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Abstract - This paper aim is to find out the nonlinear neutral third order difference equation in the form We obtain some criteria to 

ensure that every solution of this equation are either oscillatory or converges to zero. These results improved some of the existing 

results. We derived this using summation averaging technique and comparison principle.   

Index Terms - Oscillation; Nonlinear; Neutral Difference Equation. AMS subject classification: 39A10. 

 

INTRODUCTION 

In the present paper, we have obtained some criteria for nonlinear neutral third order difference equation 
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Equation (1) satisfy the real  sequence  ew  for all 
0e  and   0:sup ewe

 for all  

0e . The solution of equation (1) is said to be oscillatory if it is neither eventually positive nor eventually negative and it is 

nonoscillatory otherwise. 

The problem of determining the oscillation criteria for neutral  difference equation have been receiving great attention in the last 

few decades since these type of equation arise in the study of economics, mathematical biology, and many other areas of 

mathematics [7,9]. 

In the last few decade, lots of research done on oscillation of third order difference equations, e.g. ([12] [11], [10], [8], [6], [5], 

[4], [3], [2], [1]) and the references cited therein. 

In [2], the authors obtained some oscillatory properties of quasilinear neutral third order difference equation in the form 

     0,01
2   nxqxbxa nnnnnn 




 by using Riccati transformation. 

In [3], the authors considered the condition for oscillation of difference equation for third order in the form 

       01

2   



 nnnnnn xfqhxbxa  are established. 

In [4], the authors considered the oscillation of third order nonlinear neutral difference equation of the form 

     01
2   



 nnnnnn xqxbxa  are established. 

In [6], the authors considered the third order nonlinear difference equation of the form 
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     01 ,0 nnxfqxpxdc nnnnnnn     by means of a Riccati transformation technique. 

In [11], the authors considered the oscillatory behavior of solution of third order difference equations of the form 

     0)]([)()()( 2  ngxfnqnxna


 

and       )]([)()]([)()()( 2 nxhnpngxfnqnxna 


   with 


 
1

a  are established. 

In [12], the authors studied the oscillation of neutral type difference equation in third order of the form 

      02   lnnknnnn xfqxpxa


 by using generalized Riccati type transformation. 

The purpose of this paper is to derive some sufficient condition for nonlinear neutral third order oscillatory difference equation 

(1). The results obtained in this paper have been motivated by that of in [4, 12]. 

OSCILLATORY RESULTS 

Firstly, consider the difference equation 

                                                         (2) 

is established by giving sufficient conditions for oscillation. We start with some useful lemmas, which we intend to use later. We 

define, 

 

 

 

 

Lemma 1   Let  be the positive solution of (2) then the function 

  Satisfy the following cases 

 

 

for   where  is sufficiently large. 

Proof:  The proof is omitted because it is found in [3, 4]. 

Lemma 2   Let  be the positive solution of (2). Let the function  satisfy case (ii) of Lemma 1. If    

                                                             (3) 

then . 

Proof: The proof is omitted because it is found in [3]. 

Lemma 3   If  be the positive solution of (2) and the function  satisfy Lemma 1 of case (i). Then   be the positive real 

sequence exist, such that 

                                                                                                                      (4) 

                                                                                                       (5) 

for some constant d > 0 and 

                                                                                                                         (6) 

Proof: Let {we} be the positive solution of (2). 

Assume ,  and   for any .  

Then  and satisfy Lemma 1 of case (i) for any  
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                                                                            (7) 

                                                                                           (8) 

From (7) and (8), we have 

                                                                                    (9) 

Define,                                                                                                    (10) 

Then  for all  and 

                                                      

Using (9) and (10) in the last inequality, we obtain 

                                                                          (11)  

                                                                                               (12) 

The monotonicity property of , we obtain 

                                                 

                                                 

                                                                                                   (13) 

Using (13) in the inequality (12), we get 

                                                                            (14) 

Taking summation from N to e-1, we obtain  

                            for                             (15) 

We claim that,   for all      

                                              

and letting limit , we obtain , which contradicts   

Similarly, we can show that 

                                            

Now, letting as  in (15), we have 

                                       

                                       

Since  and   for   , we have from (14) that  and  

 for some constant . 

 

Taking limit supreme, we obtain 

 

or                                                        

for some  .  

This complete the proof. 
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Theorem 1   Either the solution (2) oscillate or converge to zero as , if the following assumption holds 

       

  

   

   

Proof: Suppose  is an non-oscillatory solution of (2). 

Without loss of generality assume   and  for any . 

The corresponding  satisfy Lemma 1 

Case (i):  Let  satisfy Lemma 1 of case (i)  

From Lemma 3,                     

                                                  

Taking limit infimum in the above equation, 

 

From the assumption of the theorem,  

                                                                                                                   (16) 

 But  

                                                                                       (17) 

From (16) and (17), we get 

 

Hence our assumption  contradicts. 

Case (ii):  If satisfy Lemma 1 of case (ii), from the condition (3), when .  

Theorem 2   Assume         (18) 

then either the solution (2) oscillate or converge to zero as e . 

Proof:  Suppose  be the non-oscillatory solution of (2) 

Without losing the generality assume   and  for any  and  satisfy the cases of 

Lemma 1. 

Case (i):  Let  satisfy Lemma 1 of case (i). 

From Lemma 3,   

Since  we have 

 

Using this in (4), we get    
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Which is the contradiction. 

Case (ii): If  satisfy Lemma 1 of case (ii), from the condition (3), where . 

We have . 

The proof is complete. 

Secondly, we consider the following difference equation 

                                                            (19) 

The oscillation of its solutions are established by using some sufficient conditions. 

 

Lemma 4   If   be the positive solution of (19) and the function  satisfy Lemma 1 of case (i). Then  be the positive 

real sequence exist, such that 

                                                                               (20) 

                                                                                   (21) 

For some constant d > 0 and 

                                                                 (22) 

Proof: Let be the positive solution of (19). 

Assume   and  for any .  

Then  and satisfy Lemma 2.1of case (i), for any  

                                          

There exist two possible cases. 

Case (i):  similar to the proof of Lemma 3 so we omitted the details. 

Case (ii):  yet for any  then we have two cases for . 

Case (a): Assume  is unbounded, then  

                                                                      (23) 

Since  is unbounded.  

Choose a sequence  satisfy   where  and max  

Choosing N to be large such that  for any  

Thus , which is the contradiction to (23). 

Case (b): Assume  is bounded. 

Show that   as ,                       

Then we have,                                  

                                               

                                                               

This gives   as .  

The proof is complete. 

Theorem 3   Either the solution (19) oscillate or converge to zero as , if the following assumption holds 
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Proof: Suppose that  of (19) be the non-oscillatory solution. 

Without losing the generality assume   and  for any . 

The corresponding  satisfy Lemma 1 

Case (i):  Let  satisfy Lemma 1of case (i). 

From equation (20) of Lemma 4,   

 

 

Taking limit infimum in the above equation and from the assumption of the theorem,  

                                                                                                                   (24) 

 But  

                                                                                       (25) 

From (24) and (25), we get  

 

Hence our assumption  contradicts. 

Case (ii): If satisfy Lemma 1 of case (ii), from the condition (3), where . 

We have .  

The proof is complete. 

Theorem 4   Assume      (26) 

then either the solution (19) oscillate or converge to zero as e . 

Proof: Suppose  be the non-oscillatory solution of (19) 

Without losing the generality assume   and  for any . 

The corresponding  satisfy Lemma 1. 

Case (i):  Let  satisfy Lemma 1 of case (i). 

From Lemma 4,    

Since  we have 
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Using this in (21), we get 

 

Which is the contradiction. 

Case (ii):  If  satisfy Lemma 1 case (ii), from the condition (3), where .  

We have .  

The proof is complete. 

CONCLUSION 

In this paper, some new oscillation criteria for third order neutral delay difference equation is obtained by utilizing summation 

average techniques and comparison principal. This study aim is to develop some new criteria of third order oscillatory neutral 

delay difference equation. So that we apply them when the other criteria fail. In future, we extend this results for higher order 

neutral delay difference equations.  
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