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Abstract –In this paper we study new type of vector fields 

lying on lightlike hypersurfaces of a Lorentzian 

manifold(�̅�, 𝒈). We obtainedsome results dealing with new 

type of vector fields and discussed for totally umbilical 

lightlike hypersurfaces and totally geodesic lightlike 

hypersurfaces. Furthermore, Ricci soliton lightlike 

hypersurfaces admitting new type of vector fields are studied 

and some characterizations for this frame of hypersurfaces are 

obtained. 
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1. Introduction 

In 1943, K. Yano [25] proved that there exists a smooth 

vector field  𝒗, so called concurrent on a Riemannian 

manifold (�̅�, 𝒈) which satisfies the following condition. For 

every vector field 𝑭 tangent to�̅� 

 

𝑫𝑭𝑽 = 𝑭 

Where𝐷is the Levi-Civita connection with respect to 

Riemannian metric �̅�on  M̅̅ ̅̅ . Applications of concurrent vector 

fields have been investigated and Riemannian andSemi-

Riemannian manifolds equipped with concurrent vector fields 

have been intensely studied by various authors ([6], [8]). 

 

Beside these facts, the notion of a Ricci soliton ([16], [17]), is 

initially observed by Hamilton’s Ricci flow and Ricci solitons 

drew attention after  𝐺 . Perelman and applied Ricci solitons 

to solve the Poincare conjecture. 

A Riemannian manifold(M̅, 𝑔) with a metric tensor 𝑔 is called 

a Ricci soliton [18] if, thereexists a smooth vector field 𝑣 

tangent to 𝑀 satisfying the following equation 

(1) 1

2
𝐿𝑣𝑔(𝐹, 𝐽) + 𝑅𝑖𝑐(𝐹, 𝐽) = 𝜆𝑔(𝐹, 𝐽) 

In the last twenty years, the hypothesis of geometric flows is 

the most important mathematical tools to describe the 

geometric structures in Riemannian geometry. A specific 

section of solutions on which the metric evolves by 

diffeomorphisms has a significant impact in the investigation 

of singularities of the flows as they show up as possible 

singularity models. They are frequently called soliton 

solutions. 

 

Yamabe flow was presented by Hamilton [16], 

simultaneously with Ricci flow. The Ricci soliton and 

Yamabe soliton are special solutions of the Ricci flow and 

Yamabe flow, respectively. The Ricci soliton and the Yamabe 

soliton are equivalent for dimension𝑛 =  2. Although, in 

dimension 𝑛 > 2, they are not identical and in the course of 

recent years, the theoretical concept of geometric flows, for 

example, Ricci flow and Yamabe flow has been the focal 

point of fascination of numerous geometers. As of late, in 

2019, Guler and Crasmareanu [15] presented the investigation 

of another geometric flow under the name Ricci-Yamabe 

map. This map is nothing but a scalar combination of Ricci 

and Yamabe flow.  

This is additionally named (𝛼, 𝛽) type Ricci-Yamabe flow. 

This type of flow is advancement for the metrics on(�̅�, 𝑔),the 

Riemannian manifold defined by [15] 

(2) 𝛿

𝛿𝑡
𝑔(𝑡) = 𝛽𝑟(𝑡)𝑔(𝑡) − 2𝛼𝑆(𝑡), 𝑔0 = 𝑔(0) 

 

Where𝑆is the Ricci tensor, 𝑟 denotes the scalar curvature, 

and𝛼, 𝛽, 𝛾 ∈  𝑅. One can think Ricci-Yamabe flow as 

Riemannian or singular Riemannian or semi-Riemannian flow 

because of the signs of 𝛼and β the involved scalars. This sort 
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of different choices can be valuable in some mathematical or 

physical models such as relativistic theories.  

Therefore, normally Ricci-Yamabe soliton arises as the 

constraint of the soliton of Ricci-Yamabe flow. Another 

strong inspiration that started the investigation of Ricci-

Yamabe solitons is that, in spite of the fact that Ricci solitons 

and Yamabe solitons are identical in dimensional 2, in higher 

dimension they are basically different. 

A Ricci-Yamabe soliton [9] on (�̅�, 𝑔) is a data (𝑔, 𝐹, 𝜆, 𝛼, 𝛽) 

fulfilling 

 

(3) ℒ𝐹𝑔(𝐹, 𝐽) = −2𝛼𝑆(𝐹, 𝐽) − (2𝜆 − 𝛽𝑟)𝑔(𝐹, 𝐽) 

 

Where£ being the Lie-derivative, S indicates the Ricci tensor, 

r denotes the scalar curvature and 𝜆, 𝛼, 𝛽 ∈  𝑅. If f is a 

smooth function and 𝐹 is the gradient of 𝑓on 𝑁, then the 

foregoing notion is named gradient Ricci-Yamabe soliton [9] 

and the equation (3) transforms to 

(4) 
�̅�2𝑓 = −𝛼𝑆(𝐹, 𝐽) − (𝜆 −

1

2
𝛽𝑟)𝑔(𝐹, 𝐽) 

where the Hessian of𝑓is denoted by �̅�2𝑓. 

 

The Ricci-Yamabe soliton (or gradient Ricci-Yamabe soliton) 

is said to be expanding for𝜆 > 0, steady for 𝜆 =  0 and 

shrinking when 𝜆 < 0.If 𝜆, 𝛽and 𝛼are smooth functions on 

�̅�, then a Ricci-Yamabe soliton (or gradient Ricci-Yamabe 

soliton) is called an almost Ricci-Yamabe soliton (or gradient 

Ricci-Yamabe soliton).If 𝛽 =  0, 𝛼 =  1, then Ricci-Yamabe 

soliton (or gradient Ricci-Yamabe soliton) turns into Ricci 

soliton (or gradient Ricci soliton) [16]. Similarly, it turns into 

Yamabe soliton (or gradient Yamabe soliton) [17] if𝛽 =
 1 , 𝛼 =  0. Alsoif𝛽 =  −1, 𝛼 =  1  then it reduces to an 

Einstein soliton (or gradient Einstein soliton) [7]. 

 

The Ricci-Yamabe soliton (or gradient Ricci-Yamabe soliton) 

is said to be proper if 𝛼 ≠  0, 1. Ricci solitons and Yamabe 

solitons have been investigated by several authors. 

 

Duggal-Bejancu introduced lightlike geometry of semi-

Riemannian manifolds and is completely different from 

Riemannian and semi-Riemannian one. to overcome this 

difficulty arisen due to degenerate metric authors obtained 

transversal bundle for such hypersurfaces. After [11] 

researchers across the globe studied lightlike hypersurface of 

manifolds by following Duggal-Bejancu approach. For 

degenerate hypersurfaces of manifolds we refer ([9],[10], 

[11], [12], [13], [14]) any many more references therein.  

 

The main purpose of this paper is to investigate new type of 

vector fields on lightlikehypersurfaces and Ricci solitons 

lightlike hypersurfaces of a Lorentzian manifold. 

However,there are some difficulties to deal with while 

examining new type of vector fields and Riccisolitons for 

these kinds of submanifolds.  

 

The first problem is that since the inducedmetric is degenerate 

and hence not invertible for a lightlike hypersurface, some 

significantdifferential operators such as the gradient, 

divergence, Laplacian operators with respectto the degenerate 

metric cannot be defined. To get rid of this problem, we 

consider theassociated metric defined with the help of a 

rigging vector field. The second main problem is that the 

Ricci tensor of any lightlike hypersurface is not symmetric. In 

this case, the Riccisoliton equation loses its geometric and 

physical meanings. To get rid of this problem, weinvestigate 

this equation on lightlike hypersurfaces with the genus zero 

screen distributionwhose Ricci tensor is symmetric. 

 

2. Preliminaries 

“A vector field 𝑣on a Riemannian manifold 𝑀is said to be a 

new type of vector field [9] if, for any X tangent to 𝑀, one has 

 

(5) 𝐷𝐹𝑣 = 𝐵(𝐹)𝑣 − 𝐹  

Where the 1-form 𝐵is associated with the vector field 𝑣 such 

that 𝑔(𝐹, 𝑣)  =  𝐵(𝑣) and 𝐷denotes the Levi-Civita 

connection.  In literature, such vector fields are also known as 

geodesic fields since integral curves of such vector fields are 

geodesics”. 

“On the other hand the notion of new type of  vector fields can 

naturally be extended to semi-Riemannian manifolds. In that 

line, Chen, in [8], has provedthat a Lorentzian manifold is a 

generalized Robertson–Walker spacetime if and only if it 

admits a timelike concircular vector field. 

Concircular vector fields are also important in the study of 

concircular mappings, that is; conformal mappings preserving 

geodesic circles [26]. In physics, particularly in general 

relativity, concircular vector fields have interesting 

applications. For instance, it has been noted that trajectories of 

timelike concircular fields in the de-Sitter model determine 

the world lines of receding or colliding galaxies satisfying the 

Weyl hypothesis [24]. 

Now let us recall some of the elementary and important 

terminologies about the geometry of lightlike (degenerate) 

hypersurfaces of semi-Riemannian manifolds”. 

Assume that(𝑴, �̅�, 𝑺(𝑻𝑴)) to be a null hypersurface 

of (�̅�, 𝒈). Then over (𝑴,  �̅�, 𝑺(𝑻𝑴)), there exists 𝒕𝒓(𝑻𝑴) a 

rank 1 unique vector bundle in such a way that for any 𝒁 of 

𝑻𝑴⊥ on  𝒀 ⊂ 𝑴, there exists 𝑿 a unique section of 

 𝒕𝒓(𝑻𝑴) on the coordinate neighborhood𝒀known as null 

transversal vector field of hypersurface (𝑴,  �̅�, 𝑺(𝑻𝑴)). 

Such that 

 

(6) 

�̅�(𝒁, 𝑿)  =  𝟏, �̅�(𝑿, 𝑿)  = �̅�(𝑿, 𝑶))  =  𝟎 

∀ 𝑂 ∈ 𝛤(𝑆(𝑇𝑀|𝑀 )). Then tangent bundle 𝑇�̅� is decomposed 

as 

(7) 𝑻�̅�|𝑴 =  𝑺(𝑻𝑴) ⊕  (𝑻𝑴 ⊥ ⊕  𝒕𝒓(𝑻𝑴)), 

 

(8) 

𝑻�̅�|𝑴 =  𝑻𝑴 ⊕  𝒕𝒓(𝑻𝑴). 

Here 𝑡𝑟(𝑇𝑀) is known to be as lightlike transversal bundle of 

hypersurface with respect to 𝑆(𝑇𝑀) and 𝑡𝑟(𝑇𝑀) is 
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complementary but not orthogonal vector bundle to 𝑇𝑀in 

�̅�|𝑀[ 9 ].  

According to equation (8) for all  𝐹, 𝐽 ∈ 𝛤(𝑆(𝑇𝑀|𝑀), the local 

Gauss and Weingarten   formulas are given as 

(9) �̅�𝑭𝑱 =  𝑫𝑭𝑱 +  𝑩(𝑭, 𝑱),  

 

(10) 

�̅�𝑭𝑿 =  −𝑨𝑿𝑭 +  𝝉(𝑭)𝑿,  

 

(11) 𝐷𝐹𝑃𝐽 = 𝐷∗
𝐹𝑃𝐽 +  𝐶(𝐹, 𝑃𝐽)𝜉,  

 

(12) 

𝑫𝑭𝒁 = 𝑨∗
𝒁𝑭 +   𝝉(𝑭) 𝒁  

Here �̅�, (𝐷, 𝐷∗) represent Livi-Civita connection of (�̅�, 𝑔) 

and linear connections on (𝑇𝑀, 𝑆(𝑇𝑀)) respectively. (B, C) 

and (𝐴𝑋, 𝐴∗
𝑋) represent local fundamental forms and shape 

operators on 𝑇𝑀 and 𝛤(𝑆(𝑇𝑀) respectively. Also  𝜏 and 𝑃 

represent 1-form and projection morphisms of 𝛤(𝑇𝑀) on 

𝑆(𝑇𝑀) respectively. By using the fact that 𝐵(𝐹, 𝐽) =
𝑔(𝐷̅̅̅̅

𝐹𝐽 , 𝜉), we know that the local second fundamental form 𝐵 

is independent of choice of 𝑆(𝑇𝑀) and hence satisfies 

 

(13) 

𝑩(𝑭, 𝒁) = 𝟎,    ∀ 𝑭 ∈  𝜞 (𝑻𝑴).  

Unfortunately 𝐷 on 𝑇𝑀 is not a metric connection and hence 

satisfies 

 

(14) 

(𝑫𝑭�̅�)(𝑱, 𝑳) = 𝑩(𝑭, 𝑱)𝜽 (𝑳) +  𝑩(𝑭, 𝑳)𝜽 (𝑱)     
∨ 𝑭, 𝑱, 𝑳 ∈  𝜞 (𝑻𝑴). 

 

Here 𝜃 represents 1- form defined as, 𝜃(𝐹) = 𝑔(𝐹, 𝑋), for all 

𝐹 ∈  𝛤 (𝑇𝑀).TheLiederivativeofgwithrespecttotheitsLevi-

Civitaconnection�̅�isdefinedby 

 

(15) 

(𝑳𝑭𝒈)(𝑱, 𝑳) = 𝒈(𝑫𝑭𝑱, 𝑳) + 𝒈(𝑫𝑭𝑳, 𝑱)  ∨ 𝑭, 𝑱, 𝑳
∈  𝜞 (𝑻𝑴). 

 

For any lightlike hypersurface (𝑀, �̅�, 𝑆(𝑇𝑀))of (�̅�, 𝑔), we 

have from (13) and (14) that 

 

(16) 

(𝑳𝑭�̅�)(𝑱, 𝑳) = 𝑩(𝑭, 𝑱)𝜽 (𝑳) +  𝑩(𝑭, 𝑳)𝜽 (𝑱)
+ �̅�(𝑫𝑭𝑱, 𝑳) + �̅�(𝑫𝑭𝑳, 𝑱)  ∨ 𝑭, 𝑱, 𝑳
∈  𝜞 (𝑻𝑴). 

 

Or equivalently above equation may be written as  

 

(17) 

(𝑳𝑭�̅�)(𝑱, 𝑳) = (𝑫𝑭�̅�)(𝑱, 𝑳) + �̅�(𝑫𝑭𝑱, 𝑳) + �̅�(𝑫𝑭𝑳, 𝑱)  
∨ 𝑭, 𝑱, 𝑳 ∈  𝜞 (𝑻𝑴). 

 

However, 𝐷* on 𝑆(𝑇𝑀) is metric connection, and the above 

shape operators are related to their local second fundamental 

forms as 

 

(18) 

𝑩(𝑭, 𝑱) = �̅�(𝑨∗
𝒁 𝑭, 𝑱),    �̅�(𝑨∗

𝒁𝑭, 𝑿) = 𝟎  

 

(19) 

𝑪(𝑭, 𝑷𝑱) = �̅�(𝑨𝑿𝑭, 𝑷𝑱),    �̅�(𝑨𝑿𝑭, 𝑿) = 𝟎.  

From (16),    𝐴∗
𝑍  𝐹 =0. With respect to connections �̅� and  𝐷 , 

the Riemannian curvature tensors of (�̅�, 𝑔)  and (𝑀,  �̅�,
𝑆(𝑇𝑀)) are represented by �̅� and 𝑅 respectively as given by 

 

(20) 

𝒈(�̅�(𝑭, 𝑱)𝝃, 𝑷𝑶) = �̅�(𝑹(𝑭, 𝑱)𝑳, 𝑷𝑶)
+ 𝑩(𝑭, 𝑳)𝑪(𝑱, 𝑷𝑶)
− 𝑩(𝑱, 𝑳)𝑪(𝑭, 𝑷𝑶) 

 

 

 

(21) 

𝒈(𝑹 ̅(𝑭, 𝑱)𝑳, 𝝃) = 𝒈 ̅(𝑹(𝑭, 𝑱)𝝃, 𝑷𝑶)
= (𝑫_𝑭 𝑩)(𝑱, 𝑳) − (𝑫_𝑱 𝑩)(𝑭, 𝑳)
+ 𝑩(𝑱, 𝑳)  𝝉(𝑭) − 𝑩(𝑭, 𝑳)𝝉 (𝑱) 

 

 

(22) 

𝒈(�̅�(𝑭, 𝑱)𝑳, 𝑿) = �̅�(𝑹(𝑭, 𝑱)𝝃, 𝑿) = �̅�(𝑫𝑭(𝑨𝑿𝑱) −
𝑫𝑱(𝑨𝑿𝑭) − �̅�(𝑨𝑿(𝑭, 𝑱), 𝑳) + �̅�(𝑨𝑿𝑭, 𝑳)𝝉 (𝑱) −

�̅�(𝑨𝑿𝑱, 𝑳)𝝉(𝑭) + �̅�(𝑨∗
𝝃 𝑭, 𝑨𝑿𝑱) −  �̅�(𝑨∗

𝝃 𝑱, 𝑨𝑿𝑭) −

𝟐𝒅𝝉(𝑭, 𝑱)𝜽(𝑳)) 

 

(23) (𝑫𝑭𝒈)(𝑱, 𝑳) = 𝑩(𝑭, 𝑱)𝜽 (𝑳) + 𝑩(𝑭, 𝑳)𝜽 (𝑱)    ∨ 𝑭, 𝑱, 𝑳
∈  𝜞 (𝑻𝑴). 

Definition:“Let(M, g̅)bealightlikehypersurfaceofasemi-

Riemannianmanifold(M¯, g).Apointp in M is said to be 

umbilic, if 𝐵𝑃(𝐹𝑃, 𝐽𝑃) = 𝑘�̅�𝑝(𝐹𝑃, 𝐽𝑃), for 𝐹𝑝, 𝐽𝑝  ∈ 𝑀, where B 

is the local secondfundamental form.  

 

One says that 𝑀 is totally umbilic if any point of 𝑀 is 

umbilic.It is easy to see that Mis totally umbilic if and only if, 

locally, on each there exists a smooth function φsuch 

that𝐵(𝐹, 𝐽)  = φ�̅�(𝐹, 𝐽), for any 𝑋 and 𝑌tangent to 𝑀. In 

caseφ = 0, one says Mis totallygeodesic. 

Definition: Let(𝑀, 𝑔)bealightlikehypersurfaceofa semi-

Riemannianmanifold(�̅�¯, g). 𝑆(𝑇𝑀) istotally 

umbilic, ifonanycoordinateneighborhood 

Uthereexistsasmoothfunctionψsuchthat𝐶(𝐹, 𝑃𝐽) =
𝜓�̅�(𝐹, 𝑃𝐽), for any 𝐹 and 𝐽 tangent to M. In case ψ =
0 (resp. ψ ≠ 0) on U one says 𝑆(𝑇 𝑀) is 

totallygeodesic(resp.,properlytotallyumbilic).WecallMatotally

screenumbiliclightlikehypersurfaceif,itsscreendistribution is 

totally umbilic. 

Definition:A lightlike hypersurface (M, �̅�) of a semi-

Riemannian manifold is called screen locally conformal, 

iftheshapeoperatorsAXandA∗
ξof𝑀and𝑆(𝑇𝑀),respectively,arere

latedby𝐴𝑋 = 𝜙𝐴𝜉
∗ .Where 𝜙is a non-vanishing smooth 

function on a neighborhood𝑈of𝑀. We say thatMis screen 

homothetic if 𝜙is non-zero constant. 

Definition:A lightlike hypersurface (𝑀, �̅�, 𝑆(𝑇𝑀)) of a 

Lorentzian manifold (̅𝑀, 𝑔)is said to be of genus zero [10] 

with screen 𝑆(𝑇𝑀) if 

 𝑀admits a canonical or unique screen distribution 

𝑆(𝑇𝑀) that induces a canonical or unique lightlike transversal 

vector bundle N and M admits an induced symmetric Ricci 

tensor. 

 Let the Ricci tensor 𝑅(0,2) be symmetric on lightlike 

hypersurface(𝑀, �̅�, 𝑆(𝑇𝑀)). 

The manifold M is called as an Einstein lightlike hypersurface 

[14] if, for any 𝐹, 𝐽 ∈  𝛤(𝑇𝑀), the following relation satisfies: 

(24) 𝑅(0,2)(𝐹, 𝐽)  =  𝛾 �̅�(𝐹, 𝐽) 

Where𝛾isconstant.. 
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3. New Type of Vector Fields 

For any lightlike hypersurface (𝑀, �̅�, 𝑆(𝑇𝑀)), some 

significant differential operators such as the gradient, 

divergence, Laplacian operators could be defined by the help 

of a rigging vector field and its associated metric. Therefore, 

we shall initially recall some basic facts related to rigging 

vector fields and their some basic properties before studying 

new type of vector fields on lightlike hypersurfaces. 

 Let (𝑀, �̅�, 𝑆(𝑇𝑀)) be a lightlike hypersurface of a Lorentzian 

manifold (�̅�, 𝑔) and 𝜉 be a vector field defined in some open 

set containing M. suppose that 𝜉𝑝 ∉  𝑇𝑝 𝑀 for any 𝑝 ∈  𝑀. If 

there exists a 1-form 𝜂 satisfying 𝜂(𝐹) = 𝑔(𝐹, 𝜉) for any 𝐹 ∈
 𝛤(𝑇𝑀), then 𝜉 is called a rigging vector field for M. 

Now, let 𝑋 ∈  𝑡𝑟(𝑇𝑀) be a rigging vector field for 𝑀 and 𝜂be 

a 1-form defined by 

(25) 𝜂(𝐹) = 𝑔(𝐹, 𝑋) 

for any F∈ Γ(TM).  In this case, one can define a (0, 2) type 

tensor 𝑔as follows: 

(26) 𝑔(𝐹, 𝐽)  =  �̅�(𝐹, 𝐽)  +  𝜂(𝐹)𝜂(𝐽) 

for any 𝑋, 𝑌 ∈  𝛤(𝑇𝑀). We note that the associated metric 

�̅�is non-degenerate. From (), () and () we have 

 

(27) 𝑔(𝜉, 𝜉)  =  1,   𝑔(𝜉, 𝐹)  =  𝜂(𝐹) 

and 

(28) �̅�(𝐹, 𝐽) =  𝑔(𝐹, 𝐽),   𝜂(𝐹) =  0 

 

∀𝐹, 𝐽 ∈  𝛤(𝑆(𝑇𝑀)). 

Now, let 𝑣be a new type of vector field on  𝛤(𝑇�̅�). Then, we 

can write 𝑣as the tangential and transversal components by 

 

(29) 𝑣 =  𝑉𝑇 + 𝑉𝑋 

 

Where𝑉𝑇 ∈  𝛤(𝑇𝑀)and 𝑉𝑋  ∈  𝑡𝑟(𝑇𝑀). From () and (), we 

have 

 

𝑔(𝑉𝑇 + 𝜉) = �̅�(𝑉𝑇, 𝜉)  +  𝜂(𝑉𝑇)𝜂(𝜉))  

  

(30) �̅�(𝑉𝑇 + 𝜉) = �̅�(𝑉𝑇 + 𝑋) 

 

For any 𝐹 ∈  𝛤(𝑇𝑀),  we write 

 

(31) 𝐹�̅�(𝑉𝑇 + 𝜉) = 𝐹�̅�(𝑉𝑇 + 𝑋) 

(32) = 𝑔(𝐷𝐹𝑣 + 𝑋) + 𝑔(𝑣, 𝐷𝐹𝑋) 

(33) 𝐵(𝐹)𝜂(𝑣) − 𝜂(𝐹) + 𝜏(𝐹)𝜂(𝑣) − 𝑔(𝑣, 𝐴𝑋𝐹) 

 

Now let us assume 𝑣 lies in tangent bundle i,e. 𝑣 = 𝑉𝑇. So for 

any 𝑣𝑆 ∈ Γ(𝑆(𝑇𝑀)) and 𝜂(𝑣) = 𝑎, we can write 

 

(34) 𝑣 = 𝑣𝑆 + 𝑎𝜉 

4. Results and Discussion 

 

Lemma-1. Let 𝑣 be the new type of vector field on Γ(𝑇𝑀) 

and  (𝑀, �̅�, 𝑆(𝑇𝑀)) be null hypersurface of a semi-

Riemannian manifold, then  

(35) 

𝜏(𝑣) = 1 +
1

𝑎
[𝑔(𝑣𝑆 , 𝐴𝑁𝑣)] 

Proof.From equations  (30), (33) and  (34), we acquire 

 

 (𝑣𝑆 + 𝑎𝜉)𝑔(𝑣𝑆 + 𝑎𝜉, 𝜉) 

= 𝑔(𝑣𝑆 + 𝑎𝜉, 𝑣)𝑔(𝑣𝑆 + 𝑎𝜉, 𝑋) − 𝑔(𝑣𝑆 + 𝑎𝜉, 𝑋) − 𝑔(𝑣𝑆

+ 𝑎𝜉, 𝐴𝑋(𝑣𝑆 + 𝑎𝜉)) + 𝜏(𝑣𝑆

+ 𝑎𝜉)𝑔(𝑣𝑆 + 𝑎𝜉, 𝑋) 

By straightforward computation we acquire 

 

𝑎𝜏(𝑣) = 𝑎 + 𝑔(vS, AX𝑣) + 𝑎𝑔(vS, AXξ) 

From the above equation we obtain (35). 

 

Lemma 2. Let 𝑣 be the new type of vector field on Γ(𝑇𝑀) 

and (𝑀, �̅�, 𝑆(𝑇𝑀)) be null hypersurface of a semi Riemannian 

manifold, then for any 𝐹 ∈ Γ(𝑇𝑀) 

 

(36) 𝐷𝐹𝑣 = 𝐵(𝐹)𝑣 − 𝐹 

 

 𝐵(𝐹, 𝑣) = 0 

Proof.From equations (5) and (9) we obtain 

 

(37) 𝐵(𝐹)𝑉 − 𝐹 = 𝐷𝐹𝑉 + 𝐵(𝐹, 𝑣)𝐹 

 

Comparing tangential and transversal parts of the above 

equation (37) we obtain equations (36) and (37). 

 

Lemma 3. Let 𝑣 be the new type of vector field on Γ(𝑇𝑀) 

and (𝑀, �̅�, 𝑆(𝑇𝑀)) be screen conformal null hypersurface of a 

semi Riemannian manifold, then for any 𝐹 ∈ Γ(𝑇𝑀), 𝜏(𝑣) =
1. 

 

Proof.From equations (9), (32) and lemma-1 we obtain 

(38) 
𝜏(𝑣) =

1

𝑎
𝐶(𝑣, 𝑉𝑆) + 1 

As assumed that is screen conformal null hypersurface we 

obtain from equation (38) as 

(39) 
𝜏(𝑣) =

1

𝑎

1

𝜑
𝐵(𝑣, 𝑉𝑆) + 1 

Using equation (36) in equation (39) we obtain our required 

result. 
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˜ ∇ 

Lemma 4. Let 𝑣 be the new type of vector field on Γ(𝑇𝑀) 

and (𝑀, �̅�, 𝑆(𝑇𝑀)) be screen conformal null hypersurface of a 

semi Riemannian manifold, then  

(40) 𝐷𝜉
∗𝑣 = 𝐵(𝜉)𝑣    𝑎𝑛𝑑   𝐶(𝜉, 𝑣) = −1.  

 

Proof.As second fundamental form 𝐵 vanishes on 𝑅𝑎𝑑(𝑇𝑀). 

Then using the fact𝐷𝐹𝐽 = 𝐷𝐹
∗𝐽 + 𝐶(𝐹, 𝐽)𝜉, we obtain 

 

 �̅�𝜉𝑣 = 𝐷𝜉𝑣  

 𝐷𝜉𝑣=𝐷𝜉
∗𝑣 + 𝐶(𝜉, 𝑣)𝜉 

using equations (5) in the above equation, we acquire 

 

(41) 𝐵(𝜉)𝑣 − 𝜉 = 𝐷𝜉
∗𝑣 − 𝐶(𝜉, 𝑣) 

Comparing like terms of the above equation (41), we obtain 

(40). 

 

 

Theorem 1. Let 𝑣 be the new type of vector field lying on 

Γ(𝑇𝑀) and (𝑀, �̅�, 𝑆(𝑇𝑀)) be screen conformal null 

hypersurface, then either 𝑎𝜏(𝜉) = 2. 

 

Proof. From lemma 3 and the Guass Weingarten formulas we 

obtain  

(42) 𝐷𝑣𝜉 = −𝐴𝜉
∗ 𝑣 + 𝜉 

(43) 𝐷𝜉𝑋 = −𝐴𝑋𝑣 − 𝜉 

Since 𝑣 is a new type of vector field. Therefore using lemma 4 

we obtain  

(44) 𝐷𝜉𝑣 = 𝐵(𝜉)𝑣 − 𝜉 

From equations (42) and (44) we obtain 

(45) 𝐷𝜉𝑣 − 𝐷𝑣𝜉 = 𝐵(𝜉)𝑣 − 𝜉 + 𝐴𝜉
∗ 𝑣 − 𝜉    

(46) [𝜉, 𝑣] = 𝐵(𝜉)𝑣 + 𝐴𝜉
∗ 𝑣 − 2𝜉    

If 𝑣 = 𝑣𝑆 + 𝑎𝜉, then above equation becomes  

 

(47) [𝜉, 𝑣𝑆 + 𝑎𝜉] = 𝐵(𝜉)(𝑣𝑆 + 𝑎𝜉) + 𝐴𝜉
∗ (𝑣𝑆 + 𝑎𝜉) − 2𝜉    

(48) [𝜉, 𝑣𝑆] = 𝐵(𝜉)(𝑣𝑆) + 𝑎𝜉𝐵(𝜉) + 𝐴𝜉
∗ 𝑣𝑆 + 𝑎𝐴𝜉

∗ 𝜉 − 2𝜉    

(49) 𝐷𝜉𝑣𝑆 − 𝐷𝑣𝑆𝜉 = 𝐵(𝜉)𝑣𝑆 + 𝐵(𝜉)𝑎𝜉 + 𝐴𝜉
∗ 𝑣𝑆 + 𝑎𝐴𝜉

∗ 𝜉

− 2𝜉    

 

Using Guass and Weingarten formulas in above equation we 

obtain 

 

(50) 𝐷𝜉
∗𝑣𝑆 + 𝐶(𝜉, 𝑣𝑆)𝜉 − 𝐴𝜉

∗ 𝑣𝑆 + 𝜏(𝑣𝑆)𝜉

= 𝐵(𝜉)𝑣𝑆 + 𝐵(𝜉)𝑎𝜉 + 𝐴𝜉
∗ 𝑣𝑆

+ 𝑎𝐴𝜉
∗ 𝜉 − 2𝜉 

Since  𝐴𝜉
∗ ∈ 𝑆(𝑇𝑀), therefore from equation (50), we obtain  

 

(51) 𝜏(𝑣𝑆)𝜉 + 𝐶(𝜉, 𝑣𝑆)𝜉 = −2𝜉 

Using lemma 4 

(52) 𝜏(𝑣𝑆) = −1 

Using 𝜏(𝑣) = 1 in the above equation we obtain  

(53) 𝜏(𝑣) = 𝜏(𝑣𝑆 + 𝑎𝜉) = 1 

Therefore our result follows from above equation.  

 

Now we shall investigate new type of vector fields on the 

Levi-Civita connection �̅� with respect to the associated 

metric  𝑔. 

Let �̅� be the Riemannian connection of �̅�with respect to the 

associated metric 𝑔 given in the Equation (26) and 𝐷1 be the 

induced Riemann connection from �̅� onto TM.  

 

Theorem 2. Let 𝑣 be a be a new type of vector field with 

respect to �̅�. Then 𝑣 is also be a new type of with respect to 

𝐷1. 

 

Proof.From equation (26), for any 𝑋 ∈ Γ(𝑇𝑀), we have 

 

 𝐹𝑔(𝑣, 𝑣) = 𝐹�̅�(𝑣, 𝑣) + 𝐹(𝑔(𝑣, 𝑁)2) 

(54) 2𝑔(𝐷𝐹𝑣, 𝑣) + 2𝜂(𝑣)[𝜂(𝑉)𝐵(𝐹) − 𝜂(𝐹) − 𝑔(𝑣, 𝐴𝑋𝐹)
+ 𝜏(𝐹)𝜂(𝑣)] 

Using the fact 

𝑋𝑔(𝑣, 𝑣) = 2�̅�(𝐷𝐹
1𝑣, 𝑣) 

 

(55) 𝐹𝑔(𝑣, 𝑣) = 2�̅�(𝐷𝐹
1𝑣, 𝑣) + 2𝜂(𝐷𝐹

1𝑣)𝜂(𝑣) 

From equations (54) and (55), we acquire 

 

(56) 𝐷𝑋
1𝑣 + 𝜂(𝐷𝑋

1𝑣)𝑁 = 𝐵(𝑋)𝑣 − 𝑋 + [𝐵(𝑋)𝜂(𝑣) − 𝜂(𝑋)
− 𝑔(𝑣, 𝐴𝑁𝑋) + 𝜏(𝑋)𝜂(𝑣)]𝑁 

 

Comparing the corresponding parts on both sides we obtain  

(57) 𝐷𝐹
1𝑣 = 𝐵(𝐹)𝑣 − 𝐹 

and 

(58) 𝜂(𝐷𝐹
1𝑣) = 𝐵(𝐹)𝜂(𝑣) − 𝜂(𝐹) − 𝑔(𝑣, 𝐴𝑋𝐹)

+ 𝜏(𝐹)𝜂(𝑣) 

 

Equation (57), shows that 𝑣 is also a new type of vector field 

with respect to 𝐷1. From equation (58) we may state 

 

Corollary1. Let 𝑣 be a be a new type of vector field with 

respect to 𝐷1. Then 𝑣 is also be a new type of vector field 

with respect to 𝐷 if and only if the following condition  

𝜂(𝐷𝐹
1𝑣) = 𝐵(𝐹)𝜂(𝑣) − 𝜂(𝐹) − 𝑔(𝑣, 𝐴𝑋𝐹) + 𝜏(𝐹)𝜂(𝑣) 

Is satisfied for all𝑋 ∈ Γ(𝑇𝑀). 
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Corollary 2. Let 𝑣 be the new type of vector field with respect 

to 𝐷1 lying on Γ(𝑇𝑀) and (𝑀, �̅�, 𝑆(𝑇𝑀)) be screen conformal 

null hypersurface with respect to  𝐷. Then 𝑣 is also be a new 

type of vector field with respect to 𝐷 if and only if the 

following condition  

 

𝜂(𝐷𝑉
1𝑣) = 𝜂(𝑣) − 𝑔(𝑣, 𝐴𝑋𝐹). 

 

 

5. Ricci Solitons on Null Hypersurfaces 

 

Let  (𝑀, �̅�, 𝑆(𝑇𝑀)) be the null hypersurface of (�̅�, 𝑔) and 𝑣 

be the new type of vector field on tangent bundle of  (�̅�, 𝑔). 

Then 𝑣 can be written as 

(59) 𝑣 = 𝑉𝑇 + 𝑓𝑋. 

 

Where 𝑉𝑇 and 𝑓𝑋 are tangential and transversal components 

of  𝑣.  Also 𝑉𝑇 ∈ Γ(𝑇𝑀)and  𝑓 = 𝑔(𝑣, 𝜉). 

 

Theorem 3. Let 𝑣 be the new type of vector field lying on 

Γ(𝑇𝑀) and (𝑀, �̅�, 𝑆(𝑇𝑀)) be null hypersurface of  (�̅�, 𝑔), 

then  

 

(60) 𝐷𝐹𝑣𝑇 = 𝐵(𝐹)𝑣 − 𝐹 + 𝑓𝐴𝑋𝐹 

 

(61) 𝐵(𝐹, 𝑣𝑇) = 𝑓𝜏(𝐹) − 𝐹𝑓 

 

Proof. From equation (59) 

(62) 𝜏(𝑣) = 𝜏(𝑉𝑇 + 𝑓𝑁) 

As assumed 𝑣 is a new type of vector field  

 

(63) �̅�𝐹𝑣 = �̅�𝐹𝑣𝑇 + �̅�𝐹(𝑓𝑋) 

(64) 𝐵(𝐹)𝑣 − 𝑋 = �̅�𝐹𝑣𝑇 + �̅�𝐹(𝑓𝑁) 

Using Guass and Weingarten formulas in the forgoing 

equation we obtain 

 

(65) �̅�𝐹𝑣 = 𝐷𝐹𝑣𝑇 + 𝐵(𝐹, 𝑣𝑇)𝑁 + 𝐹(𝑓)𝑁 − 𝑓𝐴𝑋𝐹
− 𝑓𝜏(𝐹)𝑁 

From equations (63) and (65), we obtain equations (60) and 

(61). 

 

Theorem 4. Let 𝑣 be the new type of vector field lying on 

Γ(𝑇𝑀) and (𝑀, �̅�, 𝑆(𝑇𝑀)) be a totally geodesic null 

hypersurface of  (�̅�, 𝑔). Then either the function 𝑓 is constant 

or  (𝑀, �̅�, 𝑆(𝑇𝑀)) is integrable. 

 

Proof.From equation (61), if null (lightlike) hypersurface 

 (𝑀, �̅�, 𝑆(𝑇𝑀)) is totally geodesic then we acquire 

(66) 𝑓𝜏(𝐹) = 𝐹𝑓 

Similarly 

(67) 𝑓𝜏(𝐽) = 𝐽𝑓 

Using equations (67) and (68), we obtain 

(68) [𝐹, 𝐽](𝑓) = 𝑓{𝐽(𝜏(𝐹)) − 𝐹(𝜏(𝐽))} 

For any 𝑋, 𝑌 ∈ Γ(𝑇𝑀). 

Using corollary 1 and proposition 2 of [18] in equation (68), 

we obtain, [𝐹, 𝐽](𝑓) = 0. This signifies that either the 

function 𝑓 is constant or  (𝑀, �̅�, 𝑆(𝑇𝑀)) is integrable. 

 

Lemma 5. Let 𝑣 be the new type of vector field lying on 

Γ(𝑇𝑀) and (𝑀, �̅�, 𝑆(𝑇𝑀)) be null hypersurface of  (�̅�, 𝑔), 

thenfor any  𝐹, 𝐽 ∈ 𝛤(𝑇𝑀) we have 

(69) (𝐿𝑣𝑇)�̅�(𝐹, 𝐽) = 𝐵(𝑣𝑇 , 𝐹)𝜃(𝐽) + 𝐵(𝑣𝑇 , 𝐽)𝜃(𝐹)

+ 2𝐵(𝐹)𝐵(𝐽) − 2�̅�(𝐹, 𝐽)
+ 𝑓�̅�(𝐴𝑁𝐹, 𝐽) + 𝑓�̅�(𝐴𝑁𝐽, 𝐹) 

or equivalently 

(70) (𝐿𝑣𝑇)�̅�(𝐹, 𝐽) = (𝐷𝑣𝑇�̅�)(𝐹, 𝐽) + 2[𝐵(𝐹)𝐵(𝐽)

− �̅�(𝐹, 𝐽)] + 𝑓[�̅�(𝐴𝑁𝐹, 𝐽)
+ �̅�(𝐴𝑋𝐽, 𝐹)] 

 

Proof. From equations (16) and (17), we obtain 

(71) (𝐿𝑣𝑇�̅�)(𝐹, 𝐽) = 𝐵(𝑣𝑇 , 𝐹)𝜃(𝐽) + 𝐵(𝑣𝑇 , 𝐽)𝜃(𝐹)

− �̅�(𝐷𝐹𝑣𝑇 , 𝐽) − −�̅�(𝐷𝐽𝑣𝑇 , 𝐹) 

or equivalently 

(72) (𝐿𝑣𝑇�̅�)(𝐹, 𝐽) = (𝐷𝑣𝑇�̅�)(𝐹, 𝐽) + �̅�(𝐷𝐹𝑣𝑇 , 𝐽)

+ �̅�(𝐷𝐽𝑣𝑇 , 𝐹) 

 

By making use of equations (59) and (60) in equations (71) 

and (72), we obtain our results. 

 

Lemma 6. Let 𝑣 be the new type of vector field lying on 

Γ(𝑇𝑀) and (𝑀, �̅�, 𝑆(𝑇𝑀)) be null hypersurface of  (�̅�, 𝑔), 

thenfor any  𝑋, 𝑌 ∈ 𝛤(𝑇𝑀) we have 

(73) (𝐿𝑣𝑇�̅�)(𝐹, 𝐽) = (𝐷𝑣𝑇�̅�)(𝐹, 𝐽) + 2[𝐵(𝐹)𝐵(𝐽)

− �̅�(𝐹, 𝐽). 

 

Proposition 1. Let 𝑣𝑇  be a potential vector field and 

(𝑀, �̅�, 𝑆(𝑇𝑀)) be null hypersurface of  (�̅�, 𝑔). Thenfor 

any  𝑋, 𝑌 ∈ 𝛤(𝑇𝑀), we have 

(74) 2𝑅(0,2)(𝐹, 𝐽) = 2𝜆�̅�(𝐹, 𝐽)
− 𝑓[�̅�(𝐴𝑋𝐹, 𝐽) + �̅�(𝐴𝑁𝐽, 𝐹)]
− 2[𝐵(𝐹)𝐵(𝐽) − �̅�(𝐹, 𝐽)

− (𝐷𝑣𝑇�̅�)(𝐹, 𝐽). 

Or equivalently  

(75) 𝑅(0,2)(𝐹, 𝐽) = (𝜆 − 1)�̅�(𝐹, 𝐽)

−
𝑓

2
[�̅�(𝐴𝑋𝐹, 𝐽) + �̅�(𝐴𝑋𝑌, 𝐹)]

− 𝐵(𝐹)𝐵(𝐽) −
1

2
(𝐷𝑣𝑇�̅�)(𝐹, 𝐽). 
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Proof.We know that if  (𝑀, �̅�, 𝑆(𝑇𝑀)) is Ricci soliton 

lightlike hypersurface then it satisfies  

(76) (𝐿𝑣𝑇�̅�)(𝐹, 𝐽) + 2𝑅(0,2)(𝐹, 𝐽) = 2𝜆�̅�(𝐹, 𝐽). 

Using lemma 5 in the above equation we obtain our required 

results. 

 

Proposition 2. Let 𝑣 be a potential vector field and 

(𝑀, �̅�, 𝑆(𝑇𝑀)) be null (lightlike) hypersurface of semi-

Euclidean space. Thenfor any  𝐹, ∈ 𝛤𝑆((𝑇𝑀)), we have 

(77) 𝑛𝐵(𝐹, 𝐹)𝑡𝑟𝑎𝑐𝑒𝐴𝑋 − 𝐵(𝐴𝑋𝐹, 𝐹)
= 𝜆 − 1 − 𝑓�̅�(𝐴𝑋𝐹, 𝐹) − (𝐵(𝐹))2. 

Where 𝐹 is a unit vector field. 

Proof.  Assume that (a1, a2, a3………an) is an orthonormal 

basis. Therefore from equation (83) of  [18], we obtain 

(78) 𝑅(0,2)(𝑎𝑖, 𝑎𝑖) = 𝑛𝐵(𝑎𝑖, 𝑎𝑖)𝑡𝑟𝑎𝑐𝑒𝐴𝑁 − 𝐵(𝐴𝑁𝑎𝑖, 𝑎𝑖) 

Using equation (75) in equation (78) we obtain 

(79) 𝑛𝐵(𝑎𝑖, 𝑎𝑖)𝑡𝑟𝑎𝑐𝑒𝐴𝑁 − 𝐵(𝐴𝑁𝑎𝑖, 𝑎𝑖)
= (𝜆 − 1)�̅�(𝑎𝑖, 𝑎𝑖) − 𝑓�̅�(𝐴𝑁𝑎𝑖, 𝑎𝑖)

− (𝐵(𝑎𝑖))2 −
1

2
(𝐷𝑣𝑇�̅�)(𝑎𝑖, 𝑎𝑖). 

Replacing 𝑎𝑖with 𝐹, we obtain  

(80) 𝑛𝐵(𝐹, 𝐹)𝑡𝑟𝑎𝑐𝑒𝐴𝑁 − 𝐵(𝐴𝑁𝐹, 𝐹)
= 𝜆 − 1 − 𝑓�̅�(𝐴𝑋𝐹, 𝐹) − (𝐵(𝐹))2. 

 

Corollary 3. Let 𝑣 be a new type of vector field and 

(𝑀, �̅�, 𝑆(𝑇𝑀)) be Ricci soliton null (lightlike) hypersurface of 

semi-Euclidean space. Thenfor any  𝐹, 𝐽 ∈ 𝛤𝑆((𝑇𝑀)),if 
(𝑀, �̅�, 𝑆(𝑇𝑀)) is screen conformal and totally umbilical then 

we have 

 

(81) 𝑛2[𝐵(𝐹, 𝐹)]2𝜑 − [𝐵(𝐹, 𝐹)]2

= 𝜆 − 1 − 2𝑓𝐵(𝐹, 𝐹) − (𝐵(𝐹))2 

where𝐹 is a unit vector field. 

 

Proposition 3.Let 𝑣 be a new type of vector field on Γ(𝑇𝑀) 

and (𝑀, �̅�, 𝑆(𝑇𝑀)) be Ricci soliton null (lightlike) 

hypersurface of a Lorentzian manifold. Thenfor any  𝐹, 𝐽 ∈
𝛤𝑆((𝑇𝑀)),we have 

(82) 𝑅(0,2)(𝐹, 𝐽) = (𝜆 − 1)�̅�(𝐹, 𝐽)

−
1

2
[𝐵(𝑣, 𝐹)𝜃(𝐽) + 𝐵(𝑣, 𝐽)𝜃(𝐹)]

− 𝐵(𝐹)𝐵(𝐽). 

Proof.Since (𝑀, �̅�, 𝑆(𝑇𝑀)) is a Ricci soliton and 𝑣 is a new 

type of vector field lying on tangent bundle. Therefore 

equation  (76) can be written as  

(83) (𝐿𝑣�̅�)(𝐹, 𝐽) + 2𝑅(0,2)(𝐹, 𝐽) = 2𝜆�̅�(𝐹, 𝐽). 

For any  𝑋, 𝑌 ∈ Γ(𝑇𝑀) and from lemma 6, we have 

(84) (𝐿𝑣�̅�)(𝐹, 𝐽) = (𝐷𝑣�̅�)(𝐹, 𝐽) + 2[𝐵(𝐹)𝐵(𝐽) − �̅�(𝐹, 𝐽). 

Using equations (83) and (84), we obtain  

(85) 
𝑅(0,2)(𝐹, 𝐽) = (𝜆 − 1)�̅�(𝐹, 𝐽) −

1

2
𝐷𝑣�̅�(𝐹, 𝐽)

− 𝐵(𝐹)𝐵(𝐽). 

Therefore from equations (14) and (84) the proof is 

straightforward.  
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