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Abstract 

The aim of this paper is to introduce a new class of 

nano ideal generalized Cl.S., namely 𝑛𝐼𝑠α𝑔 − Cl.S.s 

on nano ideal Tp.Sp. and studied their properties. 

Also, we have introduced a nano generalized Cl.S., 

namely 𝑛𝑠α𝑔 − Cl.S. in nano Tp.Sp. Further, we 

have investigated their interrelationship with other 

existing generalized Cl.S.s. In addition, we have 

given appropriate examples to understand the 

abstract concepts clearly. 
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Cl.S..  

 

1.INTRODUCTION 

An ideal ℐ ≠ ∅ is a collection of subsets of which 

satisfies (i) ℋ1 ∈ ℐ and ℋ2 ⊂ ℋ2 implies ℋ2 ∈ ℐ 

and (ii)ℋ1 ∈ ℐ and ℋ2 ∈ ℐ implies ℋ1 ∪ ℋ2 ∈
ℐ.M.Lellis Thivagar[4] introduced the theory of nano 

topology as an extension of theory of sets in order to 

study the intelligent systems which are characterized 

by insufficient and incomplete information. Indeed, 

nano topology has several applications in the real-

life problems. The notion of nano ideal topological 

space (briefly, 𝑛ℐ − topological space) was 

introduced by Parimala et.al[9] and investigated its 

properties and characterizations. In 1970, Levine 

introduced the concept of generalized Cl.S.s as a 

generalization of Cl.S.s in Tp.Sp. M.Parimala 

et.al[6] introduced the concept of nano ideal 

generalized Cl.S.s in 𝑛ℐ − Tp.Sp. In this paper, we 

introduce a new class of nano generalized Cl.S. 

known as 𝑛𝑠α𝑔 − Cl.S.s in nano Tp.Sp. and a nano 

ideal generalized Cl.S. known as 𝑛𝐼𝑠α𝑔 − Cl.S.s on 

𝑛ℐ − Tp.Sp. Further, the characteristics and 

properties of 𝑛𝐼𝑠α𝑔 − Cl.S. are discussed.  

2. PRELIMINARIES 

Definition 2.1[4] Let 𝒰 be a nonempty finite set of 

objects called the universe and ℛ be an equivalence 

relation on 𝒰 named as indiscernibility relation. 

Then 𝒰 is divided into disjoint equivalence classes. 

Elements belonging to the same equivalence class 

are said to be indiscernible with one another. The 

pair (𝒰, ℛ) is said to be an approximation space. Let 

𝑋 ⊆ 𝒰. Then, 

(i)  The lower approximation of 𝑋 with respect to 

ℛ is the set of all objects which can be for 

certain classified as 𝑋 with respect to ℛ and is 

denoted by 𝐿ℛ(𝑋). That is,  𝐿ℛ(𝑋) =∪

{ℛ(𝑋) ⊆ 𝑋: 𝑥 ∈ 𝒰} where ℛ(𝑋) denotes the 

equivalence class determined by 𝑥 ∈ 𝒰. 

(ii)  The upper approximation of 𝑋 with respect to 

ℛ is the set of all objects which can be possibly 

classified as 𝑋 with respect to ℛ and is denoted 

by 𝑈ℛ(𝑋). That is,  𝑈ℛ(𝑋) =∪ {ℛ(𝑋): ℛ(𝑋) ∩

𝑋 ≠ ∅, 𝑥 ∈ 𝒰}. 
(iii)  The boundary region of 𝑋 with respect to ℛ is 

the set of all objects which can be classified 

neither as 𝑋 nor as not −𝑋 with respect to ℛ and 

is denoted by 𝐵ℛ(𝑋). That is, 𝐵ℛ(𝑋) =

𝑈ℛ(𝑋) − 𝐿ℛ(𝑋). 

Definition 2.2 [4] Let 𝒰 be a universe, ℛ be an 

equivalence relation on 𝒰 and τℛ(𝑋) =

{𝒰, ∅, 𝐿ℛ(𝑋), 𝑈ℛ(𝑋), 𝐵ℛ(𝑋)}, where 𝑋 ⊆ 𝒰, 
satisfies the following axioms: 

(i)  𝒰, ∅ ∈ τℛ (𝑋).  
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(ii)  The union of the elements of any sub-

collection of τℛ(𝑋) is in τℛ(𝑋).  

(iii)  The intersection of the elements of any 

finite subcollection of τℛ(𝑋) is in 

τℛ(𝑋). 

Therefore, τℛ(𝑋) is a topology on 𝒰 called the nano 

topology on 𝒰 with respect to 𝑋. We call 

(𝒰, τℛ (𝑋)) as the nano topological space. The 

elements of τℛ(𝑋) are called nano Op.S.s (briefly, 

𝑛 − Op.S.s). The complement of a nano Op.S. is 

called a nano Cl.S. (briefly, 𝑛 − Cl.S.). 

Definition 2.3 [6] Let (𝒰, 𝒩, ℐ) be a 𝑛ℐ − 

topological space with an ideal ℐ on 𝒰  where 𝒩 =

τℛ(𝑋) and (. )𝑛
∗  be a set operator from 𝑃(𝒰)  to 

𝑃(𝒰) , (𝑃(𝒰)  the set of all subsets of 𝒰). For a 

subset 𝐻 ⊂ 𝒰, ℋ𝓃
∗  (ℐ, 𝒩) = {𝑥 ∈ 𝒰: 𝐺𝑛 ∩ 𝐻 ∉ ℐ, 

for every 𝐺𝑛 ∈ 𝐺𝑛 (𝑥)}, where 𝐺𝑛 = {𝐺𝑛: 𝑥 ∈

𝐺𝑛, 𝐺𝑛 ∈ 𝒩} is called the nano local function 

(briefly, 𝑛 − local function) of ℋ with respect to ℐ 

and 𝒩. We will simply write ℋ𝓃
∗  for ℋ𝓃

∗  (ℐ, 𝒩). 

Definition 2.4 [9] Let (𝒰, 𝒩) be a nano topological 

space with an ideals ℐ, ℐ′ on 𝒰 and 𝐻, 𝐿 be subsets 

of 𝒰.Then 

(i)   𝐻 ⊆ 𝐿 ⇒ ℋ𝓃
∗ ⊆ 𝐿𝑛

∗  . 

(ii)   ℐ ⊆ ℐ′ ⇒ ℋ𝓃
∗  (ℐ′ ) ⊆ ℋ𝓃

∗  (ℐ). 

(iii)  𝐻𝑛
∗ =  𝑛 − 𝑐𝑙(𝐻𝑛

∗) ⊆ 𝑛 − 𝑐𝑙 (𝐻) (𝐻𝑛
∗  

is a nano Cl.S. subset of 𝑛 − 𝑐𝑙 (𝐻)). 

(iv)  (ℋ𝓃
∗  )𝑛

∗ ⊆  ℋ𝓃
∗ . 

(v)  ℋ𝓃
∗ ∪ 𝐿𝑛

∗ = (𝐻 ∪ 𝐿)𝑛
∗ . 

(vi)  ℋ𝓃
∗ − 𝐿𝑛

∗ = (𝐻 − 𝐿)𝑛
∗ − 𝐿𝑛

∗ ⊆ (𝐻 −
𝐿)𝑛

∗ . 

(vii)  𝑉 ∈ 𝒩 ⇒ 𝑉 ∩ ℋ𝓃
∗ = 𝑉 ∩ (𝑉 ∩ 𝐻)𝑛

∗ ⊆
(𝑉 ∩ 𝐻)𝑛

∗ . 

(viii)  𝒥 ∈ ℐ ⇒ (𝐻 ∪ 𝒥)𝑛
∗ = ℋ𝓃

∗ = (𝐻 − 𝐽)𝑛
∗ . 

Theorem 2.5 [9] If (𝒰, 𝒩, ℐ) is a 𝑛ℐ − topological 

space 𝐻 ⊆ ℋ𝓃
∗ , then 𝐻𝑛

∗ = 𝑛 − 𝑐𝑙 (𝐻𝑛
∗) = 𝑛 −

𝑐𝑙(𝐻). 

Definition 2.6 [9] Let (𝒰, 𝒩, ℐ) be a 𝑛ℐ − 

topological space. The set operator 𝑛 − 𝑐𝑙∗ is called 

a nano*-closure and is defined as 𝑛 − 𝑐𝑙∗(𝐻) = 𝐻 ∪

𝐻𝑛
∗  for 𝐻 ⊆ 𝒰. 

Definition 2.7 [9] A subset 𝐻 of a 𝑛ℐ − topological 

space (𝒰, 𝒩, ℐ) is 𝑛∗ −dense in itself (resp. 𝑛∗ − 

perfect and 𝑛∗ − Cl.S.) if 𝐻 ⊆ 𝐻𝑛
∗ (resp. 𝐻 = 𝐻𝑛

∗  ,

𝐻𝑛
∗ ⊆ 𝐻). 

Lemma 2.8 [6] Let (𝒰, 𝒩, ℐ) be a 𝑛ℐ − topological 

space and 𝐻 ⊆ 𝒰. If 𝐻 is 𝑛∗ − dense in itself, then 

𝐻𝑛
∗ = 𝑛 − 𝑐𝑙(𝐻𝑛

∗) = 𝑛 − 𝑐𝑙(𝐻) = 𝑛 − 𝑐𝑙∗(𝐻). 

Definition 2.9 [7] A subset 𝐻 of a 𝑛ℐ − topological 

space (𝒰, 𝒩, ℐ) is said to be a nano ideal generalized 

Cl.S. (briefly, 𝑛𝐼𝑔 −Cl.S.) set if 𝐻𝑛
∗ ⊆ 𝐾, whenever 

𝐻 ⊆ 𝐾 and 𝐾 is nano Op.S. 

Definition 2.10 [5] A subset 𝐻 of a 𝑛 − topological 

space (𝒰, 𝒩) is said to be nano α − Op.S.if 𝐻 ⊆

𝑛 − 𝑖𝑛𝑡 (𝑛 − 𝑐𝑙(𝑛 − 𝑖𝑛𝑡(𝐻))). 

Result 2.11 [9] Let (𝒰, 𝒩, ℐ) be a 𝑛ℐ − topological 

space and 𝐻 ⊆ 𝒰. If 𝐻 ⊆ 𝐻𝑛
∗ then 𝐻𝑛

∗ = 𝑛 −

𝑐𝑙(𝐻𝑛
∗) = 𝑛 − 𝑐𝑙(𝐻) = 𝑛 − 𝑐𝑙∗(𝐻). 

Definition 2.12 [8] A subset 𝐻 of a 𝑛 − topological 

space (𝒰, 𝒩) is said to be 𝑛𝑠α − Op.S. if there exists 

a 𝑛α − Op.S. 𝒫 in 𝒰 such that 𝒫 ⊆ 𝐻 ⊆ 𝑛 − 𝑐𝑙(𝒫) 

or equivalently if 𝐻 ⊆ 𝑛 − 𝑐𝑙(𝑛α − 𝑖𝑛𝑡(𝒫)). 

Result 2.13.[9] Let (Γ, 𝒩) be a nano topological 

space. Then 

(i)  Every 𝑛 − Op.S. is 𝑛𝑠α − Op.S. 

(ii)  Every 𝑛α − Op.S. is 𝑛𝑠α − Op.S. 

3. 𝒏𝑰𝒔𝛂𝒈 − Closed Sets 

Definition 3.1 (i) A subset 𝐻 of a 𝑛 − topological 

space (Γ, 𝒩) is said to be nano semi α − generalized 

Cl.S. (briefly, 𝑛𝑠α𝑔 − Cl.S.) if 𝑛 − 𝑐𝑙(𝐻) ⊆ 𝒢 

whenever 𝐻 ⊆ 𝒢 and 𝒢 is 𝑛𝑠𝛼 − Op.S. 

(ii) A subset H of a 𝑛ℐ − topological space (Γ, 𝒩, ℐ) 

is said to be nano ideal semi  α generalized Cl.S. 

(briefly,  𝑛𝐼𝑠α𝑔 − Cl.S. ) if 𝐻𝑛
∗ ⊆ 𝒢 whenever 𝐻 ⊆

𝒢 and 𝒢 is 𝑛𝑠𝛼 − Op.S. 

Example 3.2 Let Γ = {ν1, ν2, ν3, ν4} ; Γ/𝑅 =

{{ν1, ν3}, {ν2}, {ν4}} ; 𝑋 = {ν2, ν3} and 𝒥 =
{∅, {ν3}}. ℳ = {∅ , Γ, {ν2}, {ν1, ν2, ν3}, {ν1, ν3}} .  

(i) 𝑛𝑠𝛼𝑔 − Cl.S.s are 

∅, Γ, {𝜈4}, {𝜈1, 𝜈4}, {𝜈2, 𝜈4}, {𝜈3, 𝜈4}, {𝜈1, 𝜈2, 𝜈4}, {𝜈1, 𝜈3, 𝜈4}, 

{𝜈2, 𝜈3, 𝜈4}.   

(ii) 𝑛𝐼𝑠𝛼𝑔 −    Cl.S.s are 

∅, Γ, {ν3}, {ν4}, {ν1, ν4}, {ν2, ν4}, {ν3, ν4}, {ν1, ν2, ν4}, {ν1, ν3, ν4}, 
{ν2, ν3, ν4}. 

Proposition 3.3 Every 𝑛𝐼𝑠α𝑔 − Cl.S. is 𝑛𝐼𝑔 − Cl.S. 

in (Γ, 𝒩, ℐ). 

Proof: Let (Γ, 𝒩, ℐ) be a 𝑛ℐ − topological space and 

𝐻 ⊆ Γ be a 𝑛𝐼𝑠α𝑔 − Cl.S. Let 𝐻 ⊆ 𝐾 and 𝐾 is 𝑛 − 
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Op.S. Since 𝐻 is 𝑛𝐼𝑠α𝑔 − Cl.S. and every 𝑛 − Op.S. 

is 𝑛𝑠α − Op.S., 𝐻𝑛
∗ ⊆ 𝐾 whenever 𝐻 ⊆ 𝐾 and 𝐾 is 

𝑛𝑠α − Op.S. Therefore, 𝐻𝑛
∗ ⊆ 𝐾 whenever 𝐻 ⊆ 𝐾 

and 𝐾 is 𝑛 − Op.S. Hence, the result. 

Remark 3.4 The reverse implication of the 

preceding theorem need not be true as shown in the 

example below. 

Example 3.5 Let Γ = {ν1, ν2, ν3, ν4} ; Γ/𝑅 =

{{ν1}, {ν2, ν3}, {ν4}} ; 𝑋 = {ν1, ν4} and ℐ =

{∅, {ν1}}. 𝒩 = {∅, Γ, {ν1, ν4}}. 𝑛𝐼𝑠α𝑔 − Cl.S.s are 

∅, Γ, {ν1},  {ν2, ν3}, {ν1, ν2, ν3}, {ν2, ν3, ν4} and 

𝑛𝐼𝑔 − Cl.S.s are 

∅, Γ, {ν1}, {ν2}, {ν3}, {ν1, ν2}, {ν1, ν3}, {ν2, ν3}, {ν2, ν4}, {ν3, ν4}, {ν1, ν2, ν3}, {ν1, ν2, ν4}, 
{ν1, ν3, ν4}, {ν2, ν3, ν4}. Here {ν1, ν3, ν4} is 𝑛𝐼𝑔 − 

Cl.S. but not 𝑛𝐼𝑠α𝑔 − Cl.S. 

Proposition 3.6 Every 𝑛∗ − Cl.S. is 𝑛𝐼𝑠α𝑔 − Cl.S. 

Proof: Let 𝐻 be a 𝑛∗ − Cl.S. Then, 𝐻𝑛
∗ ⊆ 𝐻.Let 𝐻 ⊆

𝐾 and 𝐾 is 𝑛𝑠𝛼 − Op.S. Hence, 𝐻𝑛
∗ ⊆ 𝐾 whenever 

𝐻 ⊆ 𝐾 and  𝐾 is 𝑛𝑠𝛼 − Op.S. Therefore, 𝐻 is 

𝑛𝐼𝑠α𝑔 − Cl.S. 

Remark 3.7 The reverse implication of the above 

theorem is not valid as shown in the example given 

below.  

Example 3.8 In Example 3.2. the set {ν1, ν4}, is 

𝑛𝐼𝑠α𝑔 − Cl.S. but not 𝑛∗ − Cl.S. 

Theorem 3.9 If (Γ, 𝒩, ℐ) is a 𝑛ℐ − topological 

space, then 𝐻𝑛
∗  is always 𝑛𝐼𝑠α𝑔 − Cl.S. for every 

subset 𝐻 ⊆ Γ. 

Proof: Let 𝐻𝑛
∗ ⊆ 𝐾 where  𝐾 is 𝑛𝑠𝛼 −  Op.S. Since 

(𝐻𝑛
∗)𝑛

∗ ⊆ 𝐻𝑛
∗ , (𝐻𝑛

∗)𝑛
∗ ⊆ 𝐾 whenever 𝐻𝑛

∗ ⊆ 𝐾 and   𝐾 

is 𝑛𝑠𝛼 −  Op.S. Therefore, 𝐻𝑛
∗  is  𝑛𝐼𝑠α𝑔 −Cl.S. 

Proposition 3.10 Every 𝑛𝑠α𝑔 − Cl.S. is 𝑛𝐼𝑠α𝑔 − 

Cl.S. in 𝑛ℐ − topological space (Γ, 𝒩, ℐ).  

Proof: Let 𝐻 be a 𝑛𝑠α𝑔 − Cl.S. Then 𝑛 − 𝑐𝑙(𝐻) ⊆

𝐾 whenever 𝐻 ⊆ 𝐾 and  𝐾 is 𝑛𝑠α − Op.S. Also, 𝑛 −

𝑐𝑙∗(𝐻) ⊆ 𝑛 − 𝑐𝑙(𝐻) ⊆ 𝐾 whenever 𝐻 ⊆ 𝐾 and  𝐾 

is 𝑛𝑠𝛼 − Op.S.implies that 𝐻 is 𝑛𝐼𝑠α𝑔 − Cl.S. 

Remark 3.11 The reverse implication of the 

preceding theorem is not valid as shown in the 

example below. 

Example 3.12 In Example 3.2, {ν3} is  𝑛𝐼𝑠α𝑔 − 

Cl.S. but not 𝑛𝑠α𝑔 − Cl.S. 

Remark 3.13 The following figure shows that the 

relationship of 𝑛𝐼𝑠α𝑔 − Cl.S.s with some of the 

existing sets, which we have discussed in this section 

These implications are not reversible. 

Theorem 3.14 Let (Γ, 𝒩, ℐ) be a 𝑛ℐ − topological 

space. Then every subset of Γ is 𝑛𝐼𝑠α𝑔 − Cl.S. if and 

only if every 𝑛𝑠𝛼 − Op.S. is 𝑛∗ − Cl.S. 

Proof: Suppose every subset of Γ is 𝑛𝐼𝑠α𝑔 − Cl.S. If 

 𝐾 is 𝑛𝑠𝛼 −  Op.S., then  𝐾 is 𝑛𝐼𝑠α𝑔 − Cl.S. so that 

𝐾𝑛
∗ ⊆ 𝐾. Hence,  𝐾 is 𝑛∗ − Cl.S. Conversely, 

suppose that every 𝑛𝑠𝛼 − Op.S. is 𝑛∗ − Cl.S. If  𝐾 is 

𝑛𝑠𝛼 − Op.S. such that 𝐻 ⊆ 𝐾 ⊆ Γ then, 𝐻𝑛
∗ ⊆ 𝐾𝑛

∗ ⊆

𝐾 so that 𝐻 is 𝑛𝐼𝑠α𝑔 − Cl.S. 
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