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Abstract: In this paper, we introduce three dimensional
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1 INTRODUCTION

In 1984, Jerzy popenda introduced a particular type of
difference operator A, defined on u(k) as A u(k) = u(k +
1) — au(k). Recently, G.Britto Anthony Xavier et al have got
the solution of the generalized g-difference equation
Av(k) =u(k),€ (—a,a) and g#1. In the authours
introduced g-alpha difference operator defined as

Agatt(k) = u(gk) — au(k)
1)
and then extended to generalized higher order g-alpha
difference equation

Dapay Bgpa, (- Bgpa, WkK)) -+)) = ulk) k € (—a,a)
)
and obtained finite g-alpha multi-series formula and finite
higher order g-alpha series formula.

2 THREE DIMENSIONAL g-DIFFERENCE
OPERATOR

Before stating and proving our results, we present basic
definitions and preliminary results which will be used for the
subsequent discussion.

Definition 2.1 let ;,and S, be fixed reals and
(e*1, e¥2, ek3) € R3. Then the three dimensional q difference
operator A Ja is defined as

1P2
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Aq
(B1.82.3)
ﬁlv(qe"l, qekz' qek3) _ ﬁzv(ekl, ekZ‘ €k3)

v(ekl, ek2, ek3) — v(qukl, quk2‘ quk3) _

-1

and its inverse denoted by A, A, is defined as below.

(B1.B2)

If, A, Agv(e*t, e’?,e3) = u(el,e*?,e*3) Then,
(B1.B2)

v(ekl, ek2' ek3) — Aq Aq'lu(ekl, ek2, €k3)
(B1.82)
4)

Lemma 2.2 If g™ — B,q" — B, # 0 for n = 0,1,2,...then

(ekl ek2 €k3)n

ATl (ekl gk2 gk3y = and
g T
AY (D) =—
q —B—
(BrB2) 1=F1-F2
(%)

Proof. Replacing v(e*?, e*?,e*3) by (e*!,ek?,e*)™ in = 2

Aq (ekl' ek2’ ek3)n — (qZ(ekl' ek2' ek3))n _
(B1.B2)
‘Bl(qn(ekl' ekZ’ ek3)n) _ Bz(e"l, ek2' ek3)n
(€k1,6k2,6k3)n — (an _ 'qun _ ,82) A—lq (ekl’ €k2,6k3)n
(B1.82)
(6)

Again replacing u(e*?, e*?,e*3) by (e*t,e*?,e*%)0 in = 2

Aq (ekl’ ekz’ ek3)0
(B1.B2)
— (qZ(ekl, ekZ’ ek3))0
_ ‘Bl(qO(ekl’ ekz’ €k3)0)
_ ﬂZ (ekl' ek2’ ek3)0
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Ay (D) =@0=p1—B)(1D)
(B1.B2)

1
1-B1-P>
)

A_1q )=
(B1.B2)

Lemma 2.3 Let (e*!,e*?,e*®) € R® and q # 0, Then we
have

A‘ZI(ﬁ)v(ekl’ ek2’ €k3) — Aq 1](ekl' ek2’ €k3)

(28-B%)
Proof. then we using previous Definition 3

= Aq 17(eklekzek3) — 17((12@k1’quk2,quk3) _
(B1.B2)
piv(qe*’, qe’?, qe’®)

_Bzv(ekl; ekZ’ ek3)

putting B, = 2p and B, = —f?
Aq U(€k1€k2€k3)

(B1.82)

— 2 k1 2 k2 2 k3
=v(q“e™,q"e"",q“e*)

—2p1v(qe*?, qe*?, qe’®)

+ Bzv(e’“, ek2’ ek3)
A%q)ﬁv(€k1€k2€k3)

= v(g2et!, g2e*?, q2ek?)

_ Zﬁv(qekl, qek2’ q€k3)

+ ,8217(61(1, €k2, €k3)

Mppv(ete?e®) = A,
(2B,-B%)

U(€k1€k2€k3)

3 Fibonacci sequence Using three Dimensional
g-difference Equation

In this section, we introduce three dimensional Fibonacci
sequence and its sum.

Definition 3.1 For each pair (B;, 8, € R?), the three
dimensional Fibonacci sequence is defined as,

F(ﬁbﬁz) = {Fn};ozo
8

where Fo =1,F; = f; and E, = B1F,_1 + B, F,_, for n >
2
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when B; = B, = 18 becomes the usual Fibonacci sequence

Theorem 3.2 (Three dimensional Finite q series), Let F,, €
Fip, p,) and ekl e*2, e*3 € R® then we have.

m g u(ekl ek2 ek3)= AL u(e’d ek? ek3)_
d=0 Td™ \ gd+2’ gd+2”’ gd+2 q ’ ’
(B1.82)
1 ekl ekZ ek3
Fm+1 Aq u (qm+1’qm+1’qm+1)
(B1.82)

—ﬁ K A_l(ﬂ ﬂ )u ekl gk2 k3
2'mBPq 1, P2 qm+2’ gm+2’ gm+2

)

Proof. Taking A;' u(e*, e*?,e*?) = v(e*!, ek?,e*?)
(B1,B2)

Aq v(ekl, ek2' ek3) — u(ekl' ek2, €k3)
(B1.82)

By 3 we write

v(qzem' qukz‘ q2€k3) — u(ekl, ekZ' ek3) +

ﬁlv(ekl, ek2' ek3) + ,Bzv(e"l, ek2‘ ek3) (10)
k1 k2 k3

Replacing v(e*?, e*?, e*3) by (eT,eT,eT) in eqn 10, we

obtain.

ekl ekZ ek3

v(geXt, gek?, ek3) = u (T’T’T) + Bv(e, ek?, ek3) +
okl gkz Gkt

Bov (=) (12)

q q q
Substituting the value of v(ge**, ge*?, qe*®) in egqn 10 we
get
v(qzem qzekz qzek3)
ekl ek2 ek3
— u(€k1,€k2,6k3) + [)71 [17 (_,_'_)]
qa 9 9

+ ,Blv(eklt ek2, €k3)
ekl ekz

+B [v (—,—,ﬁ)] + Byv(et, e*?, ef3)

q q q

v(qzekl, qzekz, qzek3) — u(ekl' ek2' ek3) +

ekl gk2 k3
b (T 7
+(B7 +
€, 042, ¢%) 1 g, + gy (S, <, 27 (12)
.82)1](6 ’ 4 1 2 q ’ q ] q

ekl ekZ

k3
Replace (e*1,ek?, ek3) by (T’T’ET) in 11 and putting
the value of v(e*?, e*?,e*3) inegn 12 we obtain.
v(qzekl,qzekz,qze""3) — u(ekl'ekz' ek3) +

ekl ok2 k3
ﬁlu ’ ’

q q q
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okz k3 okl k2 k3 LE u( ekl k2
HBE+ Bl (S5 ) + B () T
q q q q q ekl ek2 eks
Fpiqv (qm+1 1 gmtt 'W)
k1 k2 k3 k1 k2 k3
ekl egkz o ekl gk2 o
P (. ) (2 2 ) .
a?’q%’ q a’q’q B .
2 qm+2‘q1
k k k
okz k3 ) okl gkz k3 Aél (e¥1,e*2, e*3) — F_ ., A (e B K 2 - 3)
v vl—,—,— m+1’ gm+1’ gm+1
+'81(3132) ( 2 qz ’ 2) +.82([31B2) (q "7 ' g ) (B1.B2) (3132) q q q

-1 e
ﬁz m u( ’ ’ -
(B1 ,3 )q qm+2’ gm+2’ gm+2

_E k1 gk2 k3
+ﬁ132’7( p q) Y=o Fau (qd+2'qd+2’qd+2) (15)

Hence the proof theorem.

ekl k2 ek3 ) _

Corollary 3.3 Assume that P, + P, # 1 and F, € F, p,)

v(q%e*, q%e’?, q%e*?) then we have.
_u(e k2 k3)
k1 ekZ €k3
+ Byu (— — —) (B? m g 1-Fms1—BaFm
! a=o Fa 1-B1-B2
ekl ekZ k3 (16)
o . 0o .
a*"qa*’q Proof. From eqn 9 replacing u(e*) by e*" we find.
ekl gkz k3 N0 B
e +(B,(BE + o Fy (W’—qm“ ,—qm+2) = (BAqu)(ekl’eKZ' ek3)0 _
1,P2
B) +Buv (S5, ) ke ks a0
o o 85 (S5
m+1(ﬁ1‘?ﬁz) qm+1’ gmt1’ gm+1
+B2 (B +ﬁ2)v(—,— )
a 4q _i[ ek ekz ok3 0
—B2F, m(ﬁ B2)7 (qm+2‘m'qm+2)
Since F, € Fg, 5, We get,
m -1 -1 -1
2ekL g2¢k2 2 ok3 d:OFd=(Aq = Fp1 877 — BoFy Ay )
v(g'e /q7e™) S k2 i3 (B1.82) (BrB2) (B1.82)
= Fyu(e*t,e*?,e*%) + F. u<— —,—)
q9 9 9
Hence the Proof.
k1 ek2 ek3
] G
€k1 ekZ ek3
F3u (T,—,T)
+ﬂ2sz( et el e"3) 4 PRODUCT FORMULA OF THREE DIMENSIONAL
FEPEMPE

g-DIFFERENCE EQUATION
Proceeding like this we arrive,

2,kl1 ,2,k2 ,2,k3\ — k1 k2 k3 . . .
v(q“e™, q%e™, q%e™) = Fou(e™, e™, e™) + We introduce the product formula of three dimensional

ekl ekZ ek3 . .
Fou (T’T’T) F oo difference equation
+F ( ekl ek2 k ) N B F ( k1 ekZ k3)
v ) ) v y ’ H
mAtY (gm-1’ gm-1’ gm-1 2 qm’qm’ qm Theorem 4.1 For the real valued functions u(e*?, e*?, e*?)
(14) and v(e*!, 2, e*3) we have,
k1 k2 k3
Now replace (e*?,e*?,e*3) by (eT,eT,eT) inegn 14 we
get. Aal (u(ekl' ekz’ ek3)v(ek1, ekz’ ek3)) —
el ek? ek3 fl'ﬁz k1 k2 Lk3yA-—1 k1 k2 ,k3
(e, ek, ") = Fou(—,—,— ﬁ—[u(e e, e ) A v(e" e, e)
q° q° q z (0,1)
ekl ek2 ek3
+ Fyu ———) + oo
q3 q3 3

Copyrights @Kalahari Journals Vol. 6 No. 3(December, 2021)
International Journal of Mechanical Engineering
3022



_Agl ( Aq u(ekl’ ekz’ ek3)A;1v(ek1, ekz' ek3))
B1.B2 \B1.B2 0,1)
Hence the Proof.

_Bl Agl u(qkl'qkz’qk3) Aq (Aalv(ekl’ek2’8k3)> ]
B1.B2 (0,1) \(0,1)

Example 4.2
17)
To find the pi=1p,=2m=1n=2,q=5k, =
1,k, = 3,ks = 2. Then we have able to find F, =1,F; =
ﬁl = 2,F2 = 3,F3 = 4’,F4 = 5,
Proof. we find that.
u(ekl ek2 ek3) — (ekl ek2 ek3)n
Aq u(ekl’ekz' €k3) — u(qzem' qukz’ quk3) Solution:

(ﬁpﬁz) k1 k2 k3 \ 1
. Fd(e e e ) — A;l (ekl‘ekz'ek3)n

qd+2 4 qm+2 ’ qm+2 (ﬁ ﬁ )
k1 k2 k3 P2
—piu(ge™, qe**, qe*) —

[)’zu(ekl, ekZ’ €k3)

“m+1 A;
A, u(e,ek? ek3)w(ek1 ek? ek3y 1
q ) ) ) )
(mBZ)z KL g2ek2 g2ek3 2gk1 g2ek2 g2k
=u(q’e Jw(q“e ,q°e™) —ByF,
(/
_ﬁlu(qek1,qek2’qek3)w(qek1’qek2,qekB)
LHS=ym F okl k2 ks
—B,u(e ¥ 67 e"iiyﬁ?fé ’5717%?"7‘1’3*3%
:u(e €2, ek (ekl, ek?, ek3) L.H.S =231.2010633
[W(qz k1 2 kZ’q ek3)(Aqu(ek1,e"2,ek3)] A;l u(ekl'ek2‘6k3)n - Aal (u(ekl,ekz,ek3)")"
(B1.B2) (B1.82)
+[)’1u(q€k1, qek2’ qekS)Aq(Aalw(ekl’ ek2, €k3)) — (6:1_9k2'zk3)n
q"-p1q™-B2
+,82[u(e"1 2 k3)v(ek1 k2,6k3)]
_ (2.718+20. 08+7.30)2
598
= u(e’, ek, e v(e", e?, k) = = 232.5727081
Agl[Aglv(qzekl, qzekz’ qzek3)][Aqu(ek1’ ekz’ ek3)]
ekl
gq;;lﬂ %&L EWGA’Q%“
(ﬁl ﬁz) g )
k1 k2 ,k3 k1 k2 ,k3 ek ek
+Bu(e™, e, e"), v(e", e, )] At ( ———, m+2> =0.017362593
:u(ekl’ek2’6k3)A—1v(ek1 k2’6k3)= (ﬁlﬁz) q q q
A;l[Aqu(ekl,eRZ k3)A ly(q2e k1 q* kz,qzek3) R.H.S = 232.5727081 — F, x 0.434064825 —2 X
F;(0.17362593)
+[31A;1(u(qek1, qekz’ qeRS)Aq (Agl(v(e"l, ekZ’ €k3)))
= 232.5727081 —3 x 0.434064825—-2 x 2
x0.017362593 BzAglu(’“. ek2, ek3)v(ek1‘ ek2, ek3)

—BoA7" (u(e’, % @) 2068, e*°))
= u(ekl’ ekZ’ €k3)A;1‘U(€k1, ekZ’ ek3)
- _u(ek1’ ek2’ ek3)A51v(ek1, ekz’ ek3) Example 4.3
+A;1(Aqu(ek1, ekZ’ €k3)A;1U(€k1, ek2’ €k3))
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TO flnd the m = S’ﬁl = 15,B2 = 20, FO = 1,F1 = ﬁl =
20,

Fz = 200, F3 = 250, F4_ = 14000, FS = 156750, F6
= 1788375

Solution :

m _ 1-Fp41—B2Fm
=0 Fa = =74,
L.H.S = 144805

1—Fg—BoFs
NOWR.H.S = —¢ 725

° 1-B1-PB2

_ 1-1788375-20%156750

- 1-15-20

= 144805

Conclusion:

In this paper the summation solution and the closed form
solutions of polynomials using three dimensional difference
equation have been obtained. Also several results using three
dimensional g-difference operator are derived. Moreover
generalized product formula for polynomial reciprocal of
polynomial using inverse of three dimensional g difference
operator is obtained.
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