ISSN: 0974-5823

\/ol. 6 No. 3 December, 2021,

International Journal of Mechanical Engineering

Common Fixed Point Theorem in M-Fuzzy Metric
Space

Happy Hooda?, Archana Malik? & Manish Vats®
IResearch Scholar, Department of Mathematics, Maharshi Dayanand University, Rohtak-124001, (Hr) INDIA
2Professor, Department of Mathematics, Maharshi Dayanand University, Rohtak-124001, (Hr) INDIA
3Assistant Professor, All India Jat Heroes” Memorial College, Rohtak-124001, (Hr) INDIA

Abstract:

In this paper we prove a common fixed point result for six self mappings under weakly compatible condition in M-fuzzy
metric space. This result generalizes and improves the results of many other authors existing in the literature.
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Introduction:

In 1965, the theory of fuzzy sets was investigated by
Zadeh [10]. In the last many years there has been a great
development and growth in fuzzy mathematics. Mustafa and
Sims [7] firstly introduced G-metric space. Subsequently
many authors have applied various form general topology of
sets and developed the concept of fuzzy space. To use the
concept of fuzzy topology and analysis in the theory of fuzzy
sets and its applications have been developed by several
eminent authors.

In 1975 Kramosil and Michalek [5] introduced the concept of
fuzzy metric space which opened a new way for further
development of analysis in such spaces. Several authors have
introduced fuzzy metric space in different way. As George
and Veeramani [2] modified the concept of a fuzzy metric
space. Then we studied fuzzy metric space (shortly, FM
space) then G-Fuzzy metric space (shortly, GF space). In
2006, Sedghi and Shobe [8] introduced D*-metric space as a
probable modification of D-metric space and studied some
topological properties which are not valid in D-metric spaces.
Based on D*- metric concepts, they [8] define M-fuzzy metric
space and proved a common fixed point theorem for two
mappings under the conditions of weak compatible and R-
weakly commuting mappings in complete M-fuzzy metric
spaces.

In this paper we prove a common fixed point result for six self
mappings on a given set under weakly compatible condition
in M-fuzzy metric space. Our result in this paper improve and
generalize known result due to Saurabh Manro[6].

1. Preliminaries:
Definition 1.1 [10]

A subset A of universe set X with the membership function
1(X) which may take any value in the interval [0, 1] is called
fuzzy set.
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Definition 1.2 [8]

A binary operation *:[0,1]x[0,1] —[0,1] is a continuous
t-norm if it satisfies the following conditions:

(1) *is associative and commutative,

(2) *is continuous,

(3) a*1=aforall ac[0,1],

(4) a*b < c*dwhenevera < candb < d, for each a, b,
¢, d €[0,1].

Example 1.3 [8]

Two examples of continuous t-norm are a*b =ab and a *
b = min(a, b).

Definitionl1.4 [8]

The 3-tuple (X,M,*) is known as fuzzy metric space
(shortly, FM-space) if X is an any set, = is a continuous t-
norm, and M is a fuzzy setin X x X x[0,00) satisfying the
following conditions for all x,y,z € X and s, t > 0:

(FM-1)  M(x,y,0)=0,

(FM-2)  M(x,y,t)=1ifandonlyifx =y,

(FM-3)  M(x,y, t) = M(y, x, t),

(FM-4)  M(x, y, t) *M(y, 2, 5) <M(X, 2, t +5),

(FM-5)  M(x,y,0): [0,00) — [0, 1] is left continuous.

Note that M(x, y, t) can be thought of as a degree of nearness
between x and y with respect to t.
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Definition 1.7 [8]

A 3-tuple (X, M, *) is called a M-fuzzy metric space if X is an
arbitrary (non-empty) set, = is a continuous t-norm, and M is

a fuzzy set on X°x(0,00),satisfying the following
conditions for each x,y,z,a€ Xand t, s > 0,

(M1) M(x,y,z,t)>0,

(M2) M(x,y,z,t)=1ifandonlyifx=y =z,

(M3) M(x, Y, z,t) =M (p{X, v, 2}, 1), (symmetry) where p is a
permutation function,

(M4) M(x,y, a, t)* M,z z,5) <MY,z t+5s),

(M5) M(x,Y,z,0): (0,00) — [0, 1] is continuous.

Lemma 1.8 [8] If (X,M,*) be a M-fuzzy metric space,
then M (X, Y, Z,t) is a non-decreasing with respect to t for all
X,Y,Ze X.

Proof: By taking a =X and z = X in the condition M(x, Y,
a,t)*M(a, z,2,8) <MY,z t+5),

We get M(X, X, y, t) S M(X, y, z, t +s),

If possible M(x, y, z, t) > M(X, y, Z, t + 8),

Again if we put a=x and z=x in the condition M(x, y, a, t) *
M(a, z,z, s) <M(X, Yy, z, t +5),

We arrive a contradiction. Hence, the result.

2.  Main Result:

Theorem 2.1 Let 3-tuple (X, M,*) be a complete M-fuzzy
metric space and let «, f3,7,0,7and v be self mappings
on X. Let the pairs {er,0} and{f3, 7} and{y,v} be weak
compatible.

Also  O(X) < B(X), (X) < y(X), v(X) < a(X).
Also let a(X) is complete if there exist a k € (0,1) such
that

M (ax, BY,yz,t)
M (5%, ax, Bz, t)

M (zx, BX, Bz, t)
M (vXx, 7%, 7z, t)

M (6%, Ty, vz, kt) > max

For all X, Y, Z € X.Then there exists a unique common
fixed pointof &, 3, 7,0,7rand v .

Proof: Since

o(X) < B(X), (X)) = y(X), v(X) < a(X).we can
sequences {X.}and {y }nX. such that

Yama = 5X3m = ﬂxsmw

define

Yamez = TXma1 = ¥ Xgmazo

Then we have from equation (1);
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M (@Xsns BXamirs ¥ Xamiart)
M (6Xsms @ Xgpys BXasz:t)
M (7 X3, Borns BXamiz: 1)
M (UXg0y 7 Xams ¥ a2 1)

M (0Xapms TXgpi1s UXam, 2, KE) = mMax

M (y3m’ y3m+1’ y3m+2’ t)
M (y3m+l' ySm' y3m+2’ t)
M (y3m+l' y3m’ y3m+2’ t)
M (y3m+1’ y3m’ y3m+2’ t)

M (y3m+1’ y3m+21 y3m+3’ kt) 2 max

M (y3m+l’ y3m+2’ y3m+3’ kt) 2 M (y3m’ y3m+1’ y3m+2’ kt)
Similarly we have

M (ym’ ym+l' ym+2’ kt) 2 M (ym,l, ym’ ym+1!t)

Hence {ym}is a Cauchy and since X is complete, then there

exists Z in X. suchthat y, —> Z.

So the subsequences {Yan b Vst {Yamio} are also
convergent.

That is
lim Bx,,.., =limox,, =limzx,, , =limax,, ., =limox

3m+1

Z.

m+2 =

We claim that limow =1z
M (aw, BXamias ¥ Xam.2 1)
M (6w, aw, X, t)

M (TW, ﬂW, ﬁX3m+2’t)
M (oW, yW, ¥X,,.,,1)

M (OW, TX;,,.1, Xz, 0, KE) = max

3m+1?

M (Z! y3m+1’ y3m+2’t)
MW, 2,Y,,.,.1)
MW, 2,Y,,.,,t)
M (oW, yW, Y,...», t)

M (W, Ya11. 0 Yamsar Kt) = max

Taking limit M — o0
M(z,z,2,t)
M (ow, z,z,t)
M (6w, z,z,t)
M (ow, yw, Z,t)

M (6w, z, z,kt) > max

Yamiz = OXgmyo = Ay 50

Thatis M (6w, z,z,kt) =1.

Therefore OW =27 = aW.
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Hence w is the coincidence pointof 0 and « .
S(X) < B(X),iez e 5(X) = B(X),
Then there must exists t € X st. St =z.

M (@ Xap s B, ¥ Xam, 2+ 1)
M (6 Xz, X Xgp s a2y t)
M (t %50, BXam s BXamaz:t)
M (Xm0 ¥ Xam s ¥ Xamaz: )
M (Vam» Z: Yamez: 1)
M (Yams1s Yam» Yamezs )
M (Yams1r Yam: Yamezo )
M (Yams1s Yam» Yamezs )

M (6%, T, UXy,,,,, KE) = Max

M (Yamsa: 7t Yam,2. kt) = max

Taking limit m — oo

M(z,z,2,1)

M(z,z,2,t
M (z,t, z, kt) > max ( )

M(z,z,2,1)

M(z,z,z,t)
Thatis M(z,7t,z,kt) =1

Then 7t =z = /i,

Thus t is a coincidence point if Fand 7.

Now 7(X) c (X)), e z=rtter(X)cy(X).
Then there exists V € X such that yV = z.

M (& Xy s BXamirs 7V, 1)
M (0% » O Xapys BV, 1)
M (2 X3+ BXsm» BV, 1)
M (DX, ¥ Xam» 7V, 1)
M (Vams Yamea 7V, 1)

M (y3m+l’ y3m,ﬂV,t)

M (y3m+11 y3m1ﬂv!t)
M (y3m+11 y3m17/v!t)

M (X5 TXgpm,1» OV, Kt) = max

M (Yame1» Yamsz» OV, Kt) = max

Taking limit M — oo
M(z,z,vov,kt) >1.
Hence vV = Z. we have LV = yV =1.

Since {a,0} and{p,7} and{y,v} be weak compatible,
they commute at coincidence points.

We have OW=12=qaWw. then
adwW=doaw ie. az=01.
also tt=z=/pt. then prt=g0t that is fz=rz.

since {y,v} is weakly compatible, similarly we get
yZ=01
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M (az, BXyp1, 72 1)
M (oz, az, fz, 1)
M (zz, pz, fz,t)
M (vz, yz, yz, 1)

M (0z,7%,,,,,0Z, kt) = max

Taking limit M — o0

M (az,z,yz,t)
M (5z,az, Bz, t
M (82, z,vz,kt) > max ( ) az, fz,1)
1
Thus we have Sz=1=v1 Hence

al1=01=y1=01=1.
M (aXs,, BZ,72,1)
M (0 Xy, O Xy, BV, 1)

M (TXSm ! ﬂXSm ! ﬂV,t)
M (DXgs ¥ X PV, 1)

M (5%,,,, 7Z,0Z, kt) = max

Taking limit m — oo

M(z, Bz,yz,1) M(z, Bz,yz,1)
M (z,7z,0v,kt) > max Mz 521 > M2z fz.9)

M (z,z, pv,t) M(z,z, pv,t)

M(z,z,z,1) 1

Hence 7Z = vz = 7.
Thus az=07=p1=Tz=v2=y7=1.
Thus z is a common fixed point of the self mappings
a, By, o0,randv.
To prove uniqueness of fixed point, let y be another fixed
point of the self mappings «, f,7,0,rand v.

M (axz, BY,yz,t)

M ((S5z,xz, pz,1)

M (zz, Bz, [z,1)
M (vz,yz,yz,t)

M (6z,7y,vz, kt) = max

M(z,y,z,t)
M (z,y, z,kt) > max M(z,2,2,0)
MELS M (z,2,2,t)
M(z,z,z,t1)
M(z,y,z, kt) >1.
Hence Y=17 .
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3.

Conclusion:

Fixed point theory has many applications in several branches
of science such as game theory, nonlinear programming,
economics, theory of differential equations, etc. in this paper
we prove common fixed point theorem in M-fuzzy metric
space. Our result presented in this paper generalized and
improve some known result in fuzzy metric space.
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