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ABSTRACT:

The target of this paper is to study a new subclass of analytic functions defined by a Gegenbauer polynomial
and obtained coefficient estimates, growth and distortion theorems, radii of starlikeness, convexity and close-
to-convexity are obtained. Furthermore, we otained integral means inequalities for the function.
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1. INTRODUCTION
Let A denote the class of functions f of the form

flz)=2z+ anganz” (L.1)

which are analytic in the open unitdisk E={z e C
szl < 1}

A function f in the class A is said to be in the class
ST(e) of starlike functions of order « in E, if it
satisfies the inequality

’

Re{*f5} >0, (0<a<l), (2€Ey (19

Note that is the class of starlike functions.

Denote by T the subclass of A consisting of
functions f of the form

flz)=2z~— Z:;za.,,z”.

This subclass was introduced and extensively
studied by Silverman [6].

(an Z0) (1.3)

Ford?) =2+ anzbnzn the Hadamard product of

o) — o WM -
fand g is defined by *¥*/ = L, b, (EE)
Orthogonal polynomials have been widely studied
in recent years from various perspective due to
their importance in mathematical physics,
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mathematical  statistics,  engineering, and
probability theory.

Orthogonal polynomials that appear most
commonly in applications are the classical

orthogonal polynomials (Hermite polynomials,
Laguerre polynomials and Jacobi polynomials).
The general subclass of Jacobi polynomials is the
set of Gegenbauer polynomials, this class includes

Legendre polynomials and Chebyshev
polynomials as subclasses.
Orthogonal polynomials have been studied

extensively as early as they key were discovered
by Legendre in 1784[7].

In the mathematical treatment of model problems,
orthogonal polynomials arise often to find
solutions of ordinary differential equations under
certain conditions imposed by the model.

Th importance of the orthogonal polynomials for
the contemporary mathematics, as well as for wide
range of their applications in the physics and
engineering is beyond any doubt. It is well-known
that these polynomials play an essential role in
problems of the approximation theory. They occur
in the theory of differential and integral equations
as well as in the mathematical statistics. Their
applications in the quantum mechanics, scattering
theory, automatic control, signal analysis and
axially symmetric potential theory are also known
[2,4].
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Finally speaking, polynomials P,and P, of order n

and m are orthogonal if ./ v (@) P () Py (2)d=
forn&=m.

where w(X) is non-negative function in the interval
(a,b); therefore, the integral is well defined for all
finite order polynomials Pn(X).

A special case of orthogonal polynomials are
Gegenbauer polynomials. They are
representatively related with typically real
functions and generating function of Gegenbauer
polynomials are wusing common algebraic
expressions. Undoubtedly, this led to several
useful inequalities appear from the Gegenbauer
polynomials realm.

Typically real function play an important role in
geometric function theory because of the relation
Tr = coSg and its role of estimating coefficients
bound, where Sgr denotes the class of univalent
functions in the unit disk with real coefficients,and
coSgdenotes the closed convex hull of Sg.
Gegenbauer polynomials are extensively studied
by various authors see [1,5,16,18,19]. The class
T(2),A = 0 were introduced and investigated by
Szynal [17] as the subclass of A consisting of
functions of the form

flz)= fl_lk:(z. m)dp(my(1.4)
where
k(z,m) = mm e[-1,1],(z € E) (L5).
And [ is a probability measure on the interval [-
11].
The collection of such measure on [a,b] is denoted
by P[a,b]-
The Taylor series expansion of the function in (1.5)
gives

k(zt) = 2+ c}(m)2* + 2" +...(1.6)
and the coefficients for (1.6) were given below:
e(m) = 1,¢}(m) = 2m,(m) = 2(A + 1_]fm}E -\ (m) = %Af)\ +1)(A+

2m® - (A I, ..

Where ¢’y(m) denotes the Gegenbauer polynomial
of degree n. Varying the parameter 4 in (1.6). We
can obtain the class of typically real functions
studied by [3],[10],[11] and [15].

Let GX'f(2): A— Adefined in terms of the
convolution by G,"f(z) = k(z,m) * f(z), We have G
Tf(2) =24 Y ap0n(Am)an” (1 g)

Wheredn (A, m) = ), (m).

In this paper, using the operator “X".f(2), we
define the following new class motivated by
Murugusunder amoorthy and Magesh[9].
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Definition 1: The function f(z) of the form (1.1) is
in the classS%' (. 7) if it satisfies the inequality

29 f(2)) _ 29y fz)
{(l—ﬂ-)z:—uf@f@) _’}} > 3 1
Re

for0<A<0,and0<y<1.

Further we define TS,"(«,y) = S;"(u,7) N T.

The aim of this paper is to study the coefficient
bounds, radii of close-to-convex and starlikeness
convex linear combination for the class TS,"(u,y).
Furthermore, we obtained integral means
inequalities for the function in TS,"(u,).

Theorem 1: A function f(z) of the form (1.1) is in
Si"(wy)-

Y oneal2n = p(y + D]dn(y,m)]an| <1~ 7.
where,0<p<1and0<y<1,and ¢n(4,m) is given
by (1.8)

Proof: It suffices to show that

@) gl Re | 2EE) .
remEET oo R R {(l—u)zﬂ%"f(z) 1} <11
We have

OPIE)

(1-p)z+p¥" f(z)

AgPIE)
“Re {(wpiug,("f(z) 1}

A

S 2\ G 1)

00 (i) D) 2]
S 2 Oumlanl 2

S (n— ) (i) an]
S 2 oo

The last expression is bounded above by (1 —y) if
Yoneal2n—p(y 4+ D]dn (A m)lan| <1—7 and the
proof is complete.

Theorem 2: Let 0 <p<1land 0 <y < 1lthena
function f of the form (1.3) to be in the class
TS;"(u,y) if and only if

Y oneal2n = p(y +1)]on(Am) <1715 9
where ¢n(4,m) are given by (1.5.)

Proof: In the view of Theorem 1, we need only to
prove the necessity. If f

€ TS,"(u,y) and z is real then

Re

Zr:?{n—,u‘}oln(hlm)anzn—l
1_E§:2u¢n()\.m)anzn—1

I_Enxzzﬂﬁnu:mjgnzn—] i C
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Letting z—1 along the real axis, we obtain the
desired inequality

Zno.C:Q[gn' - ,Ll.(’}“ + 1)]@11()‘ 'm)la'n| S 1- Y.
where 0 <pu<1,0<y<1,and ¢n(4,m) are given by
(1.6).

Corollary 1: If f(z) € TS,"(u,y) then
1 ;

-
Jan] < 2n—p(y+1)]én(Am) (2.3).

where 0 < <1,0<y <1, and ¢n(4,m) are given by

(1.5). Equality holds for the function

o 1—v n
12) =2 - o (2.4)
Theorem 3: Let fi(z)=z and
1_ y
fn( ) [2n— ,u('H—l)]@n()\ m) <2 (2.5)

Then f(z) € TS,"(u,y), if and only |f it can be
expressed in the form

f(z) = Z:_O:] Wn frr(z): wy, = 0, Z:O:]’wn: 1 (26)

Proof: Suppose f(z) can be wrltten as |n (2.6) then
]( (") =& Zn 2Wn [2n— ,u(f\«+l)]o (A, m)
Now,

Yoyt G2
n=2""n {1~

VEn—pu(+ Dln ()

J2n—p(v+D)]dn(Am) _ ZO@

Thus f(z) € TS;,"(u,7).
Conversely, let us have f(z) € TS,"(u,y). Then by
using (2.3), we get

n—p(y+D)]dn
(I—=7v)

(A,m)

Wy, = Ap . T > 2

and wy =137 ywn,
Then we have/(2) = >_.~1wnfn(2) and hence this
complete the proof of theorem.

Theorem 4: The class TS,"(u,y) is a convex set.
Proof: Let the function

[i(2) =2 = a2 an; 20,5 =12 (2.7)
be in the class TS;"(u,y,{). It suffices to show that
the function h(z) defined by

h(z) = (@) + (1 — JfA2),0< &< 1,

is in the class?'SX" (1:7). Since

h(z) =z ZT:Q[&‘HT?,]. + (1 - 5)(17:‘2]'3”

An easy computation with the aid of theorem 2,
gives

"n=2[2n — p(y + 1)]Epa(Am)ans + "n=a[2n — pu(y +
DI = (2. m)an,2

Sd1-p+A =1 —)

<(1-y)

Which implies that/ € 753" (14, 7)-

Hencel'SY" (1#:7) is convex.

Next we obtain the radii of close-to-convexity,
starlikeness and convexity for the class?Sx" (£, 7)-
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Theorem 5: Let the function f(z) defined by (1.3)
belong to the class?™5%" (41, 7)-

Then f(z) is close-to-convex of order 6(0 <o < 1)
in the disc |z| < ry, where

n—1
(1=8)3"77 s [2n—p(y+1)]dn(A,m) )
. n(l—=y) n 2

r = ’.i.nf,222

2 (2.8)

The result is sharp, with the extremal function f(z)
is given by (2.5) Proof: Given f € T and f is close-
to-convex of order o, we have’

fz)—-1<1-0 (2.9)

For the left hand side of (2.9) we have
‘f’(z) - 1‘ é E:OZQTL(L,,|Z|”_1
The Iast expression is
P 27— ’a,,|4,\ﬂ P
Using the fact that f(z) € TS,"(u,y) if and only if
300 BooptlloaQum) - < g

less than 1 — o

n=2 (1—7)
We can (2.9) is true if
LM" < (1=8)[2n—p(y+1)]dn(A,m)
1-617 n(l—y)

n—1
(1=8)[2n—p(y+1)]dn(A,m)
n(i—7)

2| < l
Or equivalently,
Which is complete the proof.

Theorem 6: Let the function f(z) defined by (1.3)
belong to the class

TS;"(u,y). Then f(2) is starlike of order 6(0 <o < 1)
in the disc |z| < r2, where

1

n—1
(1-8)>2 2[2{1 ,u (v+1)]dn (A, m)]

ro =inf, s T

(2.10)
The result is sharp, with extremal function f(z) is
given by (2.5) Proof: Given f € T and f is starlike
of order J, we have

<1-9

(2.11)
For the Ieft hand side of (2.11) we have

w‘f ()
f(z) 1

(n—1)an|z|™ "

—Zn =21— Z’-"" y |z‘”71

The last expressmn is less than (1 - o) if
0 n—§
En =21-4 n‘2| <L

Using the fact that f(z) € TS,"(w,y) if and only if
Zoc _2-nfp(1f+1)ﬂf];bn()\,m)an <1.

n=2 (1-

We can say (2 11) is true if
00 n—1 [Q-nf,u(wrl)@n(/\.-m)]
Zn =21- 5 | ‘

(1=7)
or equivalently,
n—1 (1=8)[2n—p(y+1)]dn (A,m)
R i
which yields the starlikeness of the family.
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Integral Means Inequalities
In [6], Sllverman found that the function

fa(2) = = = 5 is often extremal over the family T.
He applied th|s function to resolve his integral
means inequality conjuctured [13] and settled in
[14], that

[TV re®)["de < 37| f(re')"|dp

forallfe T,p > 0and 0 <r < 1. In [12], he also
proved his conjucture for the subclasses T*(«) and
C(a) of T.

Now, we prove Silverman’s conjucture for the
class of functions TS,"(u,y). We need the concept
of subordination between analytic functions and a
subordination theorem of Littlewood [8].

Two functions f and g, which are analytic in E, the
function f is said to be subordinate to g in E if exists
a function w analytic in E with w(0)=0, |w(z)| < 1,(z
€ E) such that f(z)=g(w(2)), (z € E).

We denote this subordination by f(2)pg(z).(p
denote subordination )

Lemma 1: If the function f and g are analytic in E
with f(z)p g(z), then for y >0 and z=re”,0 <r <
1,

[T lgre®)"dp < [37|f(re'#)|"dg
Now, we discuss the integral means inequalities for
the functions f in TS;m(,u 7).

[o lg(re®)| dp<f |f(rei®)|"dy

Theorem 7: Letf € TS,"(1,7),0<pu<1,0<y<1
andf,(z) be defined by

f22)=z—¢ 2(Amu,yl—y )z2 (2.12)
_ 00 )
Proof: Forf () = 2 = Y pgnz”, (212) is
equivalent to
[l 02 "dp < [0 - ="y
0 n=2"1< v =Jo P2 mop) <Y

By lemma 1, it is enough to prove that
00 n—1 - .
172}1 2ln? pl ()\mp 7~
Assuming
].— Zn 2an/.an 1p1
and using (2.2) we obtain
Ao ga(Ampy)  n-l o ea(Amp)
‘uw(") - En:QW = anyn < zn:gﬂ 1,\‘,”"
Where ¢n(4,m,u,y) = [2n — p(y + 1)]@a(A,m) This
complete the proof.
CONCLUSION
This research paper has introduced a new subclass
of univalent functions by means of Gegenbauer
polynomials. For this subclass, some properties
have been investigated; namely, coefficient
bounds, growth and distortion theorems, radii of

A
A

an_ o~
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starlikeness, convexity and close-to-convexity are
obtained. Furthermore, integral means inequality
have been considered, inviting further research for
this field of study.
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