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ABSTRACT

Let G = (V,E) be taken simple graph. A set S < V is a fair as dominating set of G, if any vertex not in S
is adjacent to only one or more vertices in S. A dominating set S of G is a fair as dominating set if every two
vertices u, v € V(G) — S are dominated by same number of vertices from S. The smaller number taken over
all fair as dominating sets in G is called the fair as domination number of ¢ denoted by y;(G). Let C, cycle
graph of order n. Let D (Cy, i) be the family of all fair as dominating sets of a wheel C,, with number i, and let
ds(Cp, i) = |Df(Cn, i)|. In this paper, we try to explore the fair as domination polynomial cycle graph and
also more properties are consider in it.

Key words: dominating sets, domination as polynomial, fair as dominating sets, fair domination as
polynomial.

1. Introduction n 4G Dt h d(G i b N
Consider the graph as G = (V,E) & an iz:l (G, Dx', where d(G,i)  number o

undirected graph, where [V(G)|=n take the dominating sets of G of number i.
cardinality of vertices and |E(G)| = m often the

number of edges of G. For undefined term refer Analogously, a fair as domination polynomial

of a graph G of order n is the polynomial

Harary [9]. n

A set S € V(G) is a dominating as set if any Ds(G,x) = 2 ds (G, Dxt, where ds (G, 1)
vertex not in S is adjacent to one or so many i =yr(G)
vertices in S. The number minimum taken over all number of fair as dominating sets of G of number i.

dominating sets in G is called domination number of
G and is often called the domination number of G FGx) if fG) =0. An element a called zero

and denoted by y (). polynomial of multiplicity m if (x — @)™ /f (x) and
A dominating set S as fair as dominating set if (x — a)™*! not a divisor of f(x).

any two vertices u,v € V(G) — S are dominated by

the same number of vertices from S. The smaller

An element a as shown to be a zero polynomial

number taken as all of asover all fair dominating 2. Fair Domination Polynomial of a Cycle

sets in G is called the fair as domination number of Graph

G and denoted y(G). In this section, we consider to study the fair as
A domination as polynomial of graph G is the dominating sets and fair as domination polynomial

polynomial D(G,x) = of cycle graph C,.
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Definition 2.1. Let C, be consider cycle graph of

order n. Let D(Cp, i) the family of fair as

dominating sets of G with number i. The fair as

domination polynomial of C, the polynomial
n

D (Cpox) = ) where
] L= yf(Cn)
ds(Cp, D)x" the number of fair as dominating sets of

C,, of number i.

df (Cn' l)xly

Example 2.2.

Consider cycle graph C, vertex set taken as
V = {vy,v,, V3,04, Vs, V6, v} givenin Fig 2.1.
v v, Ve

Vs

V3 Vi

&
Figure 2.1
Here y((C;) = 3.
D¢ (C7,3)
= {{v1, v4, vs}, {2, vs, v6}, {3, V6, V7 }, {vs, v1, V73, {v1, v, 05},
{v1, v3,v6}, {vs, vs, v7 3}

Dr(C7,4)
= {{vll V3, Us, v6}' {172' V4, Vg, 177}, {vll V3, Us, 177}, {vlr V2, Vg, v6}:
{v2, v3, V5, v7}, {v1, V3, V4, U6}, {V1, V2, V4, 53}
Df(C7l 5)

= {vy, V3, U3, V4, Us}, {V2, U3, Vs, Us, Vs }, {V3, V4, Vs, Vg, V73,
{Ulr Vy, US: UG! U7}:

{Ull V3, V3, Vs, ‘U7}, {vlr V2, V3, Vs, 177}, {vll V3, Vs, Vs, 177},
{vlr VU2, V3, Uy, vﬁ}:

{UZ' U3, V4, Us, ‘U7}, {vlr U3, V4, Vs, 176}' {UZ' V4, Vs, Ve, ‘IJ7},
{vlr V3, Vs, Vg, 177},

{v1, 2, V4, V6, V73, {V1, V2, V3, Vs, V73, {V1, V2, V3, Vs, g},
{v2,v3,v4, V6,173,

{3, V4, Vs, Ve, U7}, {V1, V2, V4, Vs, V63, {v2, V3, Vs, Ve, 171,
{UL VU3, Uy, Vs, U7},

{v1, v2, V4, V5, v7}

Df(C7r 6) =
{v1, 2, V3,04, Vs, U6}, {2, V3, V4, Vs, V6, V73, {V1, V3, V4, Vs, V6, U7},
{1, V2, Va4, Vs, V6, V73, {v1, V2, V3, Vs, Ve, V73, {V1, V2, V3, Vs, Ve, V7,
{v1, V2, V3,04, 5, 7 }}
Df(C,7) = {v1,v3,V3, V4, Vs, Ve, V7}
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Now,

4]
Di(Crx)= X
i= Vf(C7)
7 .
Z df(C7r l)xl
i=3
df(C7, 3).7(3 + df(C7, 4)x4 + df(C7, S)XS + df(C7, 6)x6
+ df(C7, 7)X7

dp(Cy,D)xt

7x3 + Tx* + 7x* + 21x% 4+ 7x® 4+ x7
Hence,
Dp(Cy,x) = 7x3 + 7x* + 7x* + 21x° + 7x® 4+ x7.

To prove over main results we need the following
lemma.

Lemma 2.3. For any cycle graph C,,(n > 5),
[g]ifn =0V 1(mod3)

yf(Cn) = [g] + lifn = Z(mod?))

Theorem 2.4. For any cycle graph C,, withn
vertices,

dr(Cp, ) =0 if1< [g] +1ori>n.
Proof: Let C,, be a cycle with n vertices

We know that any member of Df(C, i)
contains atmost n vertices.

Therefore, we have d¢(Cy, i) = @for i > n.

Also, since [%] or [%] + 1 is minimum
cardinality of a fair dominating set, there is no fair
dominating set of cardinality less than [%].

Therefore, Dy (Cy, 1) = @ if 1 <[],

Hence, Dy (Cp, i) = @ ifi >nor i <[]
| |

Theorem 2.5. For n > 3, a star graph (3, may not
have a fair dominating set of cardinality n + 1.

Proof: Consider C3, where n > 3. We shall find a
fair dominating set S of cardinality n+ 1 in Cs,.
Sincen+1< [%J, not every element in V(Cs,) — S

are independent. Then V(C5,) — S contains at least
two adjacent vertices. Since S is a fair dominating
set of C5,, that V(C5,) — S does not contain more
than two adjacent vertices. We consider the
following two cases:

Case (i): If every vertices in V(Cs,) — S forms
induced union of path P,. Then it is clear that S
contains exactly n — vertices.

Hence this case fails.
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Case (ii): If every vertices in V(C3,) — S need not
forms induced union of path P,. This means that
V(C5,) — S contains an induced path P;. Assume v
be the vertex of P;. Then the vertices adjacent to v
in V(Cs,,) — S is dominated by two vertices of S
and the remaining vertices in V(Cs,) —S are
dominated by exactly one vertex from S. So that S
is not a fair dominating set.

Hence we cannot find a fair dominating set of
cardinality n + 2 for a star graph C3, forn > 3.

Theorem 2.6 For n = 9, a cycle graph C,, not every
power of x exists in a fair domination polynomial.

Proof: Consider a cycle graph (5, with n >3
vertices. By Theorem 2.5, a cycle graph Cs, may
not have a fair dominating set of particular
cardinality. Hence the result follows.

Lemma 2.7. For any cycle graph C,, with n
vertices,
i.de(Cpym) =1
ihdf(Cpym—1)=n
fii.de(Cpon — 2) = (’21)
iv.for k > 2,df(C3k,k) = 3.
v.for > 3, df (C31, k + 1) = 0.

Hence df(C3, k + 1) = 3.
v. This follow from Theorem:2.

vi.Consider the wheel graph Csx.4. Then it has
3k + 1 vertices. The fair dominating set of C3y4 Of
cardinality k+1 are {1,2,5,...,.3k —
1},{2,3,6,...,3k},{3,4,7,....3k + 1}, ..., {3k +
1,1,4,7,...,3k — 2}.

Therefore we have 3k + 1 fair dominating sets
of C3p44 cardinality k + 1. Hence
df(C3k+1,k + 1) = 3k + 1.

vii.Consider the cycle graph Cs3x.,. Then it has
3k + 2 vertices. The fair dominating sets of Csx.2
of cardinality k+2 are
{1,2,5,6,9, ...,3k},{2,3,6,7, ...,.3k +
1},{3,4,7,8,...,3k + 2}, ..., {3k + 2,1,4,5,8, ...,.3k +
1},{1,2,3,6,9, ...,3k},{2,3,4,7,10, ...,3k +
1},{3,4,5811,...,.3k + 2}, ..., {3k + 1,3k +
2,1,4,7,...,3k — 2}.

Therefore we have 3k+2+3k+2 fair
dominating sets of cardinality k + 2. Hence
df(Cape2.k +2) =3k + 2+ 3k + 2 = 6k + 4.

viii. Clearly d;(Cy, i) is the cardinality of total
collection of fair dominating sets of cardinality i.
Hence d;(C,,i) has to be a positive integer
including zero.

vii.for k = 3, df(C3x42,k +2) = 6k + 4
viii.dg (Cy, 1) is always a positive integer.
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