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Abstract - Gaussian quadrature is used to find the
approximation of definite integral from a to b with
integral | as a linear sum of
wof(to) wif(t1) ... w,f(t,) here Gaussian finds 2n + 2
unknowns with the degree of precision 2n + 1. Gaussian
have chosen f(t) =tk, k<2n+1 with the interval
[-1, 1],itgives 2n + 2 number of nonlinear equations
in 2n+ 2 number of variables. In this work, | replaced
monomials t* by trigonometric function sin*t with the
interval [—g g ] Here I discussed the two cases for n =
1 and n =2 same as Gaussian. These results are significant
to approximate the indeterminate integrals especially

with trigonometric functions. I have also verified our
results with some indeterminate integrals.

Index Terms - Gaussian quadrature; definite integral; system
of nonlinear equations.

INTRODUCTION

In order to find the approximate value of the definite integral
I = f;f(t)dt Gaussian [1],[2],[3] and [4] choose

() = [, f©)dt I

Where L,(f) = wof(to) +wif(t1) + ...+w,f(t,) here
t; non-equally spaced points.

and  w; are weighted constants. Gaussian choose
to ti,..ty andwy,wy ...w, simultaneously so that I, (f)
has degree of precision as high as possible.

For n = 1 we want f_llf(t)dt

Consider I,(f) = wof(ty) + wyf(t1)
We have to choose t,, t; w, and w; such that

L) =J f@®)dt,  f@) =
x* k<3
Wo + W1 = dt = 2
Woto +wit; = [ tdt =0
So we have (1.2)

Wote? +wity? = [ t2dt =

2
3
W0t03 + W1t13 = f_ll t3dt =0
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Solve this system of nonlinear equations to get t, t; wy
and w,

and t, ==

W()=1,W]_=1,t0=_i \/5

V3

1 1
Thus L(F) = f(-%) +f(5)
1 2 =2
f_l(ezx +1dx=L(e*+1)=e3+ez +2=~
5.4882249

For n = 2 we want f_llf(t)dt

Consider L,(f) = wof(to) + f(t) +
sz(tz)

We have to choose t, ti, t;, wy, wy and w, such that

L(f) = [} f©)de, f(x) =

x* k<5
So we have
W0+W1+W2 =f_111dt=2
Woto + Wity +wyt, = [ tdt =0

1
Woty? +wity? +wyty” = [ t?dt =

~
=
[EEN
~

1
woto® +wity® +wyty® = [ t3dt

Wote* +wity* +wyty* = [1 t*dt =

O uln O wIN

Wote® + wity® +wyt,® = [1 t5dt
Solve this system of nonlinear equations to get

to t1,t; wo , wyandw,

_5 _ _5
WO_EI Wl_;l WZ_; )

t0=—\/§ , t; =0 and t2=\E
Thus 13(f)=§f(—\/§)+§f(0)+§f(\/§>
I=[" (e +Ddx ~
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5 _2 8 5 3
12(€2x+1) =§€ \/;+§(2)+5€‘/;+2

| = 5.2392258
MODIFIED FORM OF GAUSSIAN QUADRATURE

In this case | replace the monomial x* by (sinx)*. This
method is more useful find the approximate value of the
definite integral involving trigonometric functions

b

L(f) ~ f fF(Odt

to evaluate the definite integral [ £ (t)dt
2
put n=1
L(f) = [Zf(Ddt

2
We have to find the constants t, t; , w, and w; such that

L) =[=f®dt , @)=

(sint)* k<3
for k=0,1,2and 3 we get

wot+wy = [Hldt=n
2

T
wosinty + wysint; = [%sint dt =0
2

T
wosin®ty + wysin®t; = [%(sint)? dt = g
2

. . 1,
wosin®ty +wysin®t; = [ (sint)*dt = 0
ie.,

( Wo+w, =1
wysinty + wysint; =0
wosin?ty + wysin?t, = %

(wosin®ty + wysindt, = 0

Let T, = sint, and T; = sint; this gives
([ wo+w=m 2.1
WoTo + W1T1 = 0 (2.2)
W0T02 + W1T12 = % (2.3)

U woTo* +wiTy3 =0 (2.4)

Solve this system of nonlinear equations to get Ty, Ty, w,
and w,

(2.3)-T; x(2.2)
Gives
(2.5)
(2.4)-T, x(2.3)

woTo(To —Ty) = g

WOTOZ(TO -T) = _g
(2.6)
ie., TO =-1

From (2.2) and (2.4)

Copyrights @Kalahari Journals

wiTy = —weTy
W1T13 = _W0T03
(T’ -Ty")=0= (T,*-T,*)=0 (Since
wiT; #0)
= T’ =T"
= T,==T;
= T,=-T, (Since nodes

are unequal)
Thus (2.1) and (2.1) become wy+w, =7

WO_W]_:O
T

Solving these two we get  w, = 3 and wy =2
From (2.3) ngz +oT =2
= 2T)°=1
= T12 = l
i 1
- Tl zx/_ET[ and To —_\1/-[_5
= t; =-— and t; = -

L(F) = wof () + wi £ (t1)

A

=L =5f(-7)+57(3)

1

Ex 1: Evaluate: [ = f_ll

1+x3
Sol:
Use the transformation mx = (a+b)+t(b—a)
x = 2t
_2 1
I= nf-gmdt
_2[rc(m Te(_T
There fore 11(f)—n[2f(4 )+2f( 4)]

L(f) ~ 2.213509275

. 1 1
From Gaussian quadrature formula: I = [

1+x3

-1 1
L(f) zf(ﬁ) +f(ﬁ)
L (f) = 2.028551636
From error function I = 2.31179 . It means that modified
method gives more accurate
result than Gaussian quadrature method
Put n =2
L(f) = [%f(D)dt
2
Consider I,(f) = wof (to) + wif (t1) + wyf (t3)

We have to find the constants t, t; ,t; , w,, w; and
w,such that
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L) = [=f®)dt ,  f@)=
(sint)* k<5

for k=0,1,2,3,4and 5 we get

T
wo+w+w, = [%1dt=mn
’ T
wosinty + wysint; + wysint, = % sint dt =0
2

T
wosin?ty + wysin?t; + w,sin’t, = [Z(sint)? dt = >
2

T
wosin’ty + wysin®t; + w,sindt, = [%(sint)3dt = 0
2

T
. . . 7 o 3
wosin*ty + wysin*t; + w,sintt, = [%(sint)*dt = ?"
2

™
Wosin®ty + wysinty + w,sin®t, = [%(sint)®dt = 0
2

Wo+Ww+w, =T

WoTo + W1T1 + W2T2 =0

Where TO = Sinto, Tl = Sintl, a.nd TZ = Slntz
From (2.8), (2.10) and (2.12)

T, T,
Wy —wy) T03 =-w T13
TOS T15
Here we have two options wy —w, = 0 and w; = 0 which
is impossible
Since w; #0V i
Or wo—w,=0 andT;, =0 =w,=w, and T; =0
Replace these values in  (2.8), (2.10)
woTy = —wyT,
woTo® = —w,T,>
We get T,% = T,*

Ty=+T, =T, =-T,
equally spaced points)
From (2.9) and (2.11)

(Since variable points are non-

2 woT,? =§ and 2 w,T,* =3§
T2=2 =T,=-L andT, =28
4 2 2

From (2.7) and (2.9)

2wy +w; =T
T T
ZWOTOZ = ; - WO = ;

T T
and w, =mr——-=-,
3 3

_ _m
1W2_W0_;
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9)

(2.12)

T T i
thus Wo =7 wy =2 and wy =<
_ V3 _om
Ty = 2=>t0— 3
T,=0=1t;, =0and
] _T
T2—2 zt2—3

Ex 2: Evaluate: [ = f_ZEe"‘ dx

,Z(f)zgfz(_§)+§f(0)+§f(§)

2
= Iz(f)z§<e 9 +1+e” 9)

= L(f) ~ 1.746719622 .
accurate than I, (f)

Which is more

T

- >y —x2
From Gaussian quadrature formula [ = [% e ™ dx

2
n2e
I="f e s dtz§f<—\/§>+§f(0)+

5 3
@7y <\D
(2.8) . 1w
WoTo? +wiTy? +w,T,> = 2 . '
(2.10P
(2.11)

I=2) e+ dt~ 1793391081
Transformation of variable according to the interval
. b
E,E] .For the integral I = [/ f(t)dt

we need to transform the variable t——n(n(a+b)+

(x - g) b - a)).From error function
I ~1.7258

CONCLUSION

This modified Gaussian method is more accurate than
Gaussian method. We can find the approximate value of
indeterminate  integral values more accurate than
Trapezoidal, Simpson’s rule and Bool’s rule of integration.
Modified form of Gaussian quadrature is also useful for
indeterminate forms of definite integrals.
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