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Abstract - Gaussian quadrature is used to find the 

approximation of definite integral from a to b with 

integral I as a linear sum of 

𝒘𝟎𝒇(𝒕𝟎 ), 𝒘𝟏𝒇(𝒕𝟏 ),… 𝒘𝒏𝒇(𝒕𝒏) here Gaussian finds 2n + 2 

unknowns with the degree of precision 2n + 1. Gaussian 

have chosen 𝒇(𝒕) = 𝒕𝒌, 𝒌 ≤ 𝟐𝒏 + 𝟏 with the interval 

[−𝟏 , 𝟏 ] , it gives 𝟐𝒏 + 𝟐  number of nonlinear equations 

in  𝟐𝒏 + 𝟐  number of variables. In this work, I replaced 

monomials 𝒕𝒌 by trigonometric function 𝒔𝒊𝒏𝒌𝒕 with the 

interval   [−
𝝅

𝟐
,
𝝅

𝟐
  ]. Here I discussed the two cases for n = 

1 and n = 2 same as Gaussian. These results are significant 

to approximate the indeterminate integrals especially 

with trigonometric functions. I have also verified our 

results with some indeterminate integrals.  

 

Index Terms - Gaussian quadrature; definite integral; system 

of nonlinear equations. 

INTRODUCTION 

In order to find the approximate value of the definite integral 

𝐼 = ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎
 Gaussian [1],[2],[3] and [4] choose 

𝐼𝑛(𝑓) ≈ ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎
                         ____________ (1) 

Where  𝐼𝑛(𝑓) = 𝑤0𝑓(𝑡0) + 𝑤1𝑓(𝑡1) +, …+𝑤𝑛𝑓(𝑡𝑛)   here 

 𝑡𝑖 non-equally spaced points.  

and  𝑤𝑖    are weighted constants.  Gaussian choose 

𝑡0 ,   𝑡1 , …  𝑡𝑛  and 𝑤0 , 𝑤1 …𝑤𝑛   simultaneously so that 𝐼𝑛(𝑓) 
has degree of precision as high as possible.  

For  𝑛 = 1 we want    ∫ 𝑓(𝑡)𝑑𝑡
1

−1
   

                Consider   𝐼𝑛(𝑓) = 𝑤0𝑓(𝑡0) + 𝑤1𝑓(𝑡1) 
We have to choose 𝑡0 ,   𝑡1  𝑤0  and  𝑤1 such that  

                               𝐼𝑛(𝑓) = ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎
,          𝑓(𝑥) =

𝑥𝑘   , 𝑘 ≤ 3      

So we have 

{
 
 

 
 

𝑤0 + 𝑤1 = 𝑑𝑡 = 2

𝑤0𝑡0 + 𝑤1𝑡1 = ∫ 𝑡 𝑑𝑡 = 0
1

−1

𝑤0𝑡0
2 + 𝑤1𝑡1

2 = ∫ 𝑡2𝑑𝑡 =
2

3

1

−1

𝑤0𝑡0
3 +𝑤1𝑡1

3 = ∫ 𝑡3𝑑𝑡 = 0
1

−1

   (1.1) 

   

Solve this system of nonlinear equations to get 𝑡0 ,   𝑡1  𝑤0  

and  𝑤1 

 

  𝑤0 = 1, 𝑤1 = 1,  𝑡0 = −
1

√3
   and  𝑡1 =

1

√3
    

 

Thus   𝐼2(𝑓) = 𝒇 (−
1

√3
) + 𝒇 (

1

√3
) 

  

    ∫ (𝑒2𝑥
1

−1
+ 1)𝑑𝑥 = 𝐼2(𝑒

2𝑥 + 1) = 𝑒
2

√3 + 𝑒
−2

√3 + 2 ≈

5.4882249 

 

For  𝑛 = 2 we want    ∫ 𝑓(𝑡)𝑑𝑡
1

−1
   

                Consider   𝐼𝑛(𝑓) = 𝑤0𝑓(𝑡0) + 𝑓(𝑡1) +
𝑤2𝑓(𝑡2) 

We have to choose  𝑡0 ,   𝑡1, 𝑡2,  𝑤0,  𝑤1 and  𝑤2 such that  

                               𝐼𝑛(𝑓) = ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎
, 𝑓(𝑥) =

𝑥𝑘   , 𝑘 ≤ 5      
 

So we have 

 

{
 
 
 
 

 
 
 
 𝑤0 + 𝑤1 +𝑤2 = ∫ 1

1

−1
𝑑𝑡 = 2

𝑤0𝑡0 + 𝑤1𝑡1 + 𝑤2𝑡2 = ∫ 𝑡 𝑑𝑡 = 0
1

−1

𝑤0𝑡0
2 +𝑤1𝑡1

2 + 𝑤2𝑡2
2 = ∫ 𝑡2 𝑑𝑡 =

2

3

1

−1

𝑤0𝑡0
3 + 𝑤1𝑡1

3 + 𝑤2𝑡2
3 = ∫ 𝑡3 𝑑𝑡 = 0

1

−1

𝑤0𝑡0
4 +𝑤1𝑡1

4 + 𝑤2𝑡2
4 = ∫ 𝑡4 𝑑𝑡 =

2

5

1

−1

𝑤0𝑡0
5 + 𝑤1𝑡1

5 + 𝑤2𝑡2
5 = ∫ 𝑡5 𝑑𝑡 = 0

1

−1

      (1.1) 

   

Solve this system of nonlinear equations to get 

 𝑡0 ,   𝑡1 , 𝑡2   𝑤0  ,  𝑤1 and w2 

  𝑤0 =
5

9
   ,    𝑤1 =

8

9
   ,      𝑤2 =

5

9
    , 

 𝑡0 = −√
3

5
    ,  𝑡1 = 0   and  𝑡2 = √

3

5
     

Thus   𝐼3(𝑓) =
5

9
𝑓 (−√

3

5
 ) +

8

9
𝑓(0) +

5

9
𝑓 (√

3

5
) 

 

                          𝐼 = ∫ (𝑒2𝑥
1

−1
+ 1)𝑑𝑥 ≈ 
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𝐼2(𝑒
2𝑥 + 1)  =

5

9
𝑒
−√

3
5 +

8

9
(2) +

5

9
𝑒
√3
5 +2 

𝐼 ≈ 5.2392258 

MODIFIED FORM OF GAUSSIAN QUADRATURE 

In this case I replace the monomial 𝑥𝑘 by (𝑠𝑖𝑛𝑥)𝑘. This 

method is more useful find the approximate value of the 

definite integral involving trigonometric functions  

𝐼𝑛(𝑓) ≈ ∫𝑓(𝑡)𝑑𝑡

𝑏

𝑎

       

   to evaluate the definite integral   ∫ 𝑓(𝑡)𝑑𝑡
𝜋

2

−
𝜋

2

   

𝑝𝑢𝑡   𝑛 = 1 

                   𝐼1(𝑓) ≈ ∫ 𝑓(𝑡)𝑑𝑡
𝜋

2

−
𝜋

2

     

                Consider   𝐼1(𝑓) = 𝑤0𝑓(𝑡0) + 𝑤1𝑓(𝑡1) 
We have to find the constants 𝑡0 ,   𝑡1  , 𝑤0 and  𝑤1  such that  

                               𝐼𝑛(𝑓) = ∫ 𝑓(𝑡)𝑑𝑡
𝜋

2

−
𝜋

2

    ,          𝑓(𝑡) =

(𝑠𝑖𝑛 𝑡)𝑘   , 𝑘 ≤ 3      
for   𝑘 = 0,1,2 𝑎𝑛𝑑 3  we get  

 

{
 
 
 

 
 
 𝑤0 + 𝑤1 = ∫ 1 𝑑𝑡

𝜋

2

−
𝜋

2

= 𝜋

𝑤0𝑠𝑖𝑛𝑡0 + 𝑤1𝑠𝑖𝑛𝑡1 = ∫ sin 𝑡  𝑑𝑡 = 0
𝜋

2

−
𝜋

2

𝑤0𝑠𝑖𝑛
2𝑡0 +𝑤1𝑠𝑖𝑛

2𝑡1 = ∫ (sin 𝑡)2 𝑑𝑡 =
𝜋

2

𝜋

2

−
𝜋

2

𝑤0𝑠𝑖𝑛
3𝑡0 +𝑤1𝑠𝑖𝑛

3𝑡1 = ∫ (sin 𝑡)3𝑑𝑡 = 0
1

−1

       

ie., 

                   

{
 
 

 
 

𝑤0 + 𝑤1 = 𝜋
𝑤0𝑠𝑖𝑛𝑡0 + 𝑤1𝑠𝑖𝑛𝑡1 = 0

𝑤0𝑠𝑖𝑛
2𝑡0 + 𝑤1𝑠𝑖𝑛

2𝑡1 =
𝜋

2

𝑤0𝑠𝑖𝑛
3𝑡0 +𝑤1𝑠𝑖𝑛

3𝑡1 = 0

       

 

Let 𝑇0 = 𝑠𝑖𝑛𝑡0 and  𝑇1 = 𝑠𝑖𝑛𝑡1 this gives 

                   

{
 
 

 
 
    𝑤0 + 𝑤1 = 𝜋              ___________(2.1)

   𝑤0𝑇0 + 𝑤1𝑇1 = 0     ____________(2.2)  

𝑤0𝑇0
2 +𝑤1𝑇1

2 =
𝜋

2
 ___________(2.3)

𝑤0𝑇0
3 + 𝑤1𝑇1

3 = 0 __________(2.4)

        

 

Solve this system of nonlinear equations to get 𝑇0 , 𝑇1,   𝑤0  

and  𝑤1 

     

  (2.3)- 𝑇1 ×(2.2) 

                   Gives                 𝑤0𝑇0(𝑇0 − 𝑇1) =
𝜋

2
          

____________(2.5) 

         (2.4)- 𝑇1 ×(2.3) 

                                     𝑤0𝑇0
2(𝑇0 − 𝑇1) = −

𝜋

2
       

_____________(2.6)    

                                        ie.,      𝑇0 = −1 

  From (2.2) and (2.4)  

                                 𝑤1𝑇1 = −𝑤0𝑇0 

                            𝑤1𝑇1
3 = −𝑤0𝑇0

3 

    (𝑇1
2 − 𝑇0

2) = 0 ⟹  (𝑇1
2 − 𝑇0

2) = 0       (Since 

   𝑤1𝑇1 ≠ 0  ) 

                                          ⟹      𝑇0
2 = 𝑇1

2 

                                          ⟹     𝑇0 = ±𝑇1       

                                          ⟹     𝑇0 = −𝑇1           (Since nodes 

are unequal) 

               Thus (2.1) and (2.1) become      𝑤0 + 𝑤1 = 𝜋  
                           𝑤0 − 𝑤1 = 0   

 Solving these two we get       𝑤0 =
𝜋

2
     and        𝑤1 =

𝜋

2
 

From (2.3)  
𝜋

2
𝑇1
2
+

𝜋

2
𝑇1
2 =

𝜋

2
 

                      ⟹     2𝑇1
2 = 1     

                     ⟹     𝑇1
2 =

1

2
            

                      ⟹    𝑇1  =
1

√2
           and   𝑇0  = −

1

√2
            

                          ⟹    𝑡0  =
𝜋

4
          and   𝑡1  = −

𝜋

4
 

                               𝐼1(𝑓) = 𝑤0𝑓(𝑡0) + 𝑤1𝑓(𝑡1) 
                                     

⟹ 𝐼1(𝑓) =
𝜋

2
𝑓 (−

𝜋

4
  ) +

𝜋

2
𝑓 (
𝜋

4
) 

 

 

Ex 1: Evaluate:    𝐼 = ∫
1

√1+𝑥3
𝑑𝑥

1

−1
 

   Sol:     

  Use the transformation             𝜋𝑥 = (𝑎 + 𝑏) + 𝑡(𝑏 − 𝑎) 
                            𝜋𝑥 = 2𝑡 

             𝐼 =
2

𝜋
∫

1

√1+𝑡3
𝑑𝑡

𝜋

2

−
𝜋

2

 

 

 

There fore                𝐼1(𝑓) =
2

𝜋
[
𝜋

2
𝑓 (

𝜋

4
  ) +

𝜋

2
𝑓 (−

𝜋

4
)]       

 

         𝐼1(𝑓) ≈  2.213509275 
 

  From Gaussian quadrature formula:       𝐼 = ∫
1

√1+𝑥3
𝑑𝑥

1

−1
 

 

 

 

                     𝐼1(𝑓) ≈ 𝒇(
−1

√3
 ) + 𝒇 (

1

√3
)       

                    𝐼1(𝑓) ≈  2.028551636       

From error function  𝐼 ≈ 2.31179 . It means that modified 

method gives more accurate 

result than Gaussian quadrature method 

 

Put  𝑛 = 2 

   𝐼2(𝑓) ≈ ∫ 𝑓(𝑡)𝑑𝑡
𝜋

2

−
𝜋

2

     

                Consider   𝐼2(𝑓) = 𝑤0𝑓(𝑡0) + 𝑤1𝑓(𝑡1) + 𝑤2𝑓(𝑡2) 
 

We have to find the constants 𝑡0 ,   𝑡1 , 𝑡1  , 𝑤0 ,  𝑤1  and  

𝑤2such that  
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                               𝐼𝑛(𝑓) = ∫ 𝑓(𝑡)𝑑𝑡
𝜋

2

−
𝜋

2

    ,          𝑓(𝑡) =

(𝑠𝑖𝑛 𝑡)𝑘   , 𝑘 ≤ 5      
for   𝑘 = 0,1,2,3,4 𝑎𝑛𝑑 5   we get  

     

        

{
 
 
 
 
 
 

 
 
 
 
 
 𝑤0 +𝑤1 + 𝑤2 = ∫ 1 𝑑𝑡

𝜋

2

−
𝜋

2

= 𝜋

𝑤0𝑠𝑖𝑛𝑡0 + 𝑤1𝑠𝑖𝑛𝑡1 +𝑤2𝑠𝑖𝑛𝑡2 = ∫ sin 𝑡  𝑑𝑡 = 0
𝜋

2

−
𝜋

2

𝑤0𝑠𝑖𝑛
2𝑡0 + 𝑤1𝑠𝑖𝑛

2𝑡1 +𝑤2𝑠𝑖𝑛
2𝑡2 = ∫ (sin 𝑡)2 𝑑𝑡 =

𝜋

2

𝜋

2

−
𝜋

2

𝑤0𝑠𝑖𝑛
3𝑡0 +𝑤1𝑠𝑖𝑛

3𝑡1 +𝑤2𝑠𝑖𝑛
3𝑡2 = ∫ (sin 𝑡)3𝑑𝑡 = 0

𝜋

2

−
𝜋

2

 

𝑤0𝑠𝑖𝑛
4𝑡0 + 𝑤1𝑠𝑖𝑛

4𝑡1 +𝑤2𝑠𝑖𝑛
4𝑡2 = ∫ (sin 𝑡)4𝑑𝑡 =

3𝜋 

8

𝜋

2

−
𝜋

2

𝑤0𝑠𝑖𝑛
5𝑡0 + 𝑤1𝑠𝑖𝑛

5𝑡1 +𝑤2𝑠𝑖𝑛
5𝑡2 = ∫ (sin 𝑡)5𝑑𝑡 = 0

𝜋

2

−
𝜋

2

     

             

        

{
 
 
 

 
 
 
𝑤0 + 𝑤1 + 𝑤2 = 𝜋                 ________________________________(2.7)

𝑤0𝑇0 + 𝑤1𝑇1 +𝑤2𝑇2 = 0    ________________________________(2.8)

𝑤0𝑇0
2 + 𝑤1𝑇1

2 + 𝑤2𝑇2
2 = 

𝜋

2
 _____________________________(2.9)

𝑤0𝑇0
3 +𝑤1𝑇1

3 + 𝑤2𝑇2
3 = 0_______________________________(2.10)

𝑤0𝑇0
4 + 𝑤1𝑇1

4 + 𝑤2𝑇2
4 =

3𝜋

8
____________________________(2.11)

𝑤0𝑇0
5 +𝑤1𝑇1

5 + 𝑤2𝑇2
5 = 0_____________________________(2.12)

                  

 

where  𝑇0 = 𝑠𝑖𝑛𝑡0, 𝑇1 = 𝑠𝑖𝑛𝑡1,  and  𝑇2 = 𝑠𝑖𝑛𝑡2                           

        From (2.8), (2.10) and (2.12) 

          (𝑤0 − 𝑤2) [

𝑇0
𝑇0
3

𝑇0
5

] = −𝑤1 [

𝑇1
𝑇1
3

𝑇1
5

] 

 

Here we have two options 𝑤0 − 𝑤2 = 0   and  𝑤1 = 0 which 

is impossible  

Since  𝑤𝑖 ≠ 0 ∀ 𝑖   
Or    𝑤0 − 𝑤2 = 0   and 𝑇1 = 0  ⟹ 𝑤2 = 𝑤0  and  𝑇1 = 0   

Replace these values in   (2.8), (2.10)   

                 𝑤0𝑇0 = −𝑤0𝑇2             

                𝑤0𝑇0
3 = −𝑤0𝑇2

3              

        We get  𝑇2
2 = 𝑇0

2 

  𝑇0 = ±𝑇2  ⟹ 𝑇0 = −𝑇2     (Since variable points are non-

equally spaced points) 

From (2.9) and (2.11) 

                   2 𝑤0𝑇0
2 =

𝜋

2
    and   2 𝑤0𝑇0

4 =
3𝜋

8
    

                   𝑇0
2 =

3

4
    ⟹ 𝑇0 = −

√3

2
     and  𝑇2 =

√3

2
      

                        

From (2.7) and (2.9) 

                      2𝑤0 + 𝑤1 = 𝜋    

                          2𝑤0𝑇0
2 =

𝜋

2
   ⟹𝑤0 =

𝜋

3
   ,  𝑤2 = 𝑤0 =

𝜋

3
 

                           and  𝑤1 = 𝜋 −
𝜋

3
= 

𝜋

3
  , 

         thus       𝑤0 =
𝜋

3
    ,        𝑤1 =

𝜋

3
     and        𝑤2 =

𝜋

3
          

𝑇0 = −
√3

2
⟹ 𝑡0 = −

𝜋

3
    

  𝑇1 = 0 ⟹ 𝑡1 = 0 and  

 𝑇2 =
√3

2
  ⟹ 𝑡2 =

𝜋

3
  

   𝐼2(𝑓) =
𝜋

3
𝑓 (−

𝜋

3
) +

𝜋

3
𝑓(0) +

𝜋

3
𝑓 (

𝜋

3
) 

Ex 2: Evaluate:    𝐼 = ∫ 𝑒−𝑥
2
𝑑𝑥

𝜋

2

−
𝜋

2

 

     Sol:         𝐼2(𝑓) =
𝜋

3
𝑓 (−

𝜋

3
) +

𝜋

3
𝑓(0) +

𝜋

3
𝑓 (

𝜋

3
) 

 

             ⟹    𝐼2(𝑓) ≈
𝜋

3
 (𝑒−

𝜋

9

2

+ 1 + 𝑒−
𝜋

9

2

)             

                  ⟹    𝐼2(𝑓) ≈ 1.746719622 .    Which is more 

accurate than  𝐼1(𝑓)   

From Gaussian quadrature formula   𝐼 = ∫ 𝑒−𝑥
2
𝑑𝑥

𝜋

2

−
𝜋

2

    

                  :    𝐼 =
𝜋

2
∫ 𝑒−

𝜋2𝑡2

4 𝑑𝑡 ≈
5

9
𝑓 (−√

3

5
 ) +

8

9
𝑓(0) +

1

−1

5

9
𝑓 (√

3

5
) 

                        :    𝐼 =
𝜋

2
∫ 𝑒−

𝜋2𝑡2

4 𝑑𝑡 ≈ 1.793391081
1

−1
 

    Transformation of variable according to the interval  

[−
𝜋

2
,
𝜋

2
] . For the integral 𝐼 = ∫ 𝑓(𝑡)𝑑𝑡

𝑏

𝑎
 

we need to transform the variable 𝑡 =
1

2𝜋
(𝜋(𝑎 + 𝑏) +

(𝑥 −
𝜋

2
) (𝑏 − 𝑎)).From error function 

                                  𝐼 ≈ 1.7258 

CONCLUSION 

This modified Gaussian method is more accurate than 

Gaussian method. We can find the approximate value of 

indeterminate integral values more accurate than 

Trapezoidal, Simpson’s rule and Bool’s rule of integration. 

Modified form of Gaussian quadrature is also useful for 

indeterminate forms of definite integrals. 
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