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Abstract

In this paper, we define the generalized positive polynomial factorial and the generalized difference operator A, .A level of
quality approach of numerical integration of differential equations is to replace it by suitable difference equation whose solution
can be acquired in a suitable difference equation in a stable manner and without trouble from round —off errors. A definition for
the Laplace transform corresponding to the nabla difference operator is given.
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1. Introduction

The Knowledge of Laplace transforms become an essential part of the study of engineers and scientists. This provides easy
and effective solutions for many problems arising in engineering [9]. This subject originated from the operational methods by the
English engineer Oliver Heaviside (1850-1925) to applied linear transform in problems of electrical engineering [9]. Then it has
been developed by Bromwich and Carson during 1916-17. The method of Laplace transforms has the advantage of directly giving
the solution of differential equations with given boundary values. The Laplace transform of f(t) is defined by L(f(t)

:f0°° e~ Stf(t)dt provided that the integral exists, s is a parameter which may be a real or complex number.

Definition 1.1
If nand ¢ are any two positive integers, then the generalized positive polynomial factorial is defined as
kS = k(K- £)(k-2 #)....(k-(n-1) €) and k{V=1, k$P=k (1)
Definition 1.2
If u(k) is a sequence of numbers and ¢ is any positive integer, then we define the generalized difference operator A, as

Ap u(k) = u(k+1) —u(k) )

Theorem 1.3

If n is a positive integer and £ >0 then

ApkP=n e kY ?)

Definition 1.4 [5]
Let >0 and u(k) ,w(k) are real valued bounded functions. Then

A7 u(k) w(k) = u(k) Az " w(k) - Az (A" w(k+ £ )A,u(k)) (4)
Definition 1.5
sk

Let£>0and a*‘-1 # 0, then A;'e™ =—5— (5)

Definition 1.6
—sk

Let£>0and a™5-1 # 0, then Az'e™F = (6)
Definition 1.7

For a given function u(k) ,the generalized Laplace transform is defined as
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2.GENERALIZED LAPLACE TRANSFORM OF EXPONENTIAL FUNCTIONS
Lemma 2.1
Assume that s 0, and V;* be the inverse difference operator, then

0 1
gn+1

Proof
From the definition of generalized Laplace transform, we have

0 e—sk e—s(k+t’) 0

P  pael @ amsk 1 1 ® — oD
Whenn=1, 47" £=-e™* |57 = €871 (kP e ] Iy = CIkY S - mrma ¢ 1o

(1)

N o 1
= Mttte™t | =S a0
(2) B % _ ) 9 —_sk L -
When n=2, 47" 7 e o = Lk ek ] g = [k() = Zl’Agl( o501 k( Mlo
_ ¢ (2) e~k (1) e—s(k+0) o—S(k+28) o
=1 kP S -2 6 e s 01

@)
- k - 1
= ApteL-e™f |, =5as £0

3 )

- - o _ £, 3) © ¢ 3 -sk _qe=Sk+D) o
When n=3, A7" £ L-e=* |5" = ZA7" [k;” e ], =—[k,§) -3 87 e ko

3!

£ —sk =s(k —s(k+2¢)
= g [kf) ist’ 1 -3¢ ( k(Z) e—sl’ 1)2 -2¢ A{’I (k(l) e_s[ 12 ))] |0
_t @) ek (2) e sk (1) esk+20)
_g[k _S€1-3€(k Tl)z'z (k Pk
o—S(k+30)
(e—sf 57 DI o (from (4)&(5))
3 o 1
= Mt te™f g =S as £0
_ -1 k{(}‘ﬂ sk © £ -1 (4_) _sk 0
When n=4, A, £~ e lo = 587" k7 e™ 11
€ —sk =s(k+? —s(k+2¢)
T [k{(f’) iS" 1 —4£’(k(3) e-Sf 1)2 -3¢4y" (k(Z) e—si 1)2 )] |o

—s(k+2#)

-3¢ (k@) e

e—St— 1) 3

o L@ ek (3) e—stk
= o [k -4¢ (k,

e—st_q1 —st_ 1)2

2£ A{’ (k(l) (e_sg 1) 3)))] |0

—s(k+%) @) e~
—S{’ 1)2

_ ¢ @ ek (3) e
= 24[k{, 4t (k,

e—Sst_1

—s(k+3¢) o—s(k+at)

2¢ (k“) i~ s O o

@
kP 1
> Aleesk |° =~ a5 £0
* 4! 0 s5
() L

k 0
-1 £ —sk
In general, A" ¢ e lo =

Theorem 2.2

(1) 00
Let Ke (0,00) and £>0,then A;' ¢ ek e~k |; :S%

Proof
@ L@ LB @ e
We have, e* T S . A L S
1! 2! 3! 4! 5!
~ @ e k(Z) NONENCEINO
A1 ek ek |0 = A £( el ket kLl Ly sk |2 (from Lemma (1.1))
! 2! 3! 4! 5!
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This completes the proof
Corollary 2.3

) o
Let Ke (0,0) and £ >0,then A, 1pehy gmsk o= —

s+1
3. Generalized Laplace Transform of Exponential & Trigonometric Functions

3.1 Generalized Laplace Transform of Sine Function

Lemma3.1.1
If for any positive integer n, the polynomial factorial k(K- ¢ )(k-2 #)...(k-(n-1) £) ,then
- . 1 - o _ a
A7 e sinak™ e~k | g =
Proof
3,3 50
a7 esinak® e~ | = ¢ (a7 (ak() — TE 4 T yesky |2 (7)
Now,
—sk —s(k+?%)
e[Ag ak? e & = ealk” o= - A7 (S ) 1§ (from (4)&(5))
_ (1) e —sk e—S(k+2) o
=talky o - el k
e[a7 akP e ¢ =5 as ¢—0 8)
Also,
_ k _ 233 —sk -
¢ [A7 (= e g =L A (s ey |
a3 3) e —sk ) ) e—S(k+t)
[k e—st_1 3€(k€ (e—s€_1)2
Af s 26O | B (from (3) &(4)
3) e —sk (2) e—S(k+t)
[k —s€1_3€(k e—St_ 1)2_
(1)e s(k+22) . e—s(k+32) .
2 (k" =iy -Aﬂ(e_s{,_m e 1§
3, - 3
A7 (S Zemsiy) | = L a0 ©)
Contlnumg thIS process, we get
05K s
A7 (- ey [ = 5 as £—0 (10)
Substltutmg (8),(9),(20) in (7) ,we get
R _ o _ 3 5
vy lesinak™ e~k | = % - % + ‘S’—6

This gives the proof
Corollary 3.1.2

Letk e (0,00) and € >0, then we have V;'2sink™ ek |

s2+12
3.2 Generalized Laplace transform of cosine Function
Lemma 3.2.1

Assume that s= 0, and V;* be the inverse difference operator, then

- 1 - S
A7 e cosakP e~k | @ = —

Proof

@ 2D g ®
Apecosak;” e™F | =L [A7 (1~ —t—+—t —-)e” K |5 (12)
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Now,

e e s =1 Lma |7 =2

1-eS?

as £—0 (12)

k _ —sk )
e[ (S 2 esi) |5 = P A (S 20 -0 3
_ ta% (2) e sk (1) e~ S*k=0
= [k} 28 (k) T
87" o o |5 (om(4) & 5)
2
el ey | = £ a5 g0 (13)
Continuing like th|s process, we get
oA (e D sty [ =% & 00 (14)

Substituting (12),(13),(14) in (11) ,we get

A7V cosak™ ek | @ =

This yields the proof.

Corollary 3.2.2
Assume that s 0, and V;* be the inverse difference operator, then

v, cosk) e~k

I =
0 s2412

4. Generalized Laplace Transform of Hyperbolic Functions
4.1Geeralized Laplace Transform of Hyperbolic Sine Function
Definition 4.1.1

@
(1)_e_k[
Let £>0and ais a parameter, then sinhk(;) =7

Definition 4.1.2

k(l)—e_ak(l’l)
Let £>0and ais a parameter, then sinhak({,l) =<

Lemma4.1.3
k& (1) —sk(t o _ b
At Peke smhbk st lo = o
Proof
(1) (1) (1) k(l) (1)
1 1 1
A7 Le®™: sinhbk(Peske” |7 = A7 (f Yo~k lo”
£ _ (e _ fe_ [e6]
_E(Afl e (s—a-b)k A[l(e {s a+b)k) |0
_1 1 1
- 2 ( s—a—-b s+a+b )

This completes the proof
Corollary 4.1.4

Assume that s= 0, and V;* be the inverse difference operator, then
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[€))] (1) 0
-1 —ak ; 1) -sk — b

7 ¢ =
A{; fe smhbk{, e |0 Gta)2_b2

Lemma4.1.5
Assume that s 0, and V,* be the inverse difference operator, then

1 a . 1) —skg® o _ 2s
Ayt €k, sinhak,” eS¢ |= 57—a2y?

Proof

1)
@_,-ak
v "€ —Skl(,l) o

)e lo

:E(Aglki’l) e—G-ak _ A;lkf,l)e_{s"'a)k) |(;’° (15)

(1) 0 a
A7 2k sinhakPe=ke" |° =2 A7 Y (S

Loin-1,D smaky (® = L@ 6Ok k) o g
Z(A{’ k{ e~ ) |0 ) k{’ e—(s—a)f_1 (e~(s-a)t_1)2 0o - 2(s—a)? (16)
Similarly we can prove,
£, a1, = o _ 1
- ( Aflk{, e—(s+ta)k ) lo, = Yo (17)
Substituting (16) & (17) in (15)we get
1 a . @) —skg® o _ 1 ) 1
A" Pk, sinhk, e™% |y = rearilieronys
This completes the proof
4.2 Generalized Laplace Transform of Hyperbolic Cosine Functions
Definition 4.2.1
@_ -k
Let ¢>0and ais a parameter, then coshk(fl) :Hf
Definition 4.2.2
: ) gk Pre
Let ¢>0and ais a parameter, then coshak’,” = .
Lemma 4.2.3
Assume that s= 0, and V;* be the inverse difference operator, then
-1 kD 1) —skD o s—a
Ay* te® e coshk,” e™5%¢ lo = =
Proof
ey
@,k
€] @ % I ve F @ ©
A;l {’eaki’ COShk;l)e_Skf |0 =¢ Azl (e{% )e—(s—a)k[ |0
£ _ (e—— _ fe_ =4}
:E(Al’l e (s—a-1)k + A{,l(e {s a+1)k) |0
_1 1 1
T2 (s—a—l +s+a+1 )
This completes the proof
Corollary 4.2.4
Assume that s= 0, and V;* be the inverse difference operator, then
_ _ o, 1 - (1) o0 _ s+a
Ayt e coshk,’ e~ke” | = Gt
Lemma 4.2.5
Assume that s 0, and V,* be the inverse difference operator, then
_ (€Y] 1) —sk® o s—1
Ayt Le*t” coshak,’ e~**e lo = Gomar
Proof
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16 16 ak(;)+e_“k(el) @
—_ 1 - o] _ _ _ 0
A, ek coshak{(, )g=sky lo =€ A;' (ef Ye~(S—Dky ls

? _ (e _ (e 0
:E(Afle (s-1-a)k 4 A{l(e (s 1+a)k) |0
1 1 1
=- +
2 (s—l—a s—1+a )

This completes the proof

Corollary 4.2.6
Assume that s 0, and V;* be the inverse difference operator, then

©_ s+1
07 (s+1)2-a?

(1) (1)
A7  Le7* coshak(P e=ke |
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