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Abstract. In this article, distance-based statistic properties under Von-Mises samples and angular separation circular distance
have been theoretically computed. This statistical test could be used as a two-sample test to detect the homogeneity between the
distributions of two groups, where the data of these groups could be circular or linear data. Additionally, a simulation study is
performed to validate the obtained properties using the R software version 3.6.2.
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1. INTRODUCTION

In different scientific disciplines such as biology and medicine many variables are circular, where a cyclical scale is used to record
this data, for examples compass direction or time of a day or dihedral angles on proteins. Such type of data is called circular data
and it cannot be analysed using traditional statistical methods. Therefore, we seek circular statistical methods to deal with this type
of data, for more information about circular data see for example [1-3].

For differences between two circular distributions, the most commonly-used test is Watson's U2 test [4], which is a non-
parametric rank-based test. This test is implemented in most software applications such as that MATLAB [5] and R [6]. Wheeler
and Watson [7] proposed a statistical test to test the difference between two distributions of circular data.

For multivariate circular data it is important to distinguish two multivariate samples but can be difficult. in 1984-1985, Gabor
Szekely introduced novel statistic depends on distance, energy statistic (&-statistic), which has been introduced in a series of
lectures [8]. This statistic is a function of distances between observations in metric space and it is very useful, and powerful than
traditional statistics (non-energy type) such as F-statistic and correlation [9]. There are many applications for energy statistics in
the recent years such as [10-13]. Let {x;, x5, ..., x,}and {y,, ¥, ..., ¥} be independent samples from two independent random
variables X and Y then the energy statistic is defined by
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and D (x;, y;) represents the distance measure between the observations x; and y;.

However, the energy statistic could be used with a randomization test (which is very time consuming) to detect the homogeneity
between the distributions of two groups because the distribution of the energy statistic is unknown and it is not easy to compute.
Therefore, in 2021, Ali and Abushilah [14] proposed a novel test statistic to detect the homogeneity between two groups of
circular data S; = {¢1, P, ..., oo} and S, = {W;, Yy, ..., U}, to test the null hypothesis
Hy: Ggp = Gy against Hy: Gy # Gy.

Energy-like statistic is defined by the following form:
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Where D(¢;, ;) is a distance function between the observations ¢; and ;.
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In this paper, the theoretical properties of the energy-like statistic are theoretically calculated under circular distance and von-
Mises samples. This statistic could be used as a nonparametric two-sample test with a permutation test [15] to detect the
homogeneity between the distributions of two groups of circular data.

2. BASIC CONCEPTS
This section introduces basic concepts.
Definition (2.1) [3]:

Circular statistics is a field of statistics that deals with data that may be represented as points on the unit circle's circumference.
The phrase "circular data" is used to differentiate them from the more common "linear data" that we are more familiar with. More
precisely, we refer to the unit circle as the basis for circular data.

Definition (2.2) [1]:

The von-Mises distribution is a symmetric unimodal distribution and is the most common model for unimodal samples of circular
data. The following is the definition of the probability density function (PDF):

eKcos(ﬁ—,u)
Olu, 1) = ————r
f@lu x) 2710

Where
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is the zero-order modified Bessel function. The concentration parameter is . x, and the mean direction is u.

Figure 1. The von-Mises distribution which has been used in this analysis over a range of concentration parameters (values given
in the plots, with sample size 1000 for each).

3. PROPERTIES OF THE STATISTIC T4 UNDER ONE-DIMENSIONAL CASE

Let @ and ¥ be two independent random variables such that @~vM (u,, ;) and ¥~vM (u,, k,) and let S; = {¢4, ¢, ..., P, tand
S, = {1, Yy, ..., ¥} be random samples from these random variables, then the expected value for the statistic T, is calculated
as follows:

N

E@Su) = E| () D D D)

n
i=1 j=1

Since D(¢;, W) =1 —cos(¢p — ), i =1,2,..,n;j = 1,2,...,m, then we get
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The quantity E[Cos((bi - 1];]-)] in Equation (1) is computed under the assumption of the independent and identically distributed
(i.i.d.) Von Mises samples as follows:
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As a result, we get the following

1Z (i)
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So, the expected value of the statistic 7; is equal to
3 % IZ _ I%
E(T;(51,S2)) = (f:l:)n> < 0 IZ(K)(K)) (5)
0

The variance of the statistic 7 is calculated as follows:
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The quantity in the right hand side of Equation (6) is computed as follows:
var(D(¢,¥)) = var(1 — cos(¢ —¥))
= var(cos(¢ —¥))
= E(cos*(¢ — ) — (E(cos(¢ — 1))’
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= 1= E(sin?(¢ — ) — 1€ [using Equation (2)]
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As a result, we get the following:
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Substituting Equation (8) in Equation (7), we get the result

Ig (1) + 215 (1) 13 (1) — I} ()

var(D(db,lp)) = 2200 €)
The formula cov(D(®4,1,)), (D(P,, ¥,)) is calculated as follows:
cov(D(p1,¥1)), (D(d1,92)) = E(D(p1,91)). (D(d1,%2)) — E(D (1, 1)) E (D ($1,92))
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The first quantity in Equation (10) is computed as follows:
E(D(¢1,1/)1))- (D(ﬁbpl/)z)) = E((l —cos(¢py —P1))(1 — cos(py — 1/}5"2)))
= E(1 — cos(dy — Pp) — cos(dy — Y1) + cos(dpy — Py) cos(dy — P2))
=1—E(cos(d; — Y2)) — E(cos(dpy — Y1) + E(cos(dpy — Py) cos(dpy — U2))
21F ()

BREC)

+ E(cos(d; — Py) cos(dpy — 2)) (11)

In Equation (8) the second quantity E (cos(®; — ¥;) cos(®, — ¥,)) is equal to
= E((cos(d4) cos(P;) + sin(¢py) sin(W;))(cos(d,) cos(Py) + sin(d,)sin(Py))
= E(cos?(¢1) cos(W;) cos(Ur2)) + E(cos(dy) cos(y)sin(e;)sin(W)
+E (cos(¢1) cos(Y) sin(dy) sin(Py)) + E (sin? (by)sin(Py)sin(P,)) (12)

where

2w 2w 21

E(0052(¢1) cos(y,) cos(h,)) = f f J C052(¢1) cos(1) cos(Yy) f (1, Y1, 2) dp g APy di,
0 0 0
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As a result, we get the following
(IO(K) +1 (K))11 (x)
213(x)

We noticed that the following quantities in Equations (12) is equal to zero, so substitution Equation (13) in Equation (12) we
obtain the result

E(cos?(¢) cos(y) cos(yz)) = (13)

(I () + L () ) 17
213(k)

E(cos(¢; — Yy) cos(¢py — Y3)) = (14)

Substitution Equation (14) in Equation (11) we get
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Applying Equation (16) in Equation (6) we get the result

var(Jy(81,52)) =

(nm)? [13(K)+21§(x)122—211‘(;c) n (n+m—2)(1§1f(;c)+13(;c)If(;c)Iz(;c)—Zlf(;c))] (17)

n+m 218 (x) 213 (x)

4. PROPERTIES OF THE STATISTIC T, UNDER P-DIMENSIONAL CASE (p > 1)

Let X and Y in RP,p > 1 be Let {(dyg, o, Pp1)s ooos (P1n, s Gpn)} and {(Wag, o, Wp1), e, (W, -, Ypm)} bE independent
circular random variables from BvM(y, A), where u = (g) and A = (g 0) and let the distance measure be torus distance, then
the expected value and the variance of the T statistic are defined by:

%iEEww%h-+M%wm
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E(T3(51,S,)) =E
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Since D(¢, ) =1 — cos(d — ), then we get
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Since E[1 — cos(¢p — )] =1 — 509 then we get

1309
1
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E(T3(51,52)) =p (n m 1- Ig(KI) . (19)
The variance of the statistic 7;(S;, S,) is calculated as follows:
l n m
2
var (Ty(Sy,5:0) = var | (2550)" ) D D(Baotbsy) + 4 Dbt )
i=1 ]=

= var ZZD(%z,lpu) + 4 D (Pt Ymj)

TL + m
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Since D(¢p, ) =1 — cos(Pp — ), then we get

var(T) = (nrfl—mm) var (Z Z(l —cos(Pi —P1,)) + -+ (1 — cos(n; — l/)mj))>. (20)

i=1i=1
Applying Equation (16) in Equation (20) we get the result

p(nm)*\ [Ig (1) + 21§ (1) 3 — 213 (x) + (n+m = 2)(IG1} (1) + [F DI (1) (i) — 217 (i)
n+m 215 (x) 215 (k)

var(Ty) = ( (2D

4. SIMULATION STUDY

A simulation analysis is conducted in this section to examine the theoretical and empirical properties of the energy-like statistic
that we have theoretically calculated. The simulation is described as follows:

1. Whenp = 1:

o Generate two groups S; = {¢4, &y, ..., and S, = {Y;, Py, ..., Uy} from vM(uy, ;) and vM(u,, k,) under the
assumptions y; =y, = 0andx; =k, = k.

. Calculate the circular distance D(¢;, W;), for each ¢; € S;and ; € S,, which is given by

D(¢py ;) =1—cos(¢p; — ), i=1,2,..,n;j =1,2,..,m

. Compute the expected value and variance of the statistic 73 which are given by
1
(mn)*\2 HQ
E(T;(5,,52)) = 1- .
(Ta(S1,52) <m+n T
and

_ m)? [I§()+218 ()15 217 (1) | (n+m—2)(IF12 (1) +IE ()1 ()12 (1)~ 211 (k)
var(7y(S1, 52)) = n+m [ 21§ (1) + 213 (k) ]

2. When p = 2:

. Generate two independent random samples from BvM(p,, A) and BvM(,, A), where p; = p, = (g) A= (g 2)

Calculate the torus distance TD(®;, ;) for each @; = (45, ¢2i) € Sy, Yy = (i, Wzi) €Spi=1,2,...,m5) =
1,2, ...,m, which is given by
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and

TD((Di, lIJ]) = D(q)ik! ¢]k) + D(ll'lik’ ll}]k)

Calculate the expected value and variance of the statistic Jywhich are given by

-

BN ARHG
E(Ta(S1,82)) =p <m + n) <1 B IS(K))
p(um)?\ [14() + 21213 — 212 () | (n+m — 2)(IRIZ() + RGO T2 () () — 21 (k)
n+m ) [ 215 (i) 2150

Tables 1-4 summarize the simulation's results. For both one-dimensional and two-dimensional cases, we can observe that the

empirical expected values and variances are close to the theoretical expected values and variances.

Table 1: Comparison between the theoretical and empirical expected value and variance of the statistic 7;(S;, S,), where the
samples S; and S, have been generated from vM(u, k) distributions with different sample sizes.

Empirical

Theoretical

Expected
value

178.9507

Variance

868.3998

Expected
value

179.05

Variance

868.4966

1013.152

12538.32

1012.86

12596.65

2789.683

61684.46

2791.113

61577.95

5725.523

190828.8

5729.6

191151.9

10025.38

469692

10009.2

461604.1

15782.25

953590.4

15788.92

950166.1

23218.64

1724469

23212.37

1751015

32399.33

2935259

32411.51

2975276

43530.18

4757111

43509.15

4751016

56651.91

7210335

56620.59

7223253

Table 2: Comparison between the theoretical and empirical expected value and variance of the statistic 7;(S;, S,), where the
samples S; and S, were generated from vM(u,x) distributions with sizes n = 60 and m = 70 , mean u = 0 and different
variances

Empirical

Theoretical

Expected
value

22476.44

Variance

538656.7

Expected
value

22468.88

Variance

533386.1

19155.55

1288710

19115.76

1289609

15398.33

1595181

15388.97

1579393

12233.36

1458050

12249.35

1430645

9963.549

1134299

9901.934

1137291

8183.725

866104.6

8210.404

866224

6999.711

660479.2

6983.836

659999.7

6053.882

518651.9

6071.523

512256.3

5353.591

409025.5

5371.767

407059.7
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331578.4

4819.108

330897.9
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Table 3: Comparison between the theoretical and empirical expected value and variance of the statistic 7; (S, S;) with different

sample sizes which have been generated from BvM (g, k) distributions..

Empirical

Theoretical

Expected
value

357.6182

Variance

1734.989

Expected
value

358.1

Variance

1736.993

2017.963

25130.77

2025.72

25193.29

5572.333

123328.6

5582.227

123155.9

11458.8

382905.4

11459.2

382303.9

20017.56

921921.9

20018.4

923208.2

31634.75

1918410

31577.84

1900332

46442.57

3519432

46424.74

3502031

64694.33

5708044

64823.03

5950551

87006.13

9302072

87018.31

9502033

113149.6

14529473

113241.2

14446507

Table 4: Comparison between the theoretical and empirical expected value and variance of the statistic 73(S,, S,), where the
samples S; and S, of sizes n = 60, m = 70 and different variances have been generated from BvM(, k).

Empirical

Theoretical

Expected
value

44977.84

Variance

1062292

Expected
value

44937.76

Variance

1066772

38201.79

2553813

38231.52

2579217

30704.28

3193712

30777.94

3158786

24512.14

2864423

24498.71

2861290

19781.92

2244229

19803.87

2274582

16440.43

1769330

16420.81

1732448

13961.4

1322599

13967.67

1319999

12130.82

1008783

12143.05

1024513

10754.05

10743.53

828970.7

814119.5

Copyrights @Kalahari Journals

9628.369

657730

5.

9638.216

661795.8

CONCLUSION
The theoretical properties of the energy-like statistic based on torus distance and for multidimensional cases are presented in
this article. This statistical test could be used with a permutation test as a two-sample test to determine the homogeneity between
the distributions of two groups of circular data. Moreover, a simulation study is performed to validate the properties that we have
calculated using the R program version 3.6.2.
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