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Abstract:

The aim of this current work is, by utilizing the precept of subordination a new subclass of univalent function related to modified
Nephroid Domain which is defined in open unit disk and estimated the third Hankel determinants.

1 Introduction

Nephroid domain is the phrase Nephroid is derived from a Greek word Nephros because of this a kidney fashioned simple curve
was first used for the Epicycloid by using proctor in 1878. It is an Algebraic curve of degree 6 and may be portraited by means of
rolling a circle of Radius r, with outside circle of radius 2r on top it. Hence, Nephroid is an ”Epicycloid”. In addition, Huygens
proved that the Nephroid is the catacaustic of circle, whilst the mild supply is at Infinity, we an observation published by way of
him on 1690. The Nephroid can be additionally generated as the envelope of circles, focused on a given circle and tangent to one of

the circles diameter, stated by way of wells in 1990. Let =AL denote the class of analytic functions f(z) of the form

f(2) =z +X5=; a,2", (1.1)
which are analytic in the open unit disk := {z € C:|z| < 1}. Let & be the subclass of =4 consisting of univalent function.
Let & be the subclass of a function f € <A is said to be in the class §* of starlike functions in I, if it satisfies the following
inequality:

e r
s*=fes. L= e (1.2)
Fizh 1-=

To recall the principle of subordination between analytic functions, let f(z) and g(z) be analytic functions in II'. We say that the
function f(z) is subordinate to g(z), such that f(z) = g(w(z)) (z € II'). We denote the subordination by f < g (or
f(z) < g(z), z € ). In particular, if the function g(z) is univalent in II, the subordination is equivalent to the conditions

f(0) =g(0), f(D) c g(D).

2(zf" (=)) 1 3
St =fes:i—2L 2 1 4z—=3z 1.3
Ne f (fizh—Fi(—=)) t 3 (1.3)

Recently Noor [11] introduced the class &, which are associated with Nephroid domain. The q”‘ Hankel determinant is defined
as the coefficients functions yield information on regarding the properties of univalent function. Bansal [3] computed an estimate
for the second coefficient of normalized univalent analytic function and this bounds provides the growth, distortion and covering
theorems. De Branges [2] proved that if ratio of two bounded analytic function in I then the function is rational for a given natural

numbers n,q and a; = 1 the Hankel determinants H_ . { f) of a function fe-A is defined by means of the following determinant.

ty Opsr  --- Iﬂ:lz+r]—1
Qpta 2 e ﬂ”+q

H,(n)=| . - . (mg e =123...). (1.4)
Qpntg—1 Quig -+ Onyafg-1)

This determinant is considered by many authors [5] [3] [14]. For example, the rate of growth of H (n) as n — oo for functions
f(z) given by (1.4) with bounded boundary is determined by Noor [11]. For some specfic values of g and n, the quantites H:Jl[f]
=a, — a3 and H,,(f)=a,a, — a3 are known as second Hankel determinant respectively find the estimate on the second
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Hankel determinant H., ,(f) is then finding the estimate on the third Hankel determinant. The third Hankel determinants is to
calculate the initial coefficients second Hankel determinant using the triangle inequality.

|H3,1(F)] = as(aza, — a3) — ay(ay — aya;) + ag(a; — a3) (1.5)
377
|Hy  (F)] = = >~ 0.597 (1.6)
for the class &* respectively the third Hankel determinants for the class of starlike functions proved aS|H3,1| = g.
. _ _flz) 14z
& fES: = o <1 ze I 1.7

Basal [3] was the first mathematician who investigated the bounds of third order Hankel determinant for the &*. Zaprawa [20]
using the same approach, several authors [11], [12], [13] and [14] published their articles regarding |H , ( f) | for certain of analytic
and univalent functions. The determinant has been considered by several authors in the literature. For example, Noor [11] studied
about the hankel determinant of mean p valent functions also determined the rate of growth H_ (1) as n — o for the functions &
with a bounded boundary. The Hankel transform of an integer sequence and some of it properties were discussed by Kumar and
Ravichandran [5]. one can easily observe that the Fekete-Szego functional in H,(1). Fekete-szego then further generalized the
estimate for the |, — a@>|. The bounds for the functional |a,a, — a3 |, The determinant is the particular case of estimates the

greatest value of the functional |a, — a3 | for functions in & many researches like Arif et al [1], Kowalczyk et al [6], Liu et al [7],
Mahmood et al [9], Noor [11], and Orhan et al [12] have studied in the subclass of univalent functions. The maximum value of

H,(2) has been investigated by several authors. For instance the reader can see the work initated by [11] and [13]. In this paper,
we obtain Hankel coefficient estimates for the functions in the above defined class.

2 Main Results

Theorem 1 Let f(z) € Sy, of the form(1.1) ,then

lal <5, @y
lasl < 3 @2)
lagl < (2.3)
lagl < 1= (2.4)

Proof. since f €&, there exists an analytic function s(z)..,|s(z)| =<1 and s(0)=0 such that,
fi=) 1
2F'@) L = 14 w(@) — 5w (@)°

_ 1twi=)

1-w (=)

Denote ¥(s(z)) = 1 + w(z) —i[w(zjja, and £(z) =1+ z+ c,z7+.......

1 1 3
—C,0 +;C‘3]Z

-

1+ (w(2) - (w(@) =1+5ez+ G —dz8 + (56 -

+H(Geke, — 530, —seE +56)z
And other side(3.2),
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2f'@

Fi—=)
=1+a,z +(2a; — a3)z" + (a3 — 3a,a; + 3a,)z"
—|—[—a:£'f + 4:1%:13 —4a,a, — ag + 4a5jz4+....

fl(z) L2

f-=)
=1+a,z +(2a; — a3)z" + (a3 — 3a,a; + 3a,)z’ 2.5)
+(—aj + 4ala, — 4a,a, — a3 + 4a;)z +...

a, = %cl (2.6)
a; = Ec: (2.7)
iy = liqcf lc: Cy —I-%cE| (2.8)
g = icz €y — %Ca £y — :c: += 5 Ca (2.9)

Now using (2.3) and (2.4),we get,

1
la,| < 1laz| == (2.10)
Rearrange the equation (2.5),we may write
1 1 1
lagl = |5 cf =30 +7c3l (2.11)

using triangle inequality along with (2.1)(2.2),we get
31
=— .
|CT,4| = e (2.12)
Now rearrange the (2.6),we may write
1l = 1 1l A 1
lag| = | ecic, — €30, — Je5 + 56y (2.13)

Application of triangle inequality (2.2),we get

lag| < 1152 (2.14)
Theorem 2 Let f(z) € &, be the form(1.1).Then
lay —Aad| <=2, 102022182 021
Proof. since using (2.4)(2.5), we get
-~ 1 5 - 1 3
la; — Aas] :;|C: — Aci|.lag — daz| = ;|;‘|‘-’1|-
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Theorem 3 Let f(z) € . be of the form(1.1).Then for £ € C, we

have |a; — Eaj] ﬂ‘:%mml.mf — 1]

3

Proof. since using (2.5) and (2.6). we get |a; — &a3| = %l + &| applying 2.6.we get the required results.

Theorem 4 Let f(z) € §,. be the form (1.1).then

5 1
la; —a3| < 3 (2.15)

Proof. since using (2.5) and (2.6) , we get |a; — a3 | = g = %
Theorem 5 Let f(z) € 5. be the form (1.1).Then
31
lazas —a.| <= (2.16)

Proof. Since using (2.5), (2.6) and (2.7) also rearranging term, we

1 1 1 .
get lagas —a,| = |- (ed)+ =(e162) —Z 3] applying (2.1) and (2.2) we
31
get |azaz —ay| =
Theorem 6 Letf(z) € &, be the form (1.1).Then
19

,a, —al| € =,
la,a, ﬂ"5||—551

(2.17)

19

Proof. since using (2.5),(2.6) and (2.7), we get |a,a, — ag | = e

Theorem 7 Let f(z) € 5. be the form (1.1).Then

377
|Hy, 1(f)| < = 0.597. (2.18)

Proof. since
Hi, 1(f) = as(a,a, — a3) — as(a, — a,a;) + as(a; —a3). (2.19)
by applying (2.5),we obtain

|Ha, 1()] = |as]|a,a, — EI§| + |asllas — a,az| + |ac|la; — a;| (2.20)

ar7
|H3, 1(f)] = p— ~ 0.597.
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3 conclusion

In this paper, the coefficients a4, @14, etz and the third Hankel determinant for a certain class of analytic function related to Nephroid

domain were presented. The results of this article will encourage other researches to work fourth Hankel determinant due to its
novely in literature. We hope that this work motivate the researches to the fourth Hankel determinant for the functions in other
classes of univalent functions.
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