
Copyrights @Kalahari Journals  Vol. 6 No. 3(December, 2021) 

International Journal of Mechanical Engineering 

2062 

ISSN: 0974-5823 Vol. 6 No. 3 December, 2021 

International Journal of Mechanical Engineering 

On Fundamental Algebraic  Attributes of 𝜔 −
𝑄 −Fuzzy Subring, Normal Subring and Ideal 

M. Premkumar*1 , A. Prasanna2, Amit Kumar Sharma3, M. S. Karuna4,  

Arvind Sharma5 and Moti Lal Rinawa6 

*1Department of Mathematics, Sathyabama Institute of Science and Technology (Sathyabama University), Chennai-600119, 

Tamilnadu, India. 

2PG and Research Department of Mathematics, Jamal Mohamed College (Autonomous), (Affiliated to Bharathidasan University), 

Tiruchirappalli-620020, Tamilnadu, India. 

3 Department of Physics, D.A.V.(PG) College, Dehradum, Uttarakhand-248001, India. 

4Department of Chemical Engineering, M.J.P. Rohilkhand University, Bareilly-243006, Uttar Pradesh, India. 5Department of 

Electronics and Communication Engineering, Government Women Engineering College, Nasirabad Road, Ajmer-305002.  

6Department of Mechanical Engineering, Government Engineering College, Jhalawar, Rajasthan. 

 

Abstract  

 In this paper, the introduced the new notion of on 

Fundamental Algebraic  attributes of 𝜔 − 𝑄 − 𝐹𝑆𝑅 and 𝜔 −
𝑄 − 𝐹𝐼 are defined and discussed. The Homomorphism of 𝜔 −
𝑄 − 𝐹𝑆𝑅, 𝜔 − 𝑄 −  𝐹𝑁𝑆𝑅 and 𝜔 − 𝑄 − 𝐹𝐼 and their inverse 

images has been obtained. Some related results have been 

discussed in their paper. 
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I. Introduction 

 The pioneering work of L A Zadeh on fuzzy subsets of a 

set in[17]. A. B Chakranarty et al. invented the theory of fuzzy 

homomorphism and algebraic structures in 1993[1]. The 

concept of Prime fuzzy ideals in ring was established by T.K. 

Mukhrjee et al. in 1989[8]. V.N. Dixit et al. introduced the 

concept of  Fuzzy rings in 1992[3]. In 1996, explored the notion 

of K-fuzzy ideals in semi rings by B. K Chang et al.[2]. A. 

Prasanna et.al.[9], introduced the concept on Fundamental 

Algebraic  attributes of χ −Fuzzy Subring, Normal Subring 

and Ideal. R. Kumar, described the new notion of fuzzy algebra 

in 1993[4]. In 1982, Wang-Jin Liu[16] ,the concept of fuzzy 

invariant subgroups and fuzzy ideals. A. Rosenfeld[11], 

explored the  new notation of fuzzy groups in 1971. P.K. 

Sharma[13], explored the 𝛼 - Anti Fuzzy Subgroups in 2012. In 

addition , more recent development, 𝛼- Fuzzy subgroups in 

2013[11] . D.S. Malik et al. derived from the extension of fuzzy 

subrings and fuzzy ideals in 1992[6]. In 1992, R. Kumar[5], 

introduced the new notion of Certain fuzzy ideals of rings. A. 

Prasanna et.al[10], introduced the new concept on Elemental 

Algebraic characteristic of 𝜔 −Fuzzy Subring, Normal Subring 

and Ideal in 2020.  V. Veeramani et al. derived from the Some 

Properties of Intuitionistic Fuzzy Normal Subrings in 2010[15]. 

T.K. Mukhrjee et al. propsed by the concept of on fuzzy ideals 

of a ring in 1987[7].  A. Solairaju and R. Nagarajan[14] , 

described the notation of a structure and Construction of Q-

fuzzy Groups in 2009. 

The research article is arranged as follows, section II contains 

the elementary basic concept of definitions related to the 

results which are thoroughly crucial to this research. In section 

III, we introduce fundamental algebraic  attributes of 𝜔 −
𝑄 −fuzzy subring(𝜔 − 𝑄 − 𝐹𝑆𝑅) and ideal(𝜔 − 𝑄 − 𝐹𝐼) and 

section IV, describe the algebraic structures on homomorphism 

of 𝜔 − 𝑄 −fuzzy subrings(𝜔 − 𝑄 − 𝐹𝑆𝑅), normal 

subrings(𝜔 − 𝑄 − 𝐹𝑆𝑁𝑅) and ideals (𝜔 − 𝑄 − 𝐹𝐼). 

 

II. Preliminaries 

Definition: 2.1 [7] 

 Let 𝑅 be a ring. A function 𝐴: 𝑅 → [0,1] is said to be a 

𝐹𝑆𝑅 of 𝑅  if  

(𝑖)𝐴(𝑥 − 𝑦) ≥ 𝑚𝑖𝑛{𝜇𝐴(𝑥), 𝜇𝐴(𝑦)} 

(𝑖𝑖)𝐴(𝑥𝑦) ≥ 𝑚𝑖𝑛{𝜇𝐴(𝑥), 𝜇𝐴(𝑦)}, ∀ 𝑥, 𝑦 ∈ 𝑅. 

Definition: 2.2 [13] 

 A 𝐹𝑆𝑅 𝐴 of a ring 𝑅 is said to be a 𝐹𝑁𝑆𝑅 of 𝑅 if 

 𝐴(𝑥𝑦) = 𝐴(𝑦𝑥), ∀ 𝑥, 𝑦 ∈ 𝑅. 

Definition: 2.3 [14] 

 Let 𝑅 be a ring. A function 𝐴: 𝑅 → [0,1] is said to be a  

(a) Fuzzy Left Ideal of 𝑅 if  

(𝑖)𝐴(𝑥 − 𝑦) ≥ 𝑚𝑖𝑛{𝐴(𝑥), 𝐴(𝑦)} 
(𝑖𝑖)𝐴(𝑥𝑦) ≥ 𝐴(𝑦), ∀ 𝑥, 𝑦 ∈ 𝑅 

(b) Fuzzy Right Ideal of 𝑅 if  

(𝑖)𝐴(𝑥 − 𝑦) ≥ 𝑚𝑖𝑛{𝐴(𝑥), 𝐴(𝑦)} 
(𝑖𝑖)𝐴(𝑥𝑦) ≥ 𝐴(𝑥), ∀ 𝑥, 𝑦 ∈ 𝑅 

(c) Fuzzy Ideal of 𝑅 if  
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(𝑖)𝐴(𝑥 − 𝑦) ≥ 𝑚𝑖𝑛{𝐴(𝑥), 𝐴(𝑦)} 

(𝑖𝑖)𝐴(𝑥𝑦) ≥ 𝑚𝑎𝑥{𝐴(𝑥), 𝐴(𝑦)}, ∀ 𝑥, 𝑦 ∈ 𝑅 

Theorem: 2.4 [6] 

 If 𝐴 be a 𝐹𝑆𝑅 of the ring 𝑅 then  

(𝑖) 𝐴(0) ≥ 𝐴(𝑥) 

(𝑖𝑖)𝐴(−𝑥) = 𝐴(𝑥), ∀ 𝑥 ∈ 𝑅 

(𝑖𝑖𝑖) If 𝑅 is ring with unity 1, then 𝐴(1) ≥ 𝐴(𝑥), ∀ 𝑥 ∈ 𝑅. 

Definition: 2.5 [1] 

 Let 𝑋 and 𝑌 be two non-empty sets and 𝑓: 𝑋 → 𝑌b e a 

mapping. Let 𝐴 and 𝐵 be 𝐹𝑆 of  𝑋 and 𝑌 respectively. Then the 

image of 𝐴 under the map 𝑓 is denoted by 𝑓(𝐴) and is defined 

as 𝑓(𝐴)(𝑦) = {
𝑆𝑢𝑝{𝐴(𝑥): 𝑥 ∈ 𝑓−1(𝑦)}

0: 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
, ∀ 𝑦 ∈ 𝑌 

Also the pre-image of 𝐵 under 𝑓 is denoted by 𝑓−1(𝐵) and 

defined 

𝑓−1(𝐵)(𝑥) = 𝐵𝑓(𝑥), ∀ 𝑥 ∈ 𝑋. 

Definition: 2.6 [1] 

The mapping 𝑓: 𝑅1 → 𝑅2 from the ring 𝑅1 into a ring 𝑅2 is 

called a ring homomorphism if  

(𝑖)𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦) 

(𝑖𝑖)𝑓(𝑥𝑦) = 𝑓(𝑥)𝑓(𝑦), ∀ 𝑥, 𝑦 ∈ 𝑅1. 

Definition:2.7[14] 

 Let Q and G a set and a group respectively. A mapping 

𝜇: 𝐺 × 𝑄 → [0,1] is named 𝑄 −  𝐹𝑆 in G. For any 𝑄 − 𝐹𝑆 μ in 

G and t ∈ [0,1] we define the set 𝑈(𝜇; 𝑡) = {𝑥 ∈ 𝐺    /
 𝜇(𝑥, 𝑞) ≥ 𝑡, 𝑞 ∈ 𝑄 } which is named an upper cut of “𝜇” and 

may be use to the characterization of μ. 

 

III. On Fundamental Algebraic  attributes of 𝝎 −
𝑸 −Fuzzy Subring(𝝎 − 𝑸 − 𝑭𝑺𝑹) and 𝛚 − 𝐐 −Ideal(𝝎 −

𝑸 − 𝑭𝑰) 

Definition: 3.1 

 Let Ặ be a fuzzy set (FS) of a ring τ, 𝑎𝑛𝑑  𝑄 −
fuzzy subset (FSb) of a set τ. Let 𝜔 ∈ [0,1]. Then the 

𝑄 −fuzzy set Ặ𝜔 of 𝜏 is called the 𝜔 − 𝑄 −fuzzy subset(𝜔 −
𝑄 −FS) of 𝜏 with respect to FS Ặ and is defined by  

Ặ𝜔(𝜃, 𝑞) = {Ặ(𝜃, 𝑞)⋀𝜔}, ∀𝜔 ∈ [0,1]𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

Definition: 3.2 

 Let Ặ be a FS of a ring 𝜏 , 𝑄 − fuzzy subset (FSb) of a 

set τ and ∈ [0,1] . Then Ặ is called 𝜔 − 𝑄 −Fuzzy Subring 

(𝜔 −FSR) of 𝜏 if Ặ𝜔 is FSR of 𝜏 i.e. if the following conditions 

hold  

(𝑖)Ặ𝜔((𝜃 − 𝜑), 𝑞) ≥ {Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)} 

           (𝑖𝑖)Ặ𝜔(𝜃𝜑, 𝑞) ≥ {Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)}, ∀ 𝜃, 𝜑 ∈

𝜏 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

In other words, Ặ is 𝜔 − 𝑄 −FSR of 𝜏 if  Ặ𝜔 is FSR of 𝜏. 

Definition: 3.3 

 Let Ặ be a FS of a ring 𝜏 and  𝑄 − fuzzy subset (FSb) of 

a set τ . Let 𝜔 ∈ [0,1]. Then Ặ is called 𝜔 − 𝑄 −Fuzzy Left 

Ideal of 𝜏 (𝜔 −FLI) if  

(𝑖) Ặ𝜔((𝜃 − 𝜑), 𝑞) ≥ {Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)} 

(𝑖𝑖) Ặ𝜔(𝜃𝜑, 𝑞) ≥ Ặ𝜔(𝜑, 𝑞), ∀ 𝜃, 𝜑 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

Definition: 3.4 

 Let Ặ be a FS of a ring 𝜏 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of 

a set τ. Let 𝜔 ∈ [0,1]. Then Ặ is called 𝜔 − 𝑄 −Fuzzy Right 

Ideal of 𝜏 (𝜔 −FRI) if  

(𝑖) Ặ𝜔((𝜃 − 𝜑), 𝑞) ≥ {Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)} 

(𝑖𝑖) Ặ𝜔(𝜃𝜑, 𝑞) ≥ Ặ𝜔(𝜃, 𝑞), ∀ 𝜃, 𝜑 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

Definition: 3.5 

 Let Ặ be a FS of a ring 𝜏, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) 

of a set τ. Let 𝜔 ∈ [0,1]. Then Ặ is called 𝜔 − 𝑄 −Fuzzy Ideal 

of 𝜏 (𝜔 −FI) if  

(𝑖) Ặ𝜔((𝜃 − 𝜑), 𝑞) ≥ {Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)} 

(𝑖𝑖) Ặ𝜔(𝜃𝜑, 𝑞) ≥ {Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)}, ∀ 𝜃, 𝜑 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈

𝑄. 

Proposition: 3.6 

 Let Ặ𝜔 and Ꞗ𝜔 be two 𝜔 − 𝑄 −FS of a ring 𝜏. Then 

(Ặ ∩ Ꞗ)𝜔 = Ặ𝜔 ∩ Ꞗ𝜔. 

Proof: 

 Let, 𝜃 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈ 𝑄 be any element, then  

(Ặ ∩ Ꞗ)
𝜔

(𝜃, 𝑞) = {(Ặ ∩ Ꞗ)⋀𝜔} 

= ({Ặ(𝜃, 𝑞)⋀Ꞗ(𝜑, 𝑞)}⋀𝜔) 

      =

({Ặ(𝜃, 𝑞)⋀𝜔}⋀{Ꞗ(𝜑, 𝑞)⋀𝜔}) 

= {Ặ𝜔(𝜃, 𝑞)⋀Ꞗ𝜔(𝜑, 𝑞)} 

= (Ặ𝜔 ∩ Ꞗ𝜔)(𝜃, 𝑞) 

Hence (Ặ ∩ Ꞗ)
𝜔

(𝜃, 𝑞) = (Ặ𝜔 ∩ Ꞗ𝜔)(𝜃, 𝑞), ∀ 𝜃 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈

𝑄. 

Proposition: 3.7 

 Let 𝑔: 𝛼 → 𝛽 be a mapping. Let Ặ and Ꞗ are two FS of 

𝛼 and 𝛽 respectively, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of a set τ , 

then 

(𝑖) 𝑔−1(Ꞗ𝜔) = (𝑔−1(Ꞗ))𝜔  

(𝑖𝑖) 𝑔(Ặ𝜔) = (𝑔(Ặ))𝜔, ∀ 𝜔 ∈ [0,1] 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

Proof: 

 Let 𝑔: 𝛼 → 𝛽 be a mapping.  

           Let Ặ and Ꞗ are two FS of 𝛼 and 𝛽 respectively, 

𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of a set τ. 

(𝑖)𝑔−1(Ꞗ𝜔)(𝜑, 𝑞) = Ꞗ𝜔(𝑔(𝜑, 𝑞)) 

= {Ꞗ(𝑔(𝜑, 𝑞))⋀𝜔} 

= {𝑔−1(Ꞗ)(𝜑, 𝑞)⋀𝜔} 

= (𝑔−1(Ꞗ))𝜔 (𝜑, 𝑞) 

⇒𝑔−1(Ꞗ𝜔)(𝜑, 𝑞) = (𝑔−1(Ꞗ))𝜔 

(𝑖𝑖) 𝑔(Ặ𝜔)(𝜃, 𝑞) = 𝑆𝑢𝑝{Ặ𝜔(𝜑, 𝑞): 𝑔(𝜑, 𝑞) = (𝜃, 𝑞)} 

= 𝑠𝑢𝑝({Ặ(𝜑, 𝑞)⋀𝜔}: 𝑔(𝜑, 𝑞) = (𝜃, 𝑞)) 
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= (𝑆𝑢𝑝{Ặ(𝜑, 𝑞): 𝑔(𝜑, 𝑞) = (𝜃, 𝑞)}⋀𝜔) 

= {𝑔(Ặ)(𝜃, 𝑞)⋀𝜔} 

= (𝑔(Ặ))
𝜔

(𝜃, 𝑞) 

⇒ 𝑔(Ặ𝜔) = (𝑔(Ặ))
𝜔

. ∀ 𝜔 ∈ [0,1] 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

Theorem: 3.8 

 Let Ặ is FSR of a ring 𝜏, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of 

a set τ , then Ặ is also 𝜔 − 𝑄 −FSR of 𝜏. 

Proof: 

 Let 𝜃, 𝜑 ∈ 𝜏 be any element of the ring 𝜏, 𝑎𝑛𝑑  𝑄 −
fuzzy subset (FSb) of a set τ. 

Now,  

                          (𝑖) Ặ𝜔((𝜃 − 𝜑), 𝑞) = {Ặ𝜔((𝜃 − 𝜑), 𝑞)⋀𝜔} 

≥ ({Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)}⋀𝜔) 

          =

({Ặ𝜔(𝜃, 𝑞)⋀𝜔}⋀{Ặ𝜔(𝜑, 𝑞)⋀𝜔}) 

= {Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)} 

⇒Ặ𝜔((𝜃 − 𝜑), 𝑞) ≥ {Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)}. 

  (𝑖𝑖) Ặ𝜔(𝜃𝜑, 𝑞) = {Ặ(𝜃𝜑, 𝑞)⋀𝜔} 

                                        ≥ ({Ặ(𝜃, 𝑞)⋀Ặ(𝜑, 𝑞)}⋀𝜔) 

                                              = ({Ặ(𝜃, 𝑞)⋀𝜔}⋀{Ặ(𝜑, 𝑞)⋀𝜔}) 

                              = {Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)} 

⇒Ặ𝜔(𝜃𝜑, 𝑞) ≥ {Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)}, ∀ 𝜔 ∈ [0,1] 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

Therefore, Ặ is 𝜔 − 𝑄 −FSR of 𝜏. 

Proposition: 3.9 

 The Converse of above theorem (3.8) need not be a true. 

Example: 3.9.1 

 Let us consider the ring (𝑍5, +5,×5), where 𝑍5 =
{0,1,2,3,4,5}. 

Define the 𝑄 −fuzzy set Ặ of 𝑍5 by  

 Ặ(𝜃, 𝑞) = {

0.7;   𝑖𝑓 𝑥 = 0
0.5; 𝑖𝑓 𝑥 = 1,3

0.2; 𝑖𝑓 𝑥 = 2,4
 

 It is easy to verify that Ặ is not 𝜔 − 𝑄 −FSR of 𝑍5. 

 However, if we take 𝜔 = 0.1, then Ặ𝜔(𝜃, 𝑞) = 0.1, ∀ 𝜃 ∈ 𝑍5. 

Now, it can be easily proved that  Ặ𝜔 is FSR of 𝑍5 and hence Ặ 

is 𝜔 − 𝑄 −FSR of 𝑍5. 

Lemma: 3.10 

 Let Ặ be a FS of the ring 𝜏. 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) 

of a set τ . Let 𝜔 ≤ 𝐿, where 𝐿 = {Ặ(𝜃, 𝑞): ∀ 𝜃 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈

𝑄}. Then Ặ is 𝜔 − 𝑄 −FSR of 𝜏. 

Proof: 

 Let Ặ be a FS of the ring 𝜏 , 𝑄 − fuzzy subset (FSb) of a 

set τ and 𝜔 ≤ 𝐿 

Since 𝜔 ≤ 𝐿 ⇒ 𝐿 ≥ 𝜔 

Implies that {Ặ(𝜃, 𝑞): ∀ 𝜃 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈ 𝑄} ≥ 𝜔 

⇒Ặ(𝜃, 𝑞) ≥ 𝜔, ∀ 𝜃 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

∴ Ặ𝜔((𝜃 − 𝜑), 𝑞) ≥ {Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)} and Ặ𝜔(𝜃𝜑, 𝑞) ≥

{Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)}, 

Hence Ặ is 𝜔 − 𝑄 −FSR of 𝜏. 

Theorem: 3.11 

 Let the intersection of two 𝜔 − 𝑄 −FSR’s of a ring 𝜏 

𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of a set τ is also 𝜔 −FSR of 𝜏. 

Proof: 

 Let 𝜃, 𝜑 ∈ 𝜏 be any element of the ring 𝜏 and 𝑞 ∈ 𝑄. 

Then, 

(𝑖)(Ặ ∩ Ꞗ)
𝜔

((𝜃 − 𝜑), 𝑞) = {(Ặ ∩ Ꞗ)((𝜃 − 𝜑), 𝑞)⋀𝜔} 

                                             = ({Ặ((𝜃 − 𝜑), 𝑞)⋀Ꞗ((𝜃 −

𝜑), 𝑞)}⋀𝜔) 

= ({Ặ((𝜃 − 𝜑), 𝑞)⋀𝜔}⋀{Ꞗ((𝜃 − 𝜑), 𝑞)⋀𝜔}) 

         = {Ặ𝜔((𝜃 − 𝜑), 𝑞)⋀Ꞗ𝜔((𝜃 − 𝜑), 𝑞)} 

                                             ≥

({Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)}⋀{Ꞗ𝜔(𝜃, 𝑞)⋀Ꞗ𝜔(𝜑, 𝑞)}) 

= ({Ặ𝜔(𝜃, 𝑞)⋀Ꞗ𝜔(𝜃, 𝑞)}⋀{Ặ𝜔(𝜑, 𝑞)⋀Ꞗ𝜔(𝜑, 𝑞)}) 

= {(Ặ𝜔 ∩ Ꞗ𝜔)(𝜃, 𝑞)⋀(Ặ𝜔 ∩ Ꞗ𝜔)(𝜑, 𝑞)} 

= {(Ặ ∩ Ꞗ)
𝜔

(𝜃, 𝑞)⋀(Ặ ∩ Ꞗ)
𝜔

(𝜑, 𝑞)}  

⇒(Ặ ∩ Ꞗ)
𝜔

((𝜃 − 𝜑), 𝑞) ≥ {(Ặ ∩ Ꞗ)
𝜔

(𝜃, 𝑞)⋀(Ặ ∩

Ꞗ)
𝜔

(𝜑, 𝑞)}. 

(𝑖𝑖)(Ặ ∩ Ꞗ)
𝜔

(𝜃𝜑, 𝑞) = {(Ặ ∩ Ꞗ)(𝜃𝜑, 𝑞)⋀𝜔} 

                          = ({Ặ(𝜃𝜑, 𝑞)⋀Ꞗ(𝜃𝜑, 𝑞)}⋀𝜔) 

                          = ({Ặ(𝜃𝜑, 𝑞)⋀𝜔}⋀{Ꞗ(𝜃𝜑, 𝑞)⋀𝜔}) 

                          = {Ặ𝜔(𝜃𝜑, 𝑞)⋀Ꞗ𝜔(𝜃𝜑, 𝑞)} 

≥ ({Ặ𝜔(𝜃, 𝑞)⋀Ặ𝜔(𝜑, 𝑞)}⋀{Ꞗ𝜔(𝜃, 𝑞)⋀Ꞗ𝜔(𝜑, 𝑞)}) 

= ({Ặ𝜔(𝜃, 𝑞)⋀Ꞗ𝜔(𝜃, 𝑞)}⋀{Ặ𝜔(𝜑, 𝑞)⋀Ꞗ𝜔(𝜑, 𝑞)}) 

= {(Ặ𝜔 ∩ Ꞗ𝜔)(𝜃, 𝑞)⋀(Ặ𝜔 ∩ Ꞗ𝜔)(𝜑, 𝑞)} 

= {(Ặ ∩ Ꞗ)
𝜔

(𝜃, 𝑞) ∩ (Ặ ∩ Ꞗ)
𝜔

(𝜑, 𝑞)} 

⇒(Ặ ∩ Ꞗ)
𝜔

(𝜃𝜑, 𝑞) ≥ {(Ặ ∩ Ꞗ)
𝜔

(𝜃, 𝑞) ∩ (Ặ ∩

Ꞗ)
𝜔

(𝜑, 𝑞)}, ∀ 𝜃, 𝜑 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

Therefore Ặ ∩ Ꞗ is 𝜔 − 𝑄 −FSR of 𝜏. 

Theorem: 3.12 

 Let Ặ be FNSR of a ring 𝜏 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) 

of a set τ . Then Ặ is also 𝜔 − 𝑄 −FNSR of 𝜏. 

Proof: 

 Let 𝜃, 𝜑 ∈ 𝜏 be any element of the ring 𝜏 𝑎𝑛𝑑  𝑄 −
fuzzy subset (FSb) of a set τ. 

Then Ặ𝜔(𝜃𝜑, 𝑞) = {Ặ(𝜃𝜑, 𝑞)⋀𝜔} 

= {Ặ(𝜑𝜃, 𝑞)⋀𝜔} 

= Ặ𝜔(𝜑𝜃, 𝑞), ∀ 𝜃, 𝜑 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

Therefore Ặ is 𝜔 − 𝑄 −FNSR of 𝜏. 

Lemma: 3.13 
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 Let Ặ is FLI of a ring 𝜏, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of 

a set τ , then Ặ is also 𝜔 − 𝑄 −FLI of 𝜏. 

Proof: 

 In this theorem(3.12), we need only to prove that 

Ặ𝜔(𝜃𝜑, 𝑞) ≥ Ặ𝜔(𝜑, 𝑞),  ∀ 𝜃, 𝜑 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

Ặ𝜔(𝜃𝜑, 𝑞) = {Ặ(𝜃𝜑, 𝑞), 𝜔} 

≥ {Ặ(𝜑, 𝑞)⋀𝜔} 

= Ặ𝜔(𝜑, 𝑞) 

Implies that Ặ𝜔(𝜃𝜑, 𝑞) ≥ Ặ𝜔(𝜑, 𝑞), ∀ 𝜃, 𝜑 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

∴ Ặ is 𝜔 − 𝑄 −FLI of 𝜏. 

Lemma: 3.14 

 Let Ặ is FRI of a ring 𝜏, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of 

a set τ then Ặ is also 𝜔 − 𝑄 −FRI of 𝜏. 

Proof: 

 In this theorem(3.14), we need only to prove that 

Ặ𝜔(𝜃𝜑, 𝑞) ≥ Ặ𝜔(𝜃, 𝑞),  ∀ 𝜃, 𝜑 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

Ặ𝜔(𝜃𝜑, 𝑞) = {Ặ(𝜃𝜑, 𝑞), 𝜔} 

≥ {Ặ(𝜃, 𝑞)⋀𝜔} 

= Ặ𝜔(𝜃, 𝑞) 

Implies that Ặ𝜔(𝜃𝜑, 𝑞) ≥ Ặ𝜔(𝜃, 𝑞), ∀ 𝜃, 𝜑 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

∴ Ặ is 𝜔 −  𝑄 −FRI of 𝜏. 

Theorem: 3.15 

 Let Ặ is FI of a ring 𝜏, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of a 

set τ then Ặ is also 𝜔 − 𝑄 −FI of 𝜏. 

Proof: 

 Follows from Lemma (3.13) and Lemma (3.14) 

 

IV. Algebraic Structures on Homomorphism of 𝝎 −Fuzzy 

Subrings, Normal Subrings and Ideals 

Theorem: 4.1 

 Let 𝑔: 𝜏1 → 𝜏2 be a ring homomorphism from the ring 𝜏1 

into a ring 𝜏2, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of a set τ .Let Ꞗ 

be 𝜔 − 𝑄 −FSR of 𝜏2. Then 𝑔−1(Ꞗ) is 𝜔 − 𝑄 −FSR of 𝜏1. 

Proof: 

 Let Ꞗ 𝜔 − 𝑄 −FSR of 𝜏2. 

Let 𝜃1, 𝜃2 ∈ 𝜏1 be any element 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) 

of a set τ. 

Then 

 (i) 𝑔−1(Ꞗ𝜔)((𝜃1 − 𝜃2), 𝑞) = Ꞗ𝜔(𝑔((𝜃1 − 𝜃2), 𝑞)) 

= Ꞗ𝜔(𝑔(𝜃1, 𝑞) − 𝑔(𝜃2, 𝑞)) 

≥ {Ꞗ𝜔(𝑔(𝜃1, 𝑞))⋀Ꞗ𝜔(𝑔(𝜃2, 𝑞))} 

= {𝑔−1(Ꞗ𝜔)(𝜃1, 𝑞)⋀𝑔−1(Ꞗ𝜔)(𝜃2, 𝑞)} 

⇒𝑔−1(Ꞗ𝜔)((𝜃1 − 𝜃2), 𝑞) ≥
{𝑔−1(Ꞗ𝜔)(𝜃1, 𝑞)⋀𝑔−1(Ꞗ𝜔)(𝜃2, 𝑞)}. 

(ii) 𝑔−1(𝜃1𝜃2, 𝑞) = Ꞗ𝜔(𝑔(𝜃1𝜃2, 𝑞)) 

= Ꞗ𝜔(𝑔(𝜃1, 𝑞) − 𝑔(𝜃2, 𝑞)) 

≥ {Ꞗ𝜔(𝑔(𝜃1, 𝑞))⋀Ꞗ𝜔(𝑔(𝜃2, 𝑞))} 

= {𝑔−1(Ꞗ𝜔)(𝜃1, 𝑞)⋀𝑔−1(Ꞗ𝜔)(𝜃2, 𝑞)} 

⇒𝑔−1(𝜃1𝜃2, 𝑞) ≥ {𝑔−1(Ꞗ𝜔)(𝜃1, 𝑞)⋀𝑔−1(Ꞗ𝜔)(𝜃2, 𝑞)}, 

∀ 𝜃, 𝜑 ∈ 𝜏 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

Therefore 𝑔−1(Ꞗ𝜔) = (𝑔−1(Ꞗ))𝜔 is FSR of 𝜏1 and hence 

𝑔−1(Ꞗ) is 𝜔 − 𝑄 −FSR of 𝜏1. 

Lemma: 4.2 

 A function 𝑔: 𝜏1 → 𝜏2 be a ring homomorphism from the 

ring 𝜏1 into a ring 𝜏2, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of a set τ . 

Let Ꞗ be 𝜔 − 𝑄 −FNSR of 𝜏2. Then 𝑔−1(Ꞗ) is 𝜔 − 𝑄 −FNSR 

of 𝜏1. 

Proof: 

 Let Ꞗ be 𝜔 − 𝑄 −FNSR of 𝜏2 , ∀ 𝜃1, 𝜃2 ∈ 𝜏1 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

𝑔−1(Ꞗ𝜔)(𝜃1𝜃2, 𝑞) = Ꞗ𝜔(𝑔(𝜃1𝜃2, 𝑞)) 

= Ꞗ𝜔(𝑔(𝜃1, 𝑞)𝑔(𝜃2, 𝑞)) 

= Ꞗ𝜔(𝑔(𝜃2, 𝑞)𝑔(𝜃1, 𝑞)) 

= Ꞗ𝜔(𝑔(𝜃1𝜃2, 𝑞)) 

= 𝑔−1(Ꞗ𝜔(𝜃1𝜃2, 𝑞)) 

⇒𝑔−1(Ꞗ𝜔) = (𝑔−1(Ꞗ))𝜔 is FNSR of 𝜏1 and hence  𝑔−1(Ꞗ) is 

𝜔 − 𝑄 −FNSR of 𝜏1. 

Theorem: 4.3 

 Let 𝑔: 𝜏1 → 𝜏2 be a ring homomorphism from the ring 𝜏1 

into a ring 𝜏2, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of a set τ. Let Ꞗ be 

𝜔 − 𝑄 −FLI of 𝜏2. Then 𝑔−1(Ꞗ) is 𝜔 − 𝑄 −FLI of 𝜏1. 

Proof: 

 Let Ꞗ be 𝜔 − 𝑄 −FLI of 𝜏2, ∀ 𝜃1, 𝜃2 ∈ 𝜏1 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

Then, in view of the theorem(4.1),  

We have only prove that  

𝑔−1(Ꞗ𝜔)(𝜃1𝜃2, 𝑞) ≥ 𝑔−1(Ꞗ𝜔)(𝜃2, 𝑞) 

Now,            𝑔−1(Ꞗ𝜔)(𝜃1𝜃2, 𝑞) = Ꞗ𝜔(𝑔(𝜃1𝜃2, 𝑞)) 

      = Ꞗ𝜔(𝑔(𝜃1, 𝑞)𝑔(𝜃2, 𝑞)) 

≥ Ꞗ𝜔(𝑔(𝜃2, 𝑞)) 

= 𝑔−1(Ꞗ𝜔)(𝜃2, 𝑞) 

 
Thus implies that 𝑔−1(Ꞗ𝜔)(𝜃1𝜃2, 𝑞) ≥ 𝑔−1(Ꞗ𝜔)(𝜃2, 𝑞), ∀ 

𝜃1, 𝜃2 ∈ 𝜏1 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

Thus implies also 𝑔−1(Ꞗ𝜔) = (𝑔−1(Ꞗ))𝜔 is FLI of 𝜏1 and 

hence 𝑔−1(Ꞗ) is 𝜔 − 𝑄 −FLI of 𝜏1. 

Theorem: 4.4 

 Let 𝑔: 𝜏1 → 𝜏2 be a ring homomorphism from the ring 𝜏1 

into a ring 𝜏2, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of a set τ. Let Ꞗ be 

𝜔 − 𝑄 −FRI of 𝜏2. Then 𝑔−1(Ꞗ) is 𝜔 − 𝑄 −FRI of 𝜏1. 

Proof: 

 It can be easily to prove that, can be obtained similar to 

theorem(4.3) 

Theorem: 4.5 
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 Let 𝑔: 𝜏1 → 𝜏2 be a ring homomorphism from the ring 𝜏1 

into a ring 𝜏2, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of a set τ. Let Ꞗ be 

𝜔 − 𝑄 −FI of 𝜏2. Then 𝑔−1(Ꞗ) is 𝜔 − 𝑄 −FI of 𝜏1. 

Proof: 

 It can be easily to follows from the above theorem (4.3) 

and Theorem (4.4) 

Theorem: 4.6 

 Let 𝑔: 𝜏1 → 𝜏2 be Surjective ring homomorphism and Ặ 

be 𝜔 − 𝑄 −FSR of 𝜏1, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of a set 

τ. Then 𝑔(Ặ) is 𝜔 − 𝑄 −FSR of 𝜏2. 

Proof: 

 Let Ặ be 𝜔 − 𝑄 − 𝑄 −FSR of 𝜏1. 

 Let 𝜑1, 𝜑2 ∈ 𝜏2 be any element, 𝑎𝑛𝑑  𝑄 −
fuzzy subset (FSb) of a set τ. Then there exist some 𝜃1, 𝜃2 ∈
𝜏1 𝑎𝑛𝑑 𝑞 ∈ 𝑄 such that 𝑔(𝜃1) = 𝜑1 and 𝑔(𝜃2) = 𝜑2. (Since 

that 𝜃1, 𝜃2 need not be unique) 

(𝑖)𝑔(Ặ𝜔)((𝜑1 − 𝜑2), 𝑞) = (𝑔(Ặ))((𝜑1 − 𝜑2), 𝑞) 

= {𝑔(Ặ)(𝑔(𝜃1, 𝑞) − 𝑔(𝜃2, 𝑞))⋀𝜔} 

                                      = {𝑔(Ặ)(𝑔((𝜃1 − 𝜃2), 𝑞))⋀𝜔} 

≥ {Ặ((𝜃1 − 𝜃2),𝑞)⋀𝜔} 

                                                                        = Ặ𝜔((𝜃1 −

𝜃2), 𝑞) 

                   ≥ {Ặ𝜔(𝜃1, 𝑞)⋀Ặ𝜔(𝜃2, 𝑞)},  

For all  𝜃1, 𝜃2 ∈ 𝜏1 𝑎𝑛𝑑 𝑞 ∈ 𝑄 such that 𝑔(𝜃1, 𝑞) = (𝜑1, 𝑞) and 

𝑔(𝜃2, 𝑞) = (𝜑2, 𝑞) 

= {{ Ặ𝜔(𝜃1, 𝑞): 𝑔(𝜃1, 𝑞) = (𝜑1, 𝑞)}⋀{Ặ𝜔(𝜃2, 𝑞): 𝑔(𝜃2, 𝑞)

= (𝜑2, 𝑞)}} 

= {𝑔(Ặ𝜔)(𝜑1, 𝑞)⋀𝑔(Ặ𝜔)(𝜑2, 𝑞)} 

Thus implies that 𝑔(Ặ𝜔)((𝜑1 − 𝜑2), 𝑞) ≥

{𝑔(Ặ𝜔)(𝜑1, 𝑞)⋀𝑔(Ặ𝜔)(𝜑2, 𝑞)}. 

(𝑖𝑖) 𝑔(Ặ𝜔)(𝜑1𝜑2, 𝑞) = (𝑔(Ặ))
𝜔

(𝜑1𝜑2, 𝑞) 

= {𝑔(Ặ)(𝑔(𝜃1, 𝑞)𝑔(𝜃2, 𝑞))⋀𝜔} 

= {𝑔(Ặ)(𝑔(𝜃1𝜃2, 𝑞))⋀𝜔} 

≥ {Ặ(𝜃1𝜃2, 𝑞)⋀𝜔} 

= Ặ𝜔(𝜃1𝜃2, 𝑞) 

≥ {Ặ𝜔(𝜃1, 𝑞)⋀Ặ𝜔(𝜃2, 𝑞)} 

For all  𝜃1, 𝜃2 ∈ 𝜏1 𝑎𝑛𝑑 𝑞 ∈ 𝑄 such that 𝑔(𝜃1, 𝑞) = (𝜑1, 𝑞) and 

𝑔(𝜃2, 𝑞) = (𝜑2, 𝑞) 

= {{ Ặ𝜔(𝜃1, 𝑞): 𝑔(𝜃1, 𝑞) = (𝜑1, 𝑞)}⋀{Ặ𝜔(𝜃2, 𝑞): 𝑔(𝜃2, 𝑞)

= (𝜑2, 𝑞)}} 

= {𝑔(Ặ𝜔)(𝜑1, 𝑞)⋀𝑔(Ặ𝜔)(𝜑2, 𝑞)} 

Thus implies that 𝑔(Ặ𝜔)(𝜑1𝜑2, 𝑞) ≥

{𝑔(Ặ𝜔)(𝜑1, 𝑞)⋀𝑔(Ặ𝜔)(𝜑2, 𝑞)}. 

Thus 𝑔(Ặ𝜔) = (𝑔(Ặ))
𝜔

 is FSR of 𝜏2 and hence 𝑔(Ặ) is 𝜔 −

𝑄 −FSR of 𝜏2. 

Theorem: 4.7 

 Let 𝑔: 𝜏1 → 𝜏2 be Surjective ring homomorphism and Ặ 

be 𝜔 −FNSR of 𝜏1, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of a set τ . 

Then 𝑔(Ặ) is 𝜔 − 𝑄 −FNSR of 𝜏2. 

Proof: 

 Let Ặ be 𝜔 − 𝑄 −FNSR of 𝜏1. 

 Let 𝜑1, 𝜑2 ∈ 𝜏2 be any element, 𝑎𝑛𝑑  𝑄 −
fuzzy subset (FSb) of a set τ.  Then there exist some 𝜃1, 𝜃2 ∈
𝜏1 𝑎𝑛𝑑 𝑞 ∈ 𝑄 such that 𝑔(𝜃1) = 𝜑1 and 𝑔(𝜃2) = 𝜑2. (Since 

that 𝜃1, 𝜃2 need not be unique) 

In this view of theorem(4.6), we need only to prove that 

(𝑔(Ặ))𝜔(𝜑1𝜑2, 𝑞) = 𝑔(Ặ𝜔)(𝜑2𝜑1, 𝑞) 

(𝑔(Ặ))𝜔(𝜑1𝜑2, 𝑞) = 𝑔(Ặ𝜔)(𝑔(𝜃1, 𝑞)𝑔(𝜃2, 𝑞)) 

= 𝑔(Ặ𝜔)(𝑔(𝜃1𝜃2, 𝑞)) 

= {Ặ𝜔(𝜃1𝜃2, 𝑞): 𝑔(𝜃1𝜃2, 𝑞) = (𝜑1𝜑2, 𝑞)} 

= {Ặ𝜔(𝜃2𝜃1, 𝑞): 𝑔(𝜃1𝜃2, 𝑞) = (𝜑1𝜑2, 𝑞)} 

= 𝑔(Ặ𝜔)(𝑔(𝜃2, 𝑞)𝑔(𝜃1, 𝑞)) 

= (𝑔(Ặ))
𝜔

(𝜑2𝜑1, 𝑞) 

Thus implies that (𝑔(Ặ))
𝜔

 is FNSR of 𝜏2 and hence 𝑔(Ặ) is 

𝜔 − 𝑄 −FNSR of 𝜏2. 

Theorem: 4.8 

 Let 𝑔: 𝜏1 → 𝜏2 be bijective ring homomorphism and Ặ be 

𝜔 − 𝑄 −FLI of 𝜏1, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of a set τ. 

Then 𝑔(Ặ) is 𝜔 − 𝑄 −FLI of 𝜏2. 

Proof: 

 Let Ặ be 𝜔 − 𝑄 −FLI of 𝜏1. 

 Let 𝜑1, 𝜑2 ∈ 𝜏2 be any element, 𝑎𝑛𝑑  𝑄 −
fuzzy subset (FSb) of a set τ. Then there exist some 𝜃1, 𝜃2 ∈
𝜏1 such that 𝑔(𝜃1, 𝑞) = (𝜑1, 𝑞) and 𝑔(𝜃2, 𝑞) = (𝜑2, 𝑞). 

In this view of theorem(4.6), we need only to prove that 

(𝑔(Ặ))𝜔(𝜑1𝜑2, 𝑞) ≥ (𝑔(Ặ))𝜔(𝜑2, 𝑞) 

(𝑔(Ặ))𝜔(𝜑1𝜑2, 𝑞) = {𝑔(Ặ)(𝑔(𝜃1, 𝑞)𝑔(𝜃2, 𝑞))⋀𝜔} 

= {𝑔(Ặ)(𝑔(𝜃1𝜃2, 𝑞))⋀𝜔} 

= {Ặ(𝜃1𝜃2, 𝑞)⋀𝜔} 

= Ặ𝜔(𝜃1𝜃2, 𝑞) 

≥ Ặ𝜔(𝜃2, 𝑞) 

= {Ặ𝜔(𝜃2, 𝑞)⋀𝜔} 

= {𝑔(Ặ)(𝑔(𝜃2, 𝑞))⋀𝜔} 

= {𝑔(Ặ)(𝜑2, 𝑞)⋀𝜔} 

= (𝑔(Ặ))𝜔(𝜑2, 𝑞) 

Thus implies that (𝑔(Ặ))𝜔(𝜑1𝜑2, 𝑞) ≥ (𝑔(Ặ))𝜔(𝜑2, 𝑞) 

Hence (𝑔(Ặ))𝜔 is FLI of 𝜏2 and hence 𝑔(Ặ) is 𝜔 − 𝑄 −FLI of 

𝜏2. 
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Theorem: 4.9 

 Let 𝑔: 𝜏1 → 𝜏2 be bijective ring homomorphism and Ặ be 

𝜔 − 𝑄 −FRI of 𝜏1, 𝑎𝑛𝑑  𝑄 − fuzzy subset (FSb) of a set τ. 

Then 𝑔(Ặ) is 𝜔 − 𝑄 −FRI of 𝜏2. 

Proof: 

 In this view of prof it can be obtained similar to 

theorem(4.8) 
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