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Abstract: A proper vertex coloring of a graph G is an assignment of colors to the vertices so that the adjacent vertices get 

different colors. The chromatic number 𝜒(𝐺) is the minimum number of colors needed for a proper vertex coloring of G. In this 

paper, bounds for the absolute difference between the color signless Laplacian energy and the color Laplacian energy are obtained. 

Further, a comparative study of the two bounds obtained is carried out.  
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1. Introduction 

The concept of color Laplacian energy and color signless Laplacian energy of a graph was introduced by Pradeep G. Bhat and 

Sabitha D’ Souza in [4] and [5]. Spectral Graph Theory is the study of relationship between graph properties and the spectrum of 

the adjacency matrix or Laplacian matrix or signless Laplacian matrix. The concept of energy originates from Chemistry to 

approximate the total 𝜋-electron energy of a molecule. In the field of Spectral Graph Theory, the eigenvalues of several different 

matrices such as adjacency matrix, Laplacian matrix, distance matrix, L-matrix has been studied effectively through more than 

five decades. Let G be a simple undirected graph with vertex set |𝑉(𝐺)| = 𝑛 and edge set |𝐸(𝐺)| = 𝑚. An adjacency matrix is 

the 𝑛 × 𝑛 matrix 𝐴(𝐺) = [𝑎𝑖𝑗] in which 𝑎𝑖𝑗  is the number of edges joining the vertices 𝑣𝑖  𝑎𝑛𝑑 𝑣𝑗 . The eigenvalues of the 

adjacency matrix of a graph G are called as the spectrum of a graph G. The various characteristics of the spectrum for different 

types of graphs can be seen in [9]. The energy of a graph is defined as 𝐸(𝐺) = ∑ |𝜆𝑖|
𝑛
𝑖=1 , where 𝜆𝑖

′𝑠 are the eigenvalues of a 

graph G. Many of the properties of graph energy are studied in [3], [9], [11], [13] and [15]. This idea was further extended by the 

introduction of the Laplacian [12] and signless Laplacian energies defined as 𝐿𝐸(𝐺) = ∑ |µ𝑖 −
2𝑚

𝑛
|𝑛

𝑖=1  and  𝐿𝐸+(𝐺) =

∑ |µ𝑖
+ −

2𝑚

𝑛
|𝑛

𝑖=1  where 𝜇𝑖 and 𝜇𝑖
+ are the Laplacian and signless Laplacian eigenvalues of a graph G respectively where m is 

the number of edges and n is the number of vertices in G. The properties of these matrices in regard to their spectrum and the 

comparisons with respect to their energy are found in [1], [6], [7], [8], [9], [12], [16], [17] and [18]. An important property of the 

Laplacian matrix and the signless Laplacian matrix is that they are positive semi definite. The color energy of a graph G was 

introduced in [3] and is given by 𝐸𝜒(𝐺) = ∑ |𝜆𝑖|
𝑛
𝑖=1 , where the 𝜆𝑖′𝑠 are the color eigenvalues of a graph G. The color Laplacian 

energy of a graph G is defined as 𝐿𝐸𝜒(𝐺) = ∑ |µ𝑖 −
2𝑚

𝑛
|𝑛

𝑖=1 , and in a similar way, the color signless Laplacian energy of a graph 

G is defined as 𝐿𝐸+𝜒(𝐺) = ∑ |µ𝑖
+ −

2𝑚

𝑛
|𝑛

𝑖=1 , where 𝜇𝑖  and 𝜇𝑖
+  are the color Laplacian and color signless Laplacian 

eigenvalues of a graph G respectively with matrices 𝐿𝜒(𝐺) = 𝐷(𝐺) − 𝐴𝜒(𝐺) and 𝐿+𝜒(𝐺) = 𝐷(𝐺) + 𝐴𝜒(𝐺) respectively. The 

color Laplacian and color signless Laplacian energy are same when the graph is regular. In general, color signless Laplacian 

energy is more than the color Laplacian energy but this is not true for few graphs. Hence, finding absolute difference energy of a 

colored graph is more significant. Also, the color energy will be greater when we use minimum color.  

In this paper, some upper bounds for the absolute difference between the color Laplacian and color signless Laplacian energies of 

graphs in terms of minimum colors. Also, a comparison is made between the two computed upper bounds for fewer colored 

graphs. It is observed that the computed sharp upper bound is better than the other upper bound. 

 

2. Preliminaries 

In this section, some basic definitions and theorems which are needed to prove the main results are presented. 

Let G be a colored graph and if c(𝑣𝑖) is the color of vertex 𝑣𝑖 and the color matrix 𝐴𝑐(𝐺) = [𝑎𝑖𝑗] of G is a square matrix of 

order n whose entries are: 
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[𝑎𝑖𝑗] =

{
 
 

 
 

 1        𝑖𝑓 𝑣𝑖  𝑎𝑛𝑑 𝑣𝑗  𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡           

𝑤𝑖𝑡ℎ 𝑐(𝑣𝑖) ≠ 𝑐(𝑣𝑗)             

−1       𝑖𝑓 𝑣𝑖 𝑎𝑛𝑑 𝑣𝑗 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡     

𝑤𝑖𝑡ℎ 𝑐(𝑣𝑖) = 𝑐(𝑣𝑗)           

0        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                       

 

The eigenvalues of 𝐴𝑐(G) are called color eigenvalues.  The energy of a graph with respect to a given coloring is the sum of the 

absolute values of the color eigenvalues of G and it is called as energy of colored graph or color energy of a graph G. 

Definition 2.1 [10]. A star is a tree consisting of one vertex adjacent to all others. The n-vertex star is the biclique 𝐾1,𝑛−1. 

Definition 2.2 [1]. The null graph is denoted as 𝐾𝑛̅̅̅̅ , where 𝐾𝑛 is the complete graph on n vertices.  

Theorem 2.3 [4]. 

If 𝐾1,𝑛−1 is a star graph of order n, then 

𝐿𝑠𝑝𝑒𝑐𝜒(𝐾1,𝑛−1)  = {
0 (𝑛 − 1) + √𝑛 − 1 (𝑛 − 1) − √𝑛 − 1 

𝑛 − 2 1 1
} 

and 𝐿𝐸𝜒(𝐾1,𝑛−1) =  
4(𝑛−1)(𝑛−2)

𝑛
. 

Theorem 2.4 [5]. 

If 𝐾1,𝑛−1 is a star graph of order n, then 

𝐿𝑠𝑝𝑒𝑐𝜒
+(𝐾1,𝑛−1) = {

2 1 + √𝑛2 − 3𝑛 + 3 1 − √𝑛2 − 3𝑛 + 3 
𝑛 − 2 1 1

} 

and 𝐿𝐸𝜒
+(𝐾1,𝑛−1) =

2

𝑛
[𝑛 − 2 + 𝑛√𝑛2 − 3𝑛 + 3 ]. 

Theorem 2.5 [2]. 

If G is a null graph of order n, then its color energy 

         𝐸𝜒(𝐺) = 2(𝑛 − 1). 

Theorem 2.6[1]. 

Let 𝐴, 𝐵 ∈ ℝ𝑛×𝑛. Then 𝐶 = 𝐴 + 𝐵 and 

        𝐸(𝐶) ≤  𝐸(𝐴) + 𝐸(𝐵). 

Moreover, equality holds if and only if there exists an orthogonal matrix P such that PA and PB are both positive semi-definite 

matrices. 

 

3. Main Results 

This section investigates the color signless Laplacian energy and Laplacian energy of a colored graph G. Two main results which 

give the upper bound for the absolute difference between the energies of the signless Laplacian and the Laplacian color graphs in 

terms of the chromatic number of the given graph. The following theorem is analogous to that of theorem 2.6 but it holds good for 

the color graph matrices and color energies. 

 

Theorem 3.1 

Let 𝐴, 𝐵 ∈ ℝ𝑛×𝑛. Let 𝐶 = 𝐴 + 𝐵. Then 

       𝐸𝜒(𝐶) ≤  𝐸𝜒(𝐴) + 𝐸𝜒(𝐵)                 (1)                 

Theorem 3.2 

Let G be colored, non-regular (𝑛,𝑚) −graph. Then 

       |𝐿𝐸𝜒
+(𝐺) − 𝐿𝐸𝜒(𝐺)| ≤  2𝐸𝜒(𝐺)            (2)                    

The equality holds if G is a null graph of order 1. 

Proof: 

From the equalities 

𝐿𝜒(𝐺) −
2𝑚

𝑛
𝐼𝑛 =  𝐷(𝐺) −

2𝑚

𝑛
𝐼𝑛 − 𝐴𝜒(𝐺) 
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𝐿+𝜒(𝐺) −
2𝑚

𝑛
𝐼𝑛 =  𝐷(𝐺) −

2𝑚

𝑛
𝐼𝑛 − 𝐴𝜒(𝐺) 

it follows that 

(𝐿+𝜒(𝐺) −
2𝑚

𝑛
𝐼𝑛) − (𝐿𝜒(𝐺) −

2𝑚

𝑛
𝐼𝑛) =  2𝐴𝜒(𝐺) 

Then, 𝐿𝜒(𝐺) −
2𝑚

𝑛
𝐼𝑛 = −2𝐴𝜒(𝐺) + 𝐿

+
𝜒(𝐺) −

2𝑚

𝑛
𝐼𝑛  

and 𝐿+𝜒(𝐺) −
2𝑚

𝑛
𝐼𝑛 = 2𝐴𝜒(𝐺) + 𝐿𝜒(𝐺) −

2𝑚

𝑛
𝐼𝑛 

by theorem 3.1, we obtain 

𝐿𝐸𝜒(𝐺) = 𝐸 (𝐿𝜒(𝐺) −
2𝑚

𝑛
𝐼𝑛) ≤ 𝐸(−2𝐴𝜒(𝐺)) + 𝐸 (𝐿

+
𝜒(𝐺) −

2𝑚

𝑛
𝐼𝑛) = 2𝐸𝜒(𝐺) + 𝐿𝐸𝜒

+(𝐺) 

Similarly, 

𝐿𝐸𝜒
+(𝐺) = 𝐸 (𝐿+𝜒(𝐺) −

2𝑚

𝑛
𝐼𝑛) ≤ 𝐸(2𝐴𝜒(𝐺)) + 𝐸 (𝐿𝜒(𝐺) −

2𝑚

𝑛
𝐼𝑛) = 2𝐸𝜒(𝐺) + 𝐿𝐸𝜒(𝐺) 

and thus equation (1) follows. 

Finally, if G is the null graph of order 1, then it is immediate that the inequality (1) holds as equality. 

Theorem 3.3 

Let G be a colored, non-regular (𝑛,𝑚) −graph with 𝑛 ≥ 5 

|𝐿𝐸𝜒
+(𝐺) − 𝐿𝐸𝜒(𝐺)| ≤  

4

𝑛
(𝑛2 − 3𝑛 + 3) − 2 (1 + √(𝑛2 − 3𝑛 + 3)) 

and equality holds if G is a star graph. 

Proof: 

By theorem 3.2, |𝐿𝐸𝜒
+(𝐺) − 𝐿𝐸𝜒(𝐺)| ≤  2𝐸𝜒(𝐺) 

and equality holds if G is a null graph of order 1. 

From theorem 2.5, we have for a null graph 

             𝐸𝜒(𝐺)  =  2(𝑛 − 1)               (3) 

Using (1) and (2) we obtain, 

|𝐿𝐸𝜒
+(𝐺) − 𝐿𝐸𝜒(𝐺)| ≤  2 × 2(𝑛 − 1) = 4(𝑛 − 1)      (4)                                 

Now,  

 
4

𝑛
(𝑛2 − 3𝑛 + 3) − 2 (1 + √(𝑛2 − 3𝑛 + 3)) ≤ 4(𝑛 − 1) (5)                        

using (4) and (5) we get, 

|𝐿𝐸𝜒
+(𝐺) − 𝐿𝐸𝜒(𝐺)| −

4

𝑛
(𝑛2 − 3𝑛 + 3) − 2 (1 + √(𝑛2 − 3𝑛 + 3)) ≤ 0 

⇒ |𝐿𝐸𝜒
+(𝐺) − 𝐿𝐸𝜒(𝐺)|     ≤  

4

𝑛
(𝑛2 − 3𝑛 + 3) − 2 (1 + √(𝑛2 − 3𝑛 + 3)) 

and the fact that equality holds if G is a star graph follows as a consequence of theorems 2.3 and 2.4. 

Corollary 

1. For 𝑛 = 1, 2 the result is obvious,  

|𝐿𝐸𝜒
+(𝐺) − 𝐿𝐸𝜒(𝐺)| = 0 

2. For 𝑛 = 3, 

|𝐿𝐸𝜒
+(𝐺) − 𝐿𝐸𝜒(𝐺)| ≤ | 

4

𝑛
(𝑛2 − 3𝑛 + 3) − 2 (1 + √(𝑛2 − 3𝑛 + 3))| 

3. For 𝑛 = 4 , 

|𝐿𝐸𝜒
+(𝐺) − 𝐿𝐸𝜒(𝐺)| <

4

𝑛
(𝑛2 − 3𝑛 + 3) − 2 (1 + √(𝑛2 − 3𝑛 + 3)) 
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4. Comparison between the Bounds 

In this section, the bounds given by theorems 3.2 and 3.3 for various colored graph components such as path (𝑃𝑛), complete 

bipartite (𝐾𝑚,𝑛), star (𝐾1,𝑛−1) and wheel (𝑊𝑛) graphs are compared and hence conclude that the second bound is the sharper 

than the first one. 

 

S.No Graphs |𝑳𝑬𝝌
+(𝑮)

− 𝑳𝑬𝝌(𝑮)| 

𝟐𝑬𝝌(𝑮) 𝟒

𝒏
(𝒏𝟐 − 𝟑𝒏 + 𝟑) − 𝟐 (𝟏 + √(𝒏𝟐 − 𝟑𝒏 + 𝟑)) 

1. 𝑃5 0.4194 12.9444 1.1888897449 

2. 𝑃6 0.4191 17.3264 2.83484861 

3. 𝑃7 0.247 22.3144 4.577871274 

4. 𝑃8 0.7644 26.7138 6.385122951 

5. 𝐾2,3 0.0074 16 1.1888897449 

6. 𝐾3,4 0.0003 24 4.577871274 

7. 𝐾3,5 1.0282 48 6.385122951 

8. 𝐾2,4 0.9286 20 2.83484861 

9. 𝐾1,4 1.1888 16 1.1888897449 

10. 𝐾1,5 2.8349 20 2.83484861 

11. 𝐾1,6 4.5788 24 4.577871274 

12. 𝐾1,7 6.3852 48 6.385122951 

13. 𝑊5 0.8722 18.2464 1.1888897449 

14. 𝑊6 0.9665 22.6732 2.83484861 

15. 𝑊7 0.1758 28 4.577871274 

16. 𝑊8 1.833 30.9062 6.385122951 

17. 𝑊9 0.3588 36.8028 8.231131129 

 

5. Conclusion 

This paper presents two different upper bounds for the absolute difference between the color Laplacian and color signless 

Laplacian energies of colored graphs. A comparison is done for the two kinds of bounds for various graphs depicts that the second 

bound given by theorem 3.3 is better than the first bound given by theorem 3.2. The study can be further improved to find better 

sharper bounds and also to establish relation between those bounds. 
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