 0 , them for  

𝜔2
𝜑

(𝑓, 𝜆𝑡)𝑝  ≤  𝜆2
1

𝑝
 −1

𝜔2
𝜑(𝑓, 𝑡)𝑝 

Proof  

 Let 0 < 𝑆 ≤  𝜆𝑡 , 𝜆 > 1  

Let 𝑥0 = 0 <  𝑥1  < 𝑥2 < 𝑥3 <. . . < 𝑥𝑛 = 1 , 𝑛 ∈ 𝑁 be a  partition for the interval[0,1]   such That     |𝑥𝑖 − 𝑥𝑖+1| <  𝑡 

𝜔2
𝜑

(𝑓, 𝜆𝑡)𝑝 ≤ (∫ |𝑓 (𝑥 − 𝑠𝜑(𝑥) − 2𝑓(𝑥) + 𝑓(𝑥 + 𝑠𝜑(𝑥) )|𝑝𝑑𝑥
1

0
)

1
𝑝⁄
 

                 ≤ ( ∑ ∫ |𝑓 (𝑥 − 𝑠𝜑(𝑥) − 2𝑓(𝑥) + 𝑓(𝑥 + 𝑠𝜑(𝑥) )|𝑝𝑑𝑥
𝑥𝑖

𝑥𝑖−1

𝑛
𝑖=1 )

1
𝑝⁄
 

             ≤ 2
1

𝑝
 −1

∑ (∫ |𝑓 (𝑥 − 𝑠𝜑(𝑥) − 2𝑓(𝑥) + 𝑓(𝑥 + 𝑠𝜑(𝑥) )|𝑝𝑑𝑥
𝑥𝑖

𝑥𝑖−1
)𝑛

𝑖=1

1
𝑝⁄
 

≤ 2
1
𝑝

 −1
∑ 𝜔2

𝜑
(𝑓, 𝑡)𝑝

𝑛

𝑖=1

  

= 𝑛 2
1
𝑝

 −1
∑ 𝜔2

𝜑
(𝑓, 𝑡)𝑝

𝑛

𝑖=1

 

≤  𝜆 2
1
𝑝

 −1
∑ 𝜔2

𝜑
(𝑓, 𝑡)𝑝

𝑛

𝑖=1
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Theorm 3.2 

 Let 𝜑 ∈  𝛺 (0,1) 𝐼𝑓  𝑓 ∈  𝐿𝑃[0,1] 

Then   ‖∆(𝑓, 𝑡1, 𝑥, 𝑡2)‖
𝑝 

≤ 2
1

𝑝
− 1

  
7

2
(

2𝑟𝑠+(𝑠+𝑟)

(𝑟+𝑠)(1−ℎ𝜑(1))
) 𝜔2

𝜑
(𝑓, ℎ)𝑝 

Proof 

 Define 𝑠 , 𝑟  𝑎𝑛𝑑  𝑐  𝑏𝑦  

𝑥 − 𝑡1 = 𝑠ℎ𝜑(𝑥)        , 𝑡2 − 𝑥 = 𝑟ℎ𝜑(𝑥) 𝑎𝑛𝑑   𝑐 =  
𝑡1 − 𝑡2

2
 

𝐼𝑓 𝑠 < 1    𝑎𝑛𝑑 ℎ <    
𝑡2 − 𝑡1

2𝜑(𝑐)
 

Then 𝑟 ≥ 1  In fact 𝐼𝑓 𝑟 < 1 Then 𝑠 + 𝑟 < 2  

and [𝑡1 , 𝑡2] ⊂ [ 𝑥 −  𝑟ℎ𝜑(𝑥) , 𝑥 +  𝑟ℎ𝜑(𝑥)] 

by using  (3) of  Lemma 2.1 

𝑡2 − 𝑡1 ≤ 2ℎ𝜑 (𝑐)  𝑖𝑚𝑝𝑙𝑖𝑒𝑠    
𝑡2 − 𝑡1

2𝜑(𝑐)
 ≤ ℎ ≤ 𝑡 

Cas (1):  If  (𝑡2 − 𝑡1) ≤ 2ℎ𝜑 (𝑐)  by  Lemma 2.6 

‖∆( 𝑓 , 𝑡1, 𝑥 , 𝑡2)  ‖𝐿𝑃[𝑡1 ,𝑡2]
=  ‖   

𝑡2 − 𝑥

𝑡2 − 𝑡1

 𝑓(𝑡1) + 
𝑥 − 𝑡1

𝑡2 − 𝑡1

 𝑓(𝑡2) − 𝑓(𝑥) ‖
𝐿𝑃[𝑡1 ,𝑡2]

 

                                      ≤ 𝜔2
𝜑

(𝑓,
𝑡2−𝑡1

2𝜑(𝑐)
)𝐿𝑃[𝑡1 ,𝑡2]

≤  𝜔2
𝜑

(𝑓, ℎ)𝐿𝑃[𝑡1 ,𝑡2]
        

 

Cas(2):   If  (𝑡2 − 𝑡1 > 2ℎ𝜑(𝑐) and r≥ 𝑠 ≥ 1   

we can assume  f(x-hφ(x)) = f(x + hφ(x)) = 0. 

By using Lemma 2.9 we have 

‖𝑓(𝑡1)‖𝑝 ≤
7 

2
 .  

𝑠

1 − ℎ𝜑(1)
𝜔2

𝜑
(𝑓, ℎ)𝐿𝑃

, 

     and 

‖𝑓(𝑡)2)‖
𝑝

≤
7 

2

𝑟

  1 − ℎ𝜑(1)
𝜔2

𝜑
(𝑓, ℎ)𝐿𝑃

 

    ‖∆𝑓(𝑡1, 𝑥, 𝑡2)‖𝑝 = ‖
𝑟

𝑠 + 𝑟
𝑓(𝑡1) +

𝑠

𝑠 + 𝑟
𝑓(𝑡2) − 𝑓(𝑥)‖

𝑝
 

       ≤ 2
1

𝑝
−1

(
𝑟

𝑠+𝑟
‖𝑓(𝑡1)‖𝑝 +

𝑠

𝑠+𝑟
‖𝑓(𝑡2)‖𝑝 + ‖𝑓(𝑥)‖𝑝) 

 ≤ 2
1

𝑝
−1

 .
7

2  
 (

𝑟

𝑠+𝑟
  

𝑠

1−ℎ𝜑(1)
𝜔2

𝜑
(𝑓, ℎ)𝑝 +

𝑠

𝑠+𝑟
   

𝑟

1−ℎ𝜑(1)
𝜔2

𝜑
(𝑓, ℎ)𝑝 +

𝑡

1−ℎ𝜑(1)
𝜔2

𝜑
(𝑓, ℎ)𝑝) 

≤ 2
1
𝑝

−1 7

2
(

𝑟𝑠

(𝑠 + 𝑟)(1 − ℎ𝜑(1)
+

𝑟𝑠

(𝑠 + 𝑟)(1 − ℎ𝜑(1))
+

1

(1 − ℎ𝜑(1))
) 𝜔2

𝜑
(𝑓, ℎ)𝑝 

      ≤ 2
1

𝑝
−1 7

2
(

2𝑟𝑠+(𝑠+𝑟)

(𝑟+𝑠)(1−ℎ𝜑(1))
) 𝜔2

𝜑
(𝑓, ℎ)𝑝 

Cas(3)  by using Lemma 2.3  then   𝑥 − 𝑠ℎ𝜑 < 𝑏ℎ − ℎ𝜑(𝑏ℎ)  

 since  𝑏ℎ − ℎ𝜑(𝑏ℎ) ≤ 1 − ℎ𝜑(1) 

There  exist 𝑦  such that  𝑡1 = 𝑦 − ℎ𝜑(𝑦)  It is clear that  𝑥 < 𝑦 < 𝑏ℎ 

Now  we can assume 𝑓(𝑦 − ℎ𝜑(𝑦)) = 𝑓(𝑦 + ℎ𝜑(𝑦)) = 0 

  𝑠𝑖𝑛𝑐𝑒   𝑠 < 1 𝑡ℎ𝑒𝑛   𝑟 ≥ 1 

If   𝑡2 ≤ 𝑦 + ℎ𝜑(𝑦)  by using Lemma 2.7 

‖𝑓(𝑡2)‖𝑝 ≤  𝜔2
𝜑

(𝑓, ℎ)𝑝 ≤
7

2 
.

𝑟

1 − ℎ𝜑(1)
 𝜔2

𝜑
(𝑓, ℎ)𝑝 
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If 𝑡2 > 𝑦 + ℎ𝜑(𝑦)  by Lemma 2.9   we get 

‖𝑓(𝑡2)‖𝑝 ≤ ( 
7

2 
.

𝑟

1 − ℎ𝜑(1)
) 𝜔2

𝜑
(𝑓, ℎ)𝑝) 

    ‖∆𝑓(𝑡1, 𝑥, 𝑡2)‖𝑝 = ‖
𝑠

𝑠 + 𝑟
𝑓(𝑡2) − 𝑓(𝑥)‖

𝑝
 

                      ≤ 2
1

𝑝
 −1

(
𝑠

𝑠+𝑟
‖𝑓(𝑡2)‖𝑝  + ‖𝑓(𝑥)‖𝑝) 

                           ≤ 2
1
𝑝 −1

.
7

2
(

𝑠

𝑠 + 𝑟 
 .

𝑟

(1 − ℎ𝜑(1)
𝜔2

𝜑
(𝑓, ℎ)𝑝 +

𝑡

(1 − ℎ𝜑(1)
 𝜔2

𝜑
(𝑓, ℎ)𝑝) 

      ≤ 2
1
𝑝 −1 7

2
(

𝑠

𝑠 + 𝑟

1

(1 − ℎ𝜑(1)
+

1

(1 − ℎ𝜑(1)
) 𝜔2

𝜑
(𝑓, ℎ)𝑝 

≤ 2
1
𝑝

−1 7

2
(

2𝑠 + 𝑟

(1 − ℎ𝜑(1)(𝑠 + 𝑟)
) 𝜔2

𝜑
(𝑓, ℎ)𝑝 

 

Remark 

 Denote 𝑒0(𝑡) = 1,   𝑒1(𝑡) = 𝑡  ,   𝑒2(𝑡) = 𝑡2  

Let  L be a linear map preseves linearity  

𝑙((𝑒1 − 𝑥𝑒0)2, 𝑥) = 𝑙(𝑒2, 𝑥) − 2𝑥𝑙(𝑒1, 𝑥) + 𝑥2 = 𝑙(𝑒2, 𝑥) − 𝑥2 

Theorem 3.3 

Let𝜑𝜖 𝛺(0,1)   𝑙: 𝐿𝑝[0,1]   → 𝐿𝑝[0,1]  be a positive linear operator preserves linear functions. If   𝑓 ∈  𝐿𝑝[0,1]  then 

‖𝑓 − 𝑙(𝑓)‖𝑝 ≤  
3

2
+ 

3

2ℎ2𝜑2(𝑥)
(𝑙 (𝑒2, 𝑥) − 𝑥2))𝜔2

𝜑
(𝑓, ℎ)𝑝  

Proof 

Let ѱ(𝑡) =
3

2
+

3𝑡2

2𝜑2(𝑥)
 

 Using  Theorem 3.2 we get 

‖∆(𝑓, 𝑡1, 𝑥, 𝑡2)‖
𝑝

≤ (
𝑡2−𝑥

𝑡2−𝑡1
ѱ(

𝑥−𝑡1

ℎ
) +

𝑥−𝑡1

𝑡2−𝑡1
ѱ(

𝑡2−𝑥

ℎ
)) 𝜔2

𝜑
(𝑓, ℎ)𝑝 

Then by Lemma 2.5  we get  

‖𝑓 − 𝑙(𝑓)‖𝑝 ≤ 𝑐 𝑙 (ѱ (|
𝑒1 − 𝑥𝑒0

ℎ
| , 𝑥) 𝜔2

𝜑
(𝑓, ℎ)𝑝 

                                             =
3

2
+  

3

2ℎ2𝜑2(𝑥)
𝑙 ((𝑒1 −  𝑥𝑒0)2, 𝑥))𝜔2

𝜑
(𝑓, ℎ)𝑝 

 

Theorem 3.4 

Let𝜑𝜖 𝛺(0,1) and 𝑛 ≥ 1  If  𝑓 ∈  𝐿𝑝[0,1]   then 

‖𝑓 − 𝐵𝑛(𝑓)‖𝑝 ≤ 𝑐(𝑝) 𝜔2
𝜑

(𝑓,
√𝑥(1 − 𝑥)

√𝑛  𝜑(𝑥)
)𝑝 

Where B  is Bernstein polynomial 

Proof 

𝐵𝑛((𝑒1 −  𝑥𝑒0)2, 𝑥)  = 𝑥 (1 − 𝑥)/ 𝑛   

By Theorem 3.3  with ℎ =  √𝑥(1 − 𝑥) / (𝜑(𝑥)√𝑛 )  

‖𝑓 − 𝐵𝑛(𝑓)‖𝑝 ≤ 𝐵𝑛 (ѱ (|
𝑒1 − 𝑥𝑒0

ℎ
| , 𝑥) 𝜔2

𝜑
(𝑓, ℎ)𝑝 

                          ≤ 𝑐(𝑝) 𝜔2
𝜑

(𝑓,
√𝑥(1−𝑥)

√𝑛  𝜑(𝑥)
)𝑝 
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Conclusion 

we introduce  a Jachson type theorem for linearity preserving approximation for linear and positive functions in  LP spaces for  

0 < p < 1 .Our results are in terms of the weighted modulus of smoothness of the second order 
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