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Abstract -

Modelling and control of two-wheeled inverted pendulum (TWIP) are gaining much interest due to the
advancements in hardware and computing technologies. TWIP system has many advantages and applications.
However, it is still having many challenges to control when faced with tasks of positioning, disturbance rejection,
parameter uncertainties, etc. In this paper, a control scheme based on modern control techniques is presented to
overcome these issues. In this, a robust integral sliding mode controller (ISMC) is proposed for the nonlinear system
of TWIP. First of all, a robust integral sliding mode controller is designed to tackle short-term and long-term
constant and time-varying disturbances and issues related to parameter variations. Then, it is applied to the nonlinear
model of TWIP and performance is observed under different transient conditions. A comparison with prevalent
controllers in the literature is carried out. From this, a significant improvement is seen with the proposed controller
for all types of transients. This paper also discusses the software Simulink realization of modelling and control of
TWIP, which can be valuable for novices working in this area.

Index Terms - Integral Sliding Mode, Simulink Modeling, Sliding Mode Control, Two-Wheeled Inverted
Pendulum.

INTRODUCTION

The two-wheeled inverted pendulum (TWIP) is a highly nonlinear and naturally unstable system. It is an
underactuated system having three degree-of-freedom with pitch, yaw and straight-line movements merely with
two wheels [1]. This interesting system has attracted the attention of many researchers worldwide over the last three
decades. However, there are some challenges. Challenges associated with this system are mathematical modelling,
controller design and its implementation. Although the modelling is difficult due to nonlinear and complex
dynamics, uncertain environmental conditions, parameter uncertainties, etc. several research groups have proposed
mathematical models for TWIP. An exact and accurate nonlinear model of the TWIP system is proposed in [2].
This model overcomes the drawbacks of the earlier models such as inappropriate assumptions, improper terms,
missing some important terms, etc. Followed by modelling, control design plays an important role. In literature, the
controllers for TWIP are designed using the linear quadratic regulator (LQR) [3], feedback linearization [4], fuzzy
logic [5, 6], sliding mode control [7], optimal control [8], etc.

In [9], a gray box modelling of a TWIP robot using the Lagrange equation is proposed, in which a closed-loop
parameter identification method is used. Further, in this, the design and software implementations of PID and LQR
are demonstrated. In another research, the model of TWIP is obtained using differential equations, and then PID,
LQR and linear quadratic Gaussian (LQG) controllers are designed. It is also shown that the performance of LQG
is superior to LQR [10]. In [11], an optimal controller based on model predictive control is designed to show the
performance improvement over PID for the self-balancing two-wheeled robot system. In [12], an integral sliding
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mode controller (ISMC) is designed and the performance is compared with [11]. However, a disturbance is not
considered in this case. Nevertheless, in all the above designs, the 4th order model is used to design the controller,
i.e. yaw motion dynamics are not considered.

In [13], the Newton-Euler method is used to derive a mathematical model of the two-wheeled self-balancing
robot. The LQR is designed for the linear system and the influence of Q and R on the system state is analyzed. Very
recently, an underactuated sliding mode control scheme is implemented using a variety of control parameters [14].
The controller performance is successfully tested for set-point changes and disturbance conditions using MATLAB
simulation. In [15], the controller is designed to keep the TWIP in an upright position and prevent it from tipping
over when the TWIP is subjected to either unexpected impulses, or to shift weights along with its chassis. In [16],
different controllers are tested for an inverted pendulum system. In this work, LQR, pole placement, and PID are
designed for the simulation. Nonetheless, the control designs discussed so far are applied to the linearized models
of the TWIP. In [17], PID is designed for a mobile robot using an optimization technique. However, limited
simulation cases are discussed.

From the literature survey, it can be seen that the development of an accurate mathematical model and design
of the control algorithm which can give asymptotic stabilization in the presence of a disturbance environment are
tedious tasks for TWIP. Some controllers work well for steady disturbances and some for dynamic disturbances.
Very few controllers are available for alleviating both the disturbance situations.

This paper aims at designing an integral sliding mode controller for a TWIP system achieving steady-state and
transient performance. The transient performance of the said system is examined with all types of disturbances. The
main contributions of the paper are as given below.

(1) Designing an integral sliding mode controller for achieving both acceptable steady-state and transient
performance. Here, the transient performance is tested for the disturbances like constant (temporary and continuous)
step, sinusoidal (time-varying) disturbances, and parameter variations,

(2) Demonstrating the applicability of the proposed control scheme on the 6th-order nonlinear model of TWIP with
realizable Simulink blocks.

To show the effectiveness of the suggested controller the simulation results are compared with an existing
controller.

The rest of the paper is organized as follows. In Section 2, the nonlinear mathematical model of the TWIP is
discussed. In Section 3, the design of an integral sliding mode controller is presented. The simulation results and
discussions are presented in Section 4. Finally, the paper is concluded in Section 5.

DyYNAMIC MODEL OF TWIP SYSTEM

Recently a comprehensive mathematical model of TWIP has been proposed in [2, 8]. The same model is used here
for exploring the possibility of an integral sliding mode controller. This model is given by the following nonlinear
equations:

X1 = X7 @
Xy = az(x)x3 + by (x)(T, + Tr) (2
X3 = X4 3
xg = aq(x)x3 + by (x)(T, + Tr) 4)
X5 = Xg ®)
Xe = ag(x)x3 + b (x) (T, — Tg) (6)

where x;, x5 and xg are respectively straight, pitch (8) and yaw (y) motions and x,, x, and x, are corresponding
time derivatives. This system is of order six with two inputs T, and Tk, i.e. torques applied to the left and right
wheels respectively. The functions a;(x) and b;(x), in (1)-(6), are given by the following equations.

a,(x) = 1 sinxs [ps cos cos x3 + pgx2 + p;x2 + pgcos?x3x? | )
N1(x3) X3
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ay(x) = n1(1x3) Sl::z [po + ProxZcosxs + p1ycosxsxi] (8)
as(x) = n2(1x3)5i37:% [P12%4x6c0SX3 + P13X7X6] 9)
by(x) = M[PMCOS% + p1s] (10)
by(x) = M[PMCOS% + p17] (11)
be(x) = = [P1s] (12)
with

M1 (x3) = [p1 + ppsin’x;] (13)
M2(x3) = [p3 + pasin®xs] (14)
where p;’s and other parameters are given below

py = mgly + 2(my, + (J/12)) (I + mpl?) (15)
p2 = (mpl)? (16)
ps = I3 + 2], + 2(my, + (J/r?)) d? 17)
ps =1 + myl? — I (18)
ps = —(mgl)’g (19)
ps = (I + mgl?) mgl (20)
p; = mpll, + m3 I3 (21)
ps = mpl(l; — I; —mgl?) (22)
Py = (mg + 2my, + 2(J/1%)) (mplg) (23)
P10 = P2 (24)
p11 = —((mp))? + (I3 — Iy — mpl?) (mp + 2my, + 2(J /%)) (25)
P12 = 2(I3 — I, — mpl?) (26)
P13 = —mgl (27)
P14 = —P13 (28)
p1s = (I + mpl®) /7 (29)
P16 = —P13/T (30)
P17 = mp + 2my, + 2(J/17) (31)
p1g = —d/r (32)

All p;’s are constants calculated from system parameters. The values of all parameters in p; with their meaning
are given in Table 1. The equations (1)-(6) are linearized using the Taylor series approximation. The steady-state
values for states and inputs are taken as zero. It is then represented in the standard state-space form as

x(t) = Ax(t) + Bu(t) (33) y(t) = Cx(t) (34)
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FIGURE. 1
NONLINEAR SIMULINK MODEL OF THE TWIP SYSTEM
with the state, input and output vectors as
x =[x X5 X3 X4 X5 %6 ], (35)
u=[T.Tg 1" (36)
y =[x x3%5 1" (37)
TABLE 1
PARAMETER VALUES FOR THE TWIP [8].
Symbols Meaning of symbols Values
d Distance between wheels 0.6 m
mg Mass of pendulum body 45 kg
my, Mass of wheel 2 kg
l Length of the pendulum rod 0.135m
r Radius of wheels 0.2032 m
I Moment of Inertia of pendulum body for b, 1.9 kg m?
I, Moment of Inertia of pendulum body for b, 2.1 kg m?
I5 Moment of Inertia of pendulum body for b, 1.6 kg m?
] Moment of Inertia of a wheel for the wheel axis 0.02 kg m?
Jv Moment of Inertia of a wheel for the vertical axis 0.04 kg m?
g Acceleration due to gravity 9.81 m/s?
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The eigenvalues of (33) are found to be (-5.2267, 0, 0, 0, 0, 5.2267), i.e. the system is open-loop unstable. But
the system is found to be controllable. Controllability plays an important role in controller design. Responses for
the zero input conditions are zero for both linear and nonlinear models.

It must be noted that, although the controller is designed using a linear model, it is tested on the nonlinear
system developed in MATLAB Simulink [19] as shown in Figure 1. In Figure 1, only the final subsystem
(realization of (1)-(6)) is shown with clear indications for inputs (T; and Tg), input functions (b;(x)), system
functions (a;(x)), outputs (x;, x3, x5), and states (x; to x,). Other subsystems of input and system functions are not
shown. These subsystems can be developed in the same way as that of Figure 1 using equations (7)-(14) and values
in Table 1. In the following section, an integral sliding mode controller (ISMC) is designed.

ROBUST INTEGRAL SLIDING MODE CONTROLLER

Let us consider a linear system with parametric uncertainties, unmodeled dynamics and external disturbances,
represented as

x(t) = (A+ 4A4)x(t) + (B + AB)u(t) + &(t), (38)
y(t) = Cx(t), (39)
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FIGURE. 2
SIMULINK MODEL OF ISMC SIGNAL GENERATION

where x € R™ is the state, u € R™ is input and y € RP is output. A, B and C are the known real constant matrices
with appropriate dimensions. Furthermore, 4A and AB are parametric uncertainties and &(t) represents the
uncertainty due to unmodeled dynamics and external disturbances affecting the system. The following assumptions
are made.

Assumption 1: System (4, B) is controllable.

Assumption 2: Parametric uncertainties, unmodeled dynamics and external disturbances are unknown but bounded
and satisfy the matching condition, i.e. £(t) € span(B).

From Assumption 2, let system uncertainties be written as

AAx(t) + ABu(t) + £(t) = BDE(D), (40)

where £(t) € Rt and D € R™*! . With (40), the system (38) can be written as

x(t) = Ax(t) + B(u(t) + D&(L)) (41)
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The objective is to design a robust controller for the system (41), such that the system becomes insensitive to
uncertainties and external disturbances. Let us assume that the control input u(t) has two parts, i.e. a continuous
part and a discontinuous part defined as

u(t) = uc(t) + uq(t) (42)
where u(t) is the continuous control and u, (t) is the discontinuous control. With (42), the system (41) becomes
x(t) = Ax(t) + B(u.(t) + ug(t) + DE(L)) (43)

In this, the continuous control u.(t) is designed using the eigenvalue assignment technique, and discontinuous
control u, (t) is designed using the ISMC technique [19].

3.1 Design of Continuous Control

Continuous control u.(t) is designed for a nominal system. Hence, neglecting the uncertain part in (43) one can
get a nominal system as

x(t) = Ax(t) + Bu,(t) (44)
In this, the control input is given by
uc(t) = —Kx(t) (45)

where K € R™*™ s a state-feedback gain matrix designed such that A;.sireq = A(A — BK), where A(.) are
eigenvalues of the system and A,4.¢;-0q are desired eigenvalues. It must be noted that the controller (45) may not be
able to control the uncertain system (43) directly. To tackle the uncertainties present in the system, the controller is
required to be combined with ISMC which guarantees robustness throughout the motion.

3.2 Design of Discontinuous Control
Let us define the sliding surface as
s(t) = Gx(t) + z(¢t) (46)

where G € R™*™ provides freedom to the designer and z(t) € R™ induces the integral term. During sliding,
s(t) = s(t) = 0and, therefore, from (46)

s()=Gx(t)+ z(t)=0 (47)

Substituting x(t) from (43) in (47) and compensating matched uncertainty, i.e., (uy(t))eq = —DE(t) one can get
zZ(t) = —G(Ax(t) + Bu.(t)) (48)

Integrating (48) gives z(t). Substituting this in (46) with initial condition z(0) = —Gx(0) gives

s(8) = Gx(t) —Gx(0)—G [,  (Ax(7) + Buc(v))dr (49)

where G is chosen as the left pseudo-inverse of B, making GB invertible and ensuring —Gx(0) makes s(0) = 0,
thereby eliminating the reaching phase. This particular choice of G reduces the amplitude of chattering [20]. The
discontinuous control u,(t) is designed based on exponential reaching law [21-22] as

ug(t) = —(GB) ™ (u sgn(s(0)) + ks(t)) (50)
where p is constant with 4 > 0. From (42), (45), and (50), the control law u(t) is given as
u(t) = —Kx(t) — (GB) ' (usgn(s(t) + ks(t)) (51)

Chattering is overcome by using a boundary layer technique where the sgn(.) function is replaced by Islﬁ' In this,
6 is a small positive design scalar. Using (51), a practical control law is obtained as
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- t
u(t) = —Kx(t) — (GB)™ <y |s<st()|)+ —+ ks(t)) (52)
The MATLAB implementation of (52) is illustrated in Figure 2. All the states of the system (shown in Figure

1) are the inputs to Figure 2 and the output is the control signal (52). This control signal is fed back to the inputs in
Figure 1. In the next section, the simulation results and discussions are presented.

SIMULATION RESULTS AND DISCUSSIONS

Initially, the state feedback gain matrix is determined for the linear system of TWIP, as given in (45), to place
eigenvalues at (—6,—4.5,—3 + 0.5i, —1.5 + 0.25i). After that, the discontinuous control signal (50) is formulated
with 4 = 2 and k = 3. Next, the total control input (52) is constructed using (45) and (50). Then the complete
closed-loop system is simulated with the nonlinear model of TWIP. The initial conditions for the nonlinear model
of TWIP are arbitrarily selected as (0.1, 0,0.2, 0, 0.3, 0) for checking the regulation performance.

0.3

=
]
\
i ;.I
|
|
|
b
L)

o
—

(o]
|
I
|

|

I/

State Regualation

o
—
i
rd
AY

o
[}

3
Time (s)
(a) State Regulation

15 —— T

3
Time (s)
(b) InputSignal

FIGURE 3
REGULATION RESPONSE OF THE SYSTEM

The regulation performance with ISMC is observed with the initial conditions mentioned above. It is illustrated in
Figure 3. From Figure 3(a) it can be noticed that all the outputs are regulated and attain a steady state within 5 s.

Figure 3(b) represents the responses of input signals. Although the regulation response is not plotted for all the
states, it is found to be satisfactory.
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The second simulation experiment is conducted with continuous disturbance applied to both wheels. The
disturbance applied to the left wheel is d; = 0.3sin(t) and to the right wheel is dg = 0.3cos(t). With this, the
responses are obtained as shown in Figure 4. In this, the performance is compared with the linear quadratic
regulator, as they both have the same feedback gain matrix. From Figure 4 it can be seen that the response with the
simple LQR is oscillatory with constant frequency and that with the proposed ISMC is steady.
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FIGURE 4
RESPONSE TO THE CONTINUOUS DISTURBANCE

In the third simulation, the constant disturbance, d = 0.3 N, of short interval (20 s) is applied to the left wheel. The
disturbance is applied at 10 s and removed at 30 s. The response is plotted in Figure 5 and is compared with LOQR.
Here also the performance of ISMC is found to be unaffected and in a system with LQR small variations at the start
of disturbance and at the time of removal of disturbance can be noticed. In fact, with LQR for Straight and Yaw
motions, there are some steady-state errors. This shows that the performance of the proposed ISMC is robust.
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In the last simulation, a case of parameter variations is considered. In this, all the parameters of the system, listed
in Table 1, are changed slowly. It is observed that after a 45 % change in the parameters, the performance with the
LQR becomes unstable. Hence, all the parameters are increased by 45% and responses are plotted as shown in
Figure 6. It is noticed that the performance of the proposed ISMC is much better than the LQR.

Apart from the simulation waveform comparison, the comparison is also done for the error performance indices,
namely integral time square error (ITSE) and integral time absolute error (ITAE), as shown in Table 2, calculated
for outputs x;, x5 and x5 shown in Figures 4, 5 and 6 respectively.
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FIGURE 6
RESPONSE TO THE PARAMETER VARIATIONS

Error-values indicated in Table 2 depict the improvement in the performance of the proposed integral sliding mode
controller over the linear quadratic regulator. From all the cases of the simulation, it can be seen that the
performance of the proposed ISMC is superior to the LQR for constant and time-varying disturbances and parameter

CONCLUSION

In this paper, a robust integral sliding mode control technique is proposed for the two-wheeled inverted pendulum.
First, the modelling of the TWIP has been discussed with the MATLAB Simulink blocks. Then integral sliding
mode controller is designed. MATLAB Simulink block diagrams for the system and controller are also presented.

This scheme is then tested with continuous and constant disturbances.
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TABLE 2.
COMPARISON OF ERROR PERFORMANCE INDICES.

Figure Error Indices Control X1 X3 X5
ISMC 0.060 0.005 0.018
ITSE
LQR 0.225 0.017 0.700
FIGURE 4
ISMC 1.300 0.350 1.240
ITAE
LQR 13.00 3.400 27.00
ISMC 0.060 0.005 0.018
ITSE
LQR 0.130 0.006 0.050
FIGURE 5
ISMC 0.900 0.150 0.280
ITAE
LQR 6.200 0.310 4.000
ISMC 0.055 0.021 0.019
ITSE
LQR 0.640 1.100 1.100
FIGURE 6
ISMC 0.480 0.250 0.240
ITAE
LQR 10.00 13.00 14.00

Also, it is tested for parameter variations. The results are compared with LQR. From the simulation studies, it is
found that the proposed ISMC provides satisfactory performance. The quantitative and qualitative comparison of
the results is presented to show the efficacy of the recommended controller. The future work involves the hardware
development of the system. This can be implemented with the full or reduced order estimator.
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